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Physics. — “Considerations concerning light radiation under the 
simultaneous influence of electric and magnetic forces and some 
experiments thereby suggested. (First Part) by Prof. P. Zeuman. 


(Communicated in the meeting of January 28, 1911). 
I. Theoretical considerations. 


1. After the discovery of the influence of magnetic forces on 
radiation frequency in 1896, many physicists certainly have put 
the question to themselves whether electric fields also influence the 
emission of light. We may imagine an atom or molecule containing 
one single electron, which is drawn back to its position of equilibriam 
by quasi-elastic forces —kzx, —ky, —kz, where x, y, z, are the com- 
ponents of the displacement of the electron. This is just as in LoRENTZ’s 
elementary theory of magnetic separation. Let our molecule be placed 
in a uniform electric field parallel to the axis of X. If the force on 
the electron be denoted by X, then the displacement z, of the electron 
is given by 

N= = AE 

In the new position there is equilibrium. If the electron performs 
vibrations about the new position, then the coordinates may be 
represented by 

a +6§ 7,5 
§, 7,5 being supposed to be infinitely small. The components X’, Y’, 7’ 
of the quasi-elastic force become 
—k(a,+s), — kn, —k 
and therefore the components of the total force (X + X’, etc.) 
—k§, kn, =O. wo. 

In the new position the electron is subjected to infinitely small 
forces, which are independent of the direction of the displacement. 
The frequency of the vibrations of the electron, being determined 
by &, has the same value as before the application of the electric field. 


2. Vorer developed the consequences of the hypothesis, which. 
presents itself, if the simple law followed by the quasi-elastic force 
of § 1 no longer holds. 

The potential energy of a displacement (a, y, z) is represented in 
the supposition of § 1 by 


p= Mt as he. oy he), Kez icone (2) 


k being a constant. 


(3) 


If the displacement of the electron can no longer be regarded as 
infinitely small, the value of the potential energy may be expanded 
according to ascending powers of we, y, z. In a perfectly isotropic 
molecule we may write therefore, only retaining the first correction 
term 

p= é. kr? + cn kir' (3) 
5 7 RG jee Gah, 
k’ being a second constant. 

If the electron now performs vibrations (5, 7,6) about the new 
position of equilibrium, which it shall take under the action of the 
force X in an electric field parallel to the axis of X, then one finds 
easily with Voier’) for the components of the total force (X + YX’, ete.) 

— (kr), — (LHR), —(k+h'@,?)5. . . . (4) 

The factor by which the displacement is to be multiplied in order 
to find the force, has now another value with a displacement parallel 
to the lines of force than with a displacement at right angles to the 
field. The frequencies of vibrations in these principal directions are 
therefore different. 

Applying these considerations to all the electrons contained in the 
atoms of a substance such as luminous sodium vapour, Vorer comes 
to the following remarkable theoretical result. 

If by means of a spectroscope we examine the light that is radiated 
along the lines of force of the electric field, we shall observe a 
displacement of the unpolarized spectral line from its original position. 
At right angles to the field we may expect a transverse electric 
effect, the original line being separated into two polarized components. 
The component vibrating parallel to the field undergoes a displacement 
three times as large as that of the component vibrating perpen- 
dicularly to the field. 

It is easily seen that the electric change of frequency must be 
proportional to the square of the electric force. 

It is remarked by Vorer that, if the negatively charged electrons 
are embedded in a positively charged sphere with a density decreasing 
from the centre outward, the expected displacement of the spectral 
lines must be towards the red. 

In what follows 1 shall, in order to fix the ideas, suppose that 
the spectral lines are shifted in the sense indicated, but this is not 
essential. 


') Vorer. Zur Theorie der Einwirkung eines elektrostatischen Feldes auf die 
optischen Eigenschaften der Körper. Ann. d. Phys. 69 S. 297. 1899, Ueber das 
electrische Analogon des Zeeman-effektes. Lorentz-bundel. Archiv. Néerl. 1900, 
Magneto- und Elektrooptik. Kapitel IX u. X. 1908. 


1* 


(4) 


3. If the expression (3) for the potential energy of an electron 
is replaced by 


1 1 
Pp = 9 k (a? +y?+2’) — om at 


the isotropy has disappeared. 

One of the components of the electric doublet now coincides with 
the original line. 

We will do well therefore, not to attach too much importance to 
the simple ratio of the displacements of the components of the doublet, 
which follows from the considerations in § 2. In the following 
discussion we consider a doublet, which can have yet very different 
positions relatively to the original line. 


4. Ten years have passed already since the appearance of Vorer’s 
first paper concerning an electric analogue of the magnetic spectral 
effect, but till now physicists have not succeeded in verifying its 
existence. Two reasons can at once be given for this negative result. 

Some idea of the probable order of magnitude of the electric effect 
can be inferred from observations concerning the influence of an 
electric field on the refractive index. This estimate gives extremely 
small values for the electric change of frequency. 

According to Vorer’s estimate the change of frequency in a field 
of 30.000 Volts per em. would hardly amount to the */,,,,"° part of 
the distance of the sodium lines. A field of 3000 Volts per cm. 
would again diminish it 100 times. 

Even if a source of light giving very narrow spectral lines could 
be placed in the mentioned intense electric fields, the observation of 
the electric effect would not be without difficulties. 

A greater difficulty than the smallness of the effect is, however, 
due to the impossibility of subjecting metaliic vapours to intense 
electric fields. A sodium flame almost immediately equalizes a large 
potential difference between the plates of a condenser. 

Circumstances are perhaps somewhat more favourable with rapid 
electric oscillations. During part of the period of discharge of the 
spark of a condensor the luminous vapour between the electrodes may 
be subjected to intense electric forces. 

Of course a mere displacement of the spark lines relatively to the 
flame or are lines is not to be explained by the influence of electric 
forces, now under consideration. Yet a displacement of spectral lines 
is the first thing one may expect to observe. It will depend upon 
circumstances whether a polarization at the borders of the displaced 
line shall be visible. Finally this also involves the establishing of an 


(5) 


extremely small displacement under rather unfavourable circumstances. 

The failure of all attempts hitherto made to observe an electric 

spectral effect*), induced me to try a new way for attacking the 
problem. I have imagined a method which would reveal an action of 
the electric field by an asymmetrical change of a magnetic triplet, 
or by a remarkable variation of a magnetic doublet. 
_1 shall prove that the mentioned asymmetry must change its sign 
if the direction of the electric field is rotated through an angle of 
90°. In some of my experiments the electric field existing between 
metallic electrodes during the passage of the spark is used. 

The spark passes across an air space, in a longitudinal or in a 
transverse magnetic field as the case may be. [In more recent experi- 
ments the absorption lines of a xenotime erystal were studied |. 

Besides the mentioned asyinmetries different, delicate particularities 
of triplets originating under the simultaneous influence of magnetic 
and electric forces can be predicted. 

The observation of the whole of these particularities would give 
almost as strong evidence for the existence of the electric effect as 
a direct observation of the effect in an experiment made with electric 
forces alone. 

There is one particularity, which, if it could be observed, would 
prove by itself most strongly the existence of an electric spectral 
effect. I shall show (see § 10) that the components of the magnetic 
doublet, observed along the horizontal magnetic lines of force cease 
to be completely circularly polarized, but must become slightly 
elliptically polarized, if the vibrating electrons are at the same time 
under the influence of a vertical electric field. The ellipticity hinted at 
must be much more easily observable than a change of frequency 
under the sole action of electric forces. 

For some time I privately held the opinion that the asymmetry 
of some magnetic triplets, first studied in detail by myself and after- 
wards by GMELIN, Durour, NAGAOKA, and others, could be explained 
by a cooperation of electric and magnetic fields. 

I shall show, however, experimentally that such cannot be the case. 

A description of the experiments hitherto made seems to be of 
some interest, although at the present moment the question of the 
existence of a specific action of electric fields on the emission of 
light cannot yet be answered affirmatively. 

The experiments certainly are of some value for our understanding 
of the asymmetry of triplets, and may show tie way to better 


1) Cf. Hum. Proc. R. S. p. 80. Vol. 78. 1907, 
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methods for investigating the electric effect. A description of the 
experiments follows in the second part of this paper; in the present 
communication I shall explain their theoretical foundations. A criterion 
for a dissymmetry, governed by electric actions, can be established, 
by means of which it shall be possible to fix a limit for the magnitude 
of the electric effect. 


5. The first problem that I will consider relates to the vibrations 
of an electron under the simultaneous influence of parallel electric 
and magnetic fields. 

Let a system of three rectangular axes be chosen and let the 
magnetic force be parallel to the axis OZ. 

Let & 7, ¢ be the components of the displacement of an electron, 
then the equations of motion are 

Eben n=—-b jrs . .) 
Lb te 

The difference of a and 4 determines the electric effect, the 
magnetic one is determined by 7. Suppose 6 >a and put) —a=s, 
hence s positive. 

(7) gives the frequency a; the vibrations corresponding to this 
equation are always parallel to the axis OZ. 

In (6) we assume 

§ = eint " = gert, 
gq being in general a complex quantity. The real motion of the electron 
is obtained by taking the real parts of the expressions for § and 4. 
Making the substitution, we get: 
—n? ——b? +inrg } —nqg=—bq—irn . (8) 
(2? —b’?) = dar? 
hence 
La T 
n=btr7>>=a+st5 ee 


From (8) we obtain two values for q, viz: 


6. We shall now consider 3 special cases. 
Case I. Electric field =O, hence s =O. Upper signs in (9) and 
(10). We then have for the motion in the plane of AY. 


1 
N=A-=or , QS tt 


The lower signs in (9) and (10) give 


(7) 
1 


if) = (0) = 2 Y ; qe 4. 
The two solutions represent circular vibrations in the plane of 


ii 
XY, right-handed with the frequency a + a left-handed with the 


1 
frequency a — 7. The vibrations parallel to the axis OZ have the 


frequency a. In short we have to do with Lorgnrz’s elementary 
theory. 

All this is independent of the sign of 7, 4e. of the direction of 
the magnetic field. If 7 be negative, the right-handed circular vibrations 
belong to a frequency smaller than a. 


Case II. Magnetic field — 0, hence 7 = 0. 

Vibrations of arbitrary form with frequency 5 are now performed 
in the plane of X,Y. Parallel to the axis (JZ we still have vibrations 
with frequency a. 


Case ITT. Simultaneous electric and magnetic fields. Let 7 be positive. 
According to (9) and (10) and taking the upper signs we find 


a 
n=b+>>=a+8t-59 — 
representing right handed circular vibrations in the plane of X Y, 
1 
with the frequency a + s+ ae 
The lower signs give: 
Da mn q=—i 
being left-handed circular vibrations in the plane of X, Y with the 
1 
frequency a + s — a 


If + be negative, the circular motions are described in the opposite 
direction. 

Vibrations parallel to the axis OZ always have the frequency a. 

We therefore obtain when observing at right angles to the fields 
a dissymmetrical triplet, the relative position of its components being 
determined by the following rule. 

I shall suppose that the violet, consequently the higher frequencies, 
is on the right. 

Let A and B be the lines with the frequencies a and 5, if there 
is solely an electric field. 


(8) 


A 86 Let the electric field be horizontal. 

If now the magnetic field is superposed, then 
A remains. 

Two components, however, originate out of B; 


. un . . 
they have displacements equal to >, and in oppi- 


site directions. The result is the triplet A'AD’. 
The electric doublet AL may still have different 
positions relatively to the original line O. In the 


A 
|. 
A 


supposition of § 3 the line B coincides with the 
; line OV. In the supposition of $1 the original line 
i is at a distance 4s at the right of BD. 
A 0 B 
Kiel: 7. We shall now suppose that the electric 


field is an oscillating one. Let B coincide with the original line. If 
the electric force oscillates according to the formula «cos nt, then s 


3° 
y J t a 6 
may be represented by 3 cos nt = = (1 + cos 2nt). 


The lines A' and J’ retain their places. The middle line of the 
dissymmetrical triplet must always be less narrow than the outer 
components and darkest in the centre. All this applies with a 
slight modification to the case when does not coincide with the 
original position of the line. 


8. In the second problem, which we will now consider, a vibra- 
ting electron is subjected to a horizontal magnetic and a vertical 
electric field. Let the magnetic force be parallel to OZ, the electric 
to OX. 


The equations of motion now become: 
— — 8 + rn 1 = — b*y — po 4 ee (11) 
a | el a vreden 


Suppose again 6 >a and b—a==s. s now as before determines 
the electric, 7 the magnetic effect. 


Su: 


The frequency of vibrations parallel to OZ is always D. 
As in $ 5 we put 


AE Ee A 
= ent ; 7 — gert 


By (11) we have 
—n? =— a’ + inrg —nq=— b’q—irn . . (13) 


or 
(n*—a2) (n?—b?) = nr" 


(9) 


Whence 


1 1 
n= (a? b*4-9*) + Cae (a? +b? +r”)? — a2b?, 


Replacing 5 by a+ s we may write approximately 


or 


IR ee eee a 
no H- > = ee ae et ee IL 
According to (13) to these frequencies correspond two values of 
the complex amplitude ¢ 
ee Vast 
a . 


r 


In (15) 
9. We shall again consider three special cases. 
Case I. Electric field zero, hence s = 0. 
Using (14) and (15) we find for the motion in the plane of XY 
PENOEN ale fe jean oe 
equations disenssed in $ 6 above. 


Case 11. Magnetic field absent, 7 = 0. 
Now, by (14) and (15), if the upper signs are taken 
Mi Ot Si Ds, | == 00. 
representing rectilinear vibrations parallel to OY. 
If the lower signs are used 
Bote gil, 


meaning rectilinear vibrations parallel to OX. 


10. Case III. Electric field vertical and magnetic field horizontal. 
This case is slightly less simple. 
Let us write c= 4(WVr? + s* —s) and let r be positive. 
Taking the upper sign in (14) and (15), then . 
n=a+th(s+Vrts)=b4+4(Vr? 4+ 8—s)=b6 +0. 
o being a positive quantity. The coefficient of ¢ in 
et Vert 
nr 
is positive and > 1. This represents an elliptic vibration in the plane 


of X, Y, the axes being parallel to OX and OY, the major axis 
parallel to OY. The motion of the electron is right-handed. 


(10) 
Taking now the lower signs in (14) and (15). 
1 bre MES 
We have n=a-+ > (s — Vr + s°)=a— 6, and 


eV te | r 
QE = — 2. ———_. 
r Vrrtstts 
The coefficient of z is positive and < 1. The electron performs an 
elliptic vibration, left-handed and in the plane of X, Y; the axes 
are again parallel to OX and OY, but the major axis parallel to OX. 
We now get a dissymmetrical triplet. 
Let A and B be the two lines of the electric doublet, the electric 
field alone being present. 
If now the magnetic field is set up B 
remains with vibrations parallel to the mag- 
—-vie&t netic force. Two new components are added 
which one may consider as originating from 
A and 6 by a displacement equal to a 
distance o. 


If the sign of r is negative, that is if the. 

magnetic force is reversed, then our consi- 

derations still apply with but a small change. 

y y To the frequency n= 6 + o then corresponds 
s+V rts? 

Fig. 2 gt il a : 


5 
The coefficient of { is in absolute measure >> 1, but negative. 
The value of the coefficient of 7 with the lower sign is the same 

as above, only the sign of the expression is reversed. 

The figure still covers the case, but the motion in the ellipses 
takes place in the opposite sense. 

The product of the two values of g determined by (15) is equal 
to unity. Hence the product of the horizontal, as well as of the 
vertical axes of both the vibration ellipses is always equal to unity. 

It may be not inappropriate to make here the remark that the 
lines of the triplet considered in this § exert a kind of “repulsion” 
upon each other; Lorentz) proved that such must be generally the 
case for two spectral lines. 


41. If one has to do with an oscillating electric field (cf. § 7 


1) Lorentz. Encyclopiidie d. math. W. V. 3. Heft 2. Magneto-optische Phänomene 
No. 36 u. No. 53. 


ven 


the lines of the triplet are broadened. If the supposition of $1 con- 
cerning the relative position of A, B, and O holds, the width of the 


. s 
middle component becomes — , but that of the outer ones s. The 


ad 


components are most intense in the centre. 


12. The ratio of the axes of the ellipses in $10is1:1 id resp. 
Ee 


Ss , 5 : : 
1:11 —-— if the electric effect is small relatively to the magnetic one. 
a 


Hence the intensities corresponding to vibrations parallel to OX 
De 


_$ 
and to OY, differ by an amount proportional to — . 
te 


If the light is examined parallel to the magnetic lines of force 
and the separation of the magnetic doublet is 100 times the distance 
s, then the difference of the intensities of the vibrations parallel to 
the axes of the ellipses would be '/,, part of the intensity corres- 
ponding to the vertical or horizontal vibrations. Moreover the difference 
of intensity would have opposite sign with both components. 

This method seems capable of rendering important services in 
searching for an electric effect. For differences of intensity of 2 °/, 
can be ascertained ') with certainty by using photographic-photometric 
measurements. We, therefore, must be able to discover an electric 
effect one hunderd times smaller than the magnetic effect traceable 
by means of a spectroscope with the maximum resolving power 
serviceable under the conditions of the experiments. It does not 
look now entirely impossible to ascertain under favourable circumstances 
an electric effect of the order of magnitude estimated by theory. 


13. If the electric field is non-uniform, but gradually increasing 
; upwards, then the components bend more 
and more towards the red (Fig. 3). 
The middle component A bends more than 
the other ones, if the case considered in $ 5 
eh pts B is under consideration (parallel electric and 
Fig. 3. magnetic fields). 
If, however, the electric force is vertical 
and the magnetic one horizontal, then the 


— violet 


position of the components must become | — viele 
that sketched in the next figure; it is now 

the middle component which gets the smaller = A pe Op 
curvature. Fig. 4. 


1) Comp. P. P. Kocu. Ann. d. Phys. Bd. 30. S. 841. 1909, 
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Anatomy. — “The origin of the fibres of the corpus callosum and 
the psalterium.” By Dr.C. T. van VALKENBURG. (Communicated 
by Prof. L. Bork). 


(Communicated in the meeting of March 25, 1911). 


Embryology, histology and pathological anatomy have not yet 
sueceeded in fixing beyond all doubt the origin and the ending of 
the callosal fibres in the cortex cerebri. The communications on this 
subject show somewhat different results. 

The earlier interpretation of the c. callosum as a typical commis- 
sure between the hemispheres has been rendered improbable, at 
least for man, by the anatomical researches which showed asymmetrical 
secondary degeneration in both hemispheres after callosal lesions. 

In well-stained preparations it is possible to point out degenerated 
callosum fibres through some of the deepest cortex layers; sometimes 
such elements are isolated by the degeneration of the surrounding 
fibres and may be traced in the same way. But neither experimental 
nor pathological preparations enabled me to conclude with sufficient 
certainty which of the cortex layers might give origin to or receive 
callosal radiations. 

The great difficulty in every case is the absence of myeline sheaths 
in the last ramifications, viz. in the axones near their origin, the 
usual methods depending upon the demonstration of myeline alterations 
(Weicert, Marcu). By means of the Goret-method Casa ') showed 
the probability that in the smaller mammals (newborn rat, rabbit) 
pyramidal cells of different size may send their neurones between 
the constituents of the corpus callosum, whereas from other cortex 
cells axis-cylinders may originate which give collaterals into the same 
system. KörzikER®), who confirmed these opinions, found in the 
mouse axones arising from polymorphic cortex cells, bifurcate in the 
area of the callosum fibres: one of the branches remains in the same 
hemisphere (associative fibres after KOLLIKER), the other passes into 
the collateral one. 

The impossibility of tracing in a histological preparation the whole 
traject of any longer nerve fibre compelled me to have recourse to 
experiments. 

It is well known that the regressive (even temporary) alterations 
in the nerve cells after cutting their axones, depend upon many 
factors. The distance of the lesion from the cell and the presence of 


1) GasaL: Textura del sist. nervioso. Tomo II. Parte 2. Pag. 145 seqq. 
2) KöLriker : Handbuch der Gewebelehre. Band Il. S. 664 flgg. 
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collaterals in the course of the axon between the cell and the lesion 
are probably the principal of these. It is therefore even possible that 
after a certain interval scarcely any cell degeneration would be found 
as a result of the cutting of eallosal fibres. 

I experimented upon cats and rabbits. I divided the whole corpus 
callosum, or parts of it, in a sagittal direction, either in the middle 
line, without injuring the hemispheres, or close to the sagittal medial 
plane through the dorsal cortex on one side. In the latter case I 
examined the uninjured hemisphere principally for cell alterations, 
the other was stained after WereerT-Par and van Grnson. 

I will communicate in this paper the results of two callosum 
Operations: one on a cat, whose caudal callosum-half was divided, 
and one on a rabbit, where the same operation was performed in 
the frontal half. 

Cat 3. Operation: March 22nd 1909. 

In a small-sized, full-grown cat a sagittal section was made through 
less than the posterior ‘half of the corpus callosum, including the 
splenium. The medial wall of the left hemisphere was slightly injured. 
During the first few hours after the operation, the cat showed a 
tendency to turn to the left in walking. The next day the animal 
was listless, it did not move with the natural agility, while the left 
pupil and eye slit were larger than the right. At the end of a week 
the cat did not show any morbid symptom; it was killed 4 months 
later. 

The post-mortem examination showed the following data: 

The length of the corpus callosum is 12 mm.; it was divided 
sagittally in its posterior part from the caudal end till the trans- 
versal plane of the caudal border of the medial part of the fissura 
cruciata (7 mm.). The fibres of the psalterium in this region had 
been equally cut; the thalamencephalon and the mesencephalon were 
uninjured. 1'/, mm. behind the frontal end of the lesion a superficial 
malacia of the dorsomedial cortex of the left hemisphere began, 
which extended 8 mm. in a caudal direction, i.e. 2'/, mm. behind 
the transversal plane through the posterior border of the splenium ; 
the underlying white substance of the gyr. splenalis was for a small 
part, and then only superficially, softened. 

It may be stated that in undoubted connection with the described 
cortical lesion, which in its caudal part was localised in the frontal 
third of the area striata — as pointed out by BRODMANN CAMPBELL e.0. — 


1) MuratorF: Secund. Degenerat n. Durchschneidung des Balkens N. Ztrbl. 1893 
Lo Monaco & Batpr: Sulle degener. conseg. al taglio longitud. del corp. call Arch. 
d. farmac. speriment. Nov. 1904. 
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the corpus geniculatum externum of the same side had lost almost 
all its cells in the frontal third only *), whereas in the corpus quadri- 
geminum anticum a slight loss of nerve fibres in the superficial 
layer was visible. 

The ventriculus lateralis has been drawn in a dorsal direction by 
the degeneration of the callosum fibres and the softening in the gyr. 
splenialis. 

The tapetum, which in the human brain consists, at least, partially, 
of callosal fibres, shows but few degenerated fibres. The great 
majority of commissural fibres remain dorsally to the occipital strata 
and spread into the dorsal (mesial and lateral) cortex; a few pass 
the sagittal strata in a more or less oblique direction and may run 
for a certain distance in the area of the tapetum. This latter is 
almost exclusively formed by the fasc. subcallosus (Muratorr), sub- 
stance grise subependymaire (D&JERINE). 

For cell alterations the right hemisphere was used, the cortex of 
which had not been injured at all. The paraffine blocks were cut 
in sections of 10 u and stained with toluidin blue. 


lat 


Foto 1, 2 


spl. 


Foto 3, 4,5 


TH. op- 
Mig. da. 


Figure 1 represents a section through the cortex of the gyr. splenialis 
of a normal cat; the exact situation is to be seen on diagram 1a. 
The photo shows a typical lamination of the so-called visuo-sensory 
zone (area striata), characterised by the absence of the lamina 


1) I do not insist in this paper on this statement, which is doubtlessly of im- 
portance for our knowledge of visual localization, and which agrees, in principle, 
with some of von Monakow’s fundamental observations. 
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granularis externa and the complication of the lamina granularis 
interna (BRODMANN), which latter is doubled by the line of Vice 
D'Azir (in Weicert-preparations); between the two sub-divisions of 
the inner granular layer the isolated polygonal cells (stellate) cells 
are found. The fifth layer (lamina ganglionaris) contains well- 


developed pyramidal cells, lamina VI consists of cells of a multiform 
ty pe. 

Figure 2 is a photogram of a section in the homologous level in 
the brain of the operated cat, taken from the gyr splenialis. The 
lamina zonalis and pyramidalis (I and III) do not show any marked 
loss of cells. Nevertheless in these, and probably in the granules of 
the inner granular layer, several elements are more or less abnormal. 

Compared with the normal, too many glia cells are to be found 
between and around the nerve cells. The latter moreover show for 
the greater part an abnormal situation of the nucleus; the toluidine 
staining is frequently not of the Nissltype, but several cells are 
coloured rather diffusely darkblue. The impression made by the 
deeper part of the supragranular pyramidal cells is that of a recovery 
from a functional alteration. 

The number of stellate cells within the IV (inner granular) layer 
has not decreased; many of them are not coloured with the same 
distinctness as in normal preparations; satellite-glia elements, up to 6 
or 8, are often situated immediately on their surface. 

The lamina ganglionaris (V) shows the most marked alteration. 
In normal preparations of this region, well-developed large pyramidal 
cells are present in this layer, not in very great number it is true, 
and not in a quite continuous row; particularly in the gyr. ento- 
lateralis the series shows small gaps. On the contrary these large, 
well-stained cells are for a good deal lacking in most of the homo- 
logous sections of the operated cat. Nevertheless a reservation must 
be made for few subgranular pyramidal cells, which are seemingly 
wholly unaltered. The preparations of the left hemisphere, taken 
from the most caudal part of the area striata present in exactly the 
same way the above-described lack of deep pyramidal cells. These 
sections being stained after van Gigson show, moreover, a marked 
loss of fine nerve fibres up to, and including, the inner granular 
layer, which is not to be found in WeieerT preparations. The fact 
that the left area striata was primarily injured in its frontal third 
renders it difficult to give an unequivocal interpretation to the dege 
neration of the sheathless fibres. 

In the multiform cell layer it is impossible to demonstrate a 
veritable lack of nerve-elements. On the other hand, secondary alter- 
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ations are very evident; many cells show anomalous form and 
colouring; the position of the cell-nucleus — though in these smaller 
elements not easily to be judged — is very often excentric. Glia cells 
in the different stadia of activity and inaction’) are present in great 
number, particularly surrounding the nervous elements, in contrast 
to their behaviour in the fourth (and third) layer, where they are 
mostly scattered between the nerve cells. 

Figure 3 represents a section through the cortex of the gyr. ecto- 
lateralis of a normal cat on the spot marked in diagram Ja. The 
lamination is otherwise than in the area striata. Six layers are to 
be easily recognised. Lamina I] and III are larger than in the layer 
between lam. zonalis and lam. granularis interna in the visuo-sen- 
sory zone. In the deepest part of lamina III a row of larger pyra- 
midal cells is visible immediately above the inner granular layer. 
In the fifth layer the pyramidal cells are of a somewhat smaller 
size than those in the area striata, but more numerous. The lamina 
multiformis (VI) is well developed, and contains fusiform and angular 
cells 7). 

The homologous sections of the right hemisphere of the operated 
cat present in the 3rd, fih, and 6 layers about the alterations as 
mentioned before in the gyr-splenalis. The principal anomalies are 
shown by the lamina ganglionaris (V). Photogram 4 represents this 
layer (normal) more highly magnified; it is easy to identify in this 
figure several of the cells of fig. 3. The infragranular pyramidal cells 
are visible in an almost diagonal line from left to right. 

in an almost similar way these elements are situated in figure 9, 
taken from a corresponding section through the operated brain. It 
is evident that the cells mentioned in the latter have decreased in 
number; the few that are visible are of a well-known, abnormal 
type with regard to their dark blue colour, the absence of a distinct 
nucleus and the nodosity of their surfaces. The supragranular pyra- 
midal cells on the same photo form a pregnant contrast to the 
infragranular ones, as they have on the whole quite a normal appearance. 
The non-pyramidal infragranular cells in the fifth layer are doubt- 
lessly less numerous than they should be; histological alterations 
cannot be demonstrated with sufficient certainty. The nerve cells 
of the lamina multiformis VI lie apparently closer together than in 
the normal preparations; their protoplasm has mostly been stained 


1) See: E. pe Vries: Exper. Untersuch. ti. die Rolle der Neurol. ete. Arbeiten 
aus v. Monaxow’s Institut 1909. 

2) More frontally, in the transverse level of the splen. corp. callosi, many of the 
infragranular pyramidal cells in the gyr. ectolat. are of an uncommonly large size. 
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too homogeneous. A loss of cells does not seem to have taken place here. 

Rabbit N°. 11. 26th. Oct. 1909. 

Sagittal division of the frontal third of the corpus callosum. The 
animal, after awakening from the narcose, showed no other abnor- 
mality than a very insufficient, and often totally absent, eye-lid 
reflex on sudden light. 

It was killed on November 9th. 1909. Besides the intended lesion 
the right thalamus opticus in its dorsal part is slightly injured. The 
left half of the cerebrum is quite uninjured, and stained with 
toluidine blue after paraffine imbedding; the right one was examined 
by Marcus method. The latter does not furnish any important data 
on the subject dealt with. The blackened granules of the degenerated 
myeline sheaths are very fine, and not to be traced with sufficient 
certainty beyond the deepest cortex layers. 

The cortex of the rodentia shows several features very different 
from those of carnivorous animals. Through the whole neopallium 
at least the half of all the nerve cells are of a vesicular character, 
even in the regions where the lamination is quite clear. These more 
or less round cells have a large, bright nucleus, with a deeply 
stained nucleolus, and very little protoplasm. They fill out almost 
completely the 2nd.'), 4th., and 6th. layers. The so-called giganto- 
pyramidal cells of BropMANN’s area 4 (motor zone) are not confined 
io the fifth layer, but intermingle with the more superficial layers ; 
a distinct lamina granularis interna cannot be spoken of, as has 
been pointed out by BRODMANN. The right corner of fig. 6 shows the 
condition described; the photo is taken from a transverse section in 
the most frontal level where the corpus callosum fibres pass from 


foto 7, 8, 9. right to left (see diagram 6a). Imme- 

1 diately on the lateral border of the 

most distal point of the giganto- 

De pyramidal zone a cortex field appears, 
f which shows the six typical layers 


in a very characteristic way. The 
difference mentioned between the 
constituents of the 2nd., 4th., and 
broad 6th. layers on the one side, 
and those of the 3rd. and 5th. on 
the other, is obvious. 
A part of the same section is 
Fig. 6a. represented in figure 7 more highly 
magnified. The photogram has been cut immediately beneath lamina V. 


rhin. ant. 


1) Where it is present. 
2 
Proceedings Royal Acad. Amsterdam. Vol. XIV. 
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Apart from the difference of all the layers from those in figure 
8 (the corresponding section of the brain operated upon) which is 
due to a somewhat horizontally inclined plane of cutting, it is 
clear that in both preparations laminae I to IV do not show any 
considerable divergences. The nerve cells of the third layer are 
well shaped, their dendrites can often be easily traced to the 
periphery. The so-called granular cells of the 4th. layer are of the 
common, above-described character; I was not able to detect in 
either of these laminae an unusual number or position of glia-elements. 

The infra-granular pyramidal cells of the 5™ layer in fig. 8, on 
the contrary, appear to have undergone important alterations. Their 
number is decidedly smaller than in fig. 7. The elements themselves have, 
for the greater part, lost their ordinary shapes and seem to be absolutely 
structureless clumps of protoplasm. The confirmation of the pathological 
value of this anatomical finding is given by the comparison with the well- 
shaped nerve cells of the 3" layer. Gliaproliferation does not seem 
to be present; nor do the preparations permit exactly of demon- 
strating changes in the intracellular position of nuclei. Except in 
three or four of the infragranular pyramidal cells, the normally 
visible peripheral dendrite has not been coloured. 

The question whether these changes are of a temporary nature 
or not cannot be decided; in any case, according to my experience 
gained in other experiments, the first alternative is for a number of 
the injured cells the most probable. In lamina VI, which is almost 
entirely represented in fig. 8, I could not state changes with suffi- 
cient certainty. 


The above-mentioned peculiarity of the so-called motor area (zone 
4 BRODMANN) with regard to its lamination, makes a conclusion on 
cell-changes, and especially on a loss of cells in this region difficult. 
Practically it is impossible to discern the “giganto-pyramides” of the 
rabbit from the other cells of the same size and shape, which are 
scattered among them. Up till now I have not succeeded in keeping 
rabbits alive long enough after the section of the bulbar pyramid, which 
would cause the more or less complete degeneration of the “giganto- 
pyramid” cells. The sagittal division of the corpus callosum having possibly 
brought to degeneration other elements in the same area would, by a 
comparison with the results obtained from the first-mentioned operation, 
permit an exact indication of the cells connected with callosal fibres 
exclusively. Hitherto I have not been able to draw any conclusion 
beyond the statement that the pyramidal cells im tofo have appa- 
rently decreased in number. 
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Rabbit 16. Nov. 16", 1909. 

It seems a priori probable that the extirpation of a part of the 
neocortex will cause in the opposite hemisphere changes of the same 
nature as are brought about by section of the corpus callosum. In 
order to verify this presumption the frontal quarter of the lateral 
wall of the right hemisphere was extirpated, including the region, 
slight faradie stimulation of which caused movements on the crossed 
side (facialis and jaw; the fore-leg reacted only slightly). The region 
thus roughly defined was weil extirpated (i.e. the knife was inserted 
a little more distally). After the narcose the left eye-slit was 1.5 mm. 
larger than the right one; the left fore-foot did not react on an 
unusual position being given to it (dorsum manus on the ground), 
while the right fore-foot did so immediately. 

By the next day these symptoms had disappeared. The animal 
was quite normal and died of enteritis in the night between 10 
and 11° December, having thus lived 24 days. The anterior half 
of the left hemisphere was treated by Nisst’s method, when it 
appeared that the injury was confined to the region described above. 

Owing to the circumstance of the animal having been dead for 
some hours and having suffered from an infectious disease, some 
caution must be exercised in judging of the colouring results, and 
only such as are independent of the more specified reaction of the 
cells on the colouring matter should be accepted. A few seemingly 
misformed, badly coloured, or almost colourless cells should not be 
regarded. Even taking this into account, however, there is never- 
theless a distinct alteration visible in the fifth layer, which with regard 
to the nature of the remaining cells does not appear to differ from the 
conditions in the case of the previous rabbit. 

There are, however, more cells which are well coloured’), and more- 
over the coloured ones are not confined to the immediate proximity 
of lamina IV, but also occur, though in less number, on the boundary 
of the 6t layer. 


As was stated above in the case of Cat N°. 3, the operator’s 
knife had come in contact not only with the callosum, but also with 
the underlying psalterium-fibres. The cell changes which would 
probably be the result of this lesion must be sought for in the 
ammon’s horn. 

There the well-known, large pyramidal cells are indeed altered 
partly in a characteristic way. While a great number of them (on the left 
side of the arrow in fig. 10) are quite normal in form and structure, as 


1) A study of the whole series is needed to judge of this. 
)* 
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can be seen in fig. 11 (the same preparation more highly magnified) 
the cells to the right of the arrow exhibit abnormalities clearly 
shown by fig. 12. Normal Ammon’s pyramid-cells both of cat and 
rabbit (in the case of the former they are of larger size) colour well 
with toluidine blue; the type is polygonal, with slightly rounded 
corners. The nucleus is large, and tinted very slightly or not at all 
with blue; the nucleolus is darkblue *). 

If these be compared with the cells of the right half of the 
Ammon’s horn of fig. 10, as they are represented highly magnified 
in fig. 12, hardly a single cell will be seen with a nucleus visible; 
the protoplasm of the cells is homogeneous and dark in colour. 
Almost all the cells have heavy coarse neurones; a few have the 
characteristic appearance of injured ganglion cells. It is remarkable 
that affected and unaffected cells do not occur together in the same 
sagittal region, or only in a slight degree; the two regions may practically 
be divided by a line. The boundaries are so clear as to be immediately 
noticeable, even in VAN GIESON preparations. I shall not quote as an 
example of this the left Ammon’s horn of cat N°. 3, as the objection 
might be put forward that the hemisphere of this side had been prima- 
rily injured. But in the case of a rabbit, where the most caudal 
part of the callosum together with the underlying fibres’), the 
psalterium, had been touched, the same thing is very apparent in 
VAN GIESON preparations. The exact division between affected and 
unaffected cells I hope to give later. 

The other elements of the cornu Ammonis — the fascia dentata 
cells — were found to be unaltered, as were also the ammon-pyramids 
in a more ventral position in cat 3. The rabbit above-mentioned 
showed, in connection with the abnormal relative position of the 
Ammon’s formation in rodentia as compared to carnivora — the 
distribution of the cells somewhat otherwise; in principle this makes 
no difference. 

In judging the results of experiments like the above, one ought, 
in my opinion, to take up the position already given by von GUDDEN. 
A cell, which degenerates after cutting of an axis-cylinder, gives 
origin to that axis-cylinder. The wider interpretation given to the 
degenerating cells, viz. that they might also be the elements to which 
the cut axis-cylinder leads, is in certain circumstances certainly correct, 
but only in the case of newborn operated animals, perhaps also in 
the case of some long-existing lesions, or in a few exceptional cases 


1) [ disregard here the histological differences of the pyramidal cells distinguished 
by Goren, Gssar, Konuker etc., which belong to the Ammon’s horn. 
2) Fornix normal on both sides. 
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not yet to be explained more fully (cells of the nucl. ventralis acustici 
which degenerate after lesion of the peripheral octavus). 

The method which I used in operating on full-grown animals is 
preferable, in so far as it, in general, leaves no room for doubt, at 
least about the connection between the cut fibres and the degene- 
rating cells. 

Where, moreover, the cortex cerebri, examined in series of sections, 
uniformly lacks cells which are present in unoperated animals, these 
cells must be regarded as elements of origin of cut fibres of the 
corpus callosum. 

A second maxim in estimating the cell degeneration after cutting of the 
axis-cylinder is that a total even temporary “disappearance” of the cells of 
origin is not to be expected, when important collaterals arise between 
the place of the lesion and the cell of origin of the axis-cylinder. It 
may thus be assumed that no other cellulifugal fibres are connected 
with the degenerated cortex nerve cells outside the corpus callosum. 
The nerve cells in the cortex cerebri which cannot be made visible 
are confined to the subgranular pyramidal layer (lamina V BRODMANN). 
The only lesion which might influence the cells of the hemispheres 
examined by Nissi’s method is, in the operation performed, exclusively 
the cutting of the callosum, in which the injury to the cortex might 
have to be included, which latter, however, could only influence by 
means of the callosum-elements of the side examined. The last 
is the case only in the operation of rabbit 16, in which animal but 
a part of the cortex was removed. From the above, therefore, we 
may deduce without doubt that the said sub-granular pyramidal cells 
give origin to the callosal fibres. 

The examination showed, moreover, that alterations of a less serious 
nature occur in various layers, viz. changes in the cell-bodies them- 


selves, — where a judgment on degeneration or approaching recovery 
could not be pronounced with certainty; — and further a loss 


of intercellular molecular matter and a massing of active glia-elements. 

Experiments performed in other parts of the nervous system prove 
that cutting the axis-cylinders has likewise an influence on the cells 
of origin, when important collaterals are given off by the axis-cylinder 
between the place of the lesion and the mother-cell. The changes 
which are then met with in the cell body are of a temporary nature 
and disappear wholly or partially after some time *). This period of 


1) It is known that the giganto-pyramids of region 4 (motor zone) disappear 
when the pyramid tract is previously cut. This suggests strongly that callosal 
fibres which begin in this region have their origin in other cells than the giganto- 
pyramids. | hope to be able to prove this shortly by means of other material. 
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reaction and regeneration varies of course according to many anatomical 
and physiological circumstances. It is very probable that there are 
cells from which a callosal fibre originates as a collateral, among those 
which are found to be injured. I am, for instance, inclined to include 
herein some star-shaped cells between the broadened lamina IV of 
the area striata, perhaps even cells from the polymorphic lamina VI. 
It should, however, be borne in mind that similar changes — espe- 
cially the presence of glia-elements in different stages of activity — 
also occur where fibres and fibre-terminations have degenerated. The 
studying of medullary-sheath preparations, cannot fully trace the 
course of these last. The circumstance that a clearly heightened 
activity of the neuroglia cells was met with, also where there was 
but little to be seen of ganglia cell changes (lamina IV and even 
lamina III, cat), makes it probable that callosal fibres also rise 
as far as, or even above, the inner granular layer. That they, 
moreover, on their course thither, give off end-collaterals in the 
deeper layers V and VI, may be concluded from the same glia-position 
being found in similar circumstances. 

As to the manner of connection of the two hemispheres, i.e. 
whether the callosal fibres run only between symmetrical places or 
whether they connect dissimilar cortical regions, no certainty could 
be obtained from the above experiments. Positive secondary changes 
in regions which were separated by the operation from the symme- 
trical tracts of the other hemisphere, I have not found, not even in 
the case of lesion of the cortex. Experiments of the latter kind are 
probably not delicate enough. 

The results of partial cutting of the psalterium can be more 
easily reviewed. The only absolutely clear results were the changes 
in a part of the Ammon’s pyramids, as described and illustrated, 
and which without doubt are of a temporary nature. The extremely 
slight glia-spreading in the secondarily-injured region is remarkable. 
It may be inferred from this that the psalterium, in so far as this 
lies between the two ammon’s formations, under the caudal and 
medial part of the corp. call., consists of fibres which are collaterals of 
other fibres (fimbria, fornix). Where they end could not be determined 
by my experiments. 

With regard to the course taken by the fibres of the constituents 
of the corpus callosum, the experiments demonstrate that this in the 
cat and rabbit inclines strongly towards the dorsal and dorso-lateral 
regions of the hemisphere. 

A tapetum corp. callosi is only formed on the lateral ventricle ; 
where the latter, moreover, also absorbs the lower horn (considered 
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from an anthropomorphic point of view), thus forming a vertically 
distended slit, on the transverse section, it possesses only on its dorso- 
lateral wall any fibre layer on the “substance subependymare” to 
which the name of callosal tapetum might be given. 


From this point the fibres — such as have not already turned 
dorsally — proceed laterally. Itmay clearly be deduced therefore that, 


especially in the occipital region, cell changes ete. will be found 
after cutting of the corpus callosum, chiefly or solely in the dorsal 
(medial and lateral) portions of the cortex. The fact that I took my 
examples exclusively from these convolutions or tracts is due to the 
circumstance that the secondary abnormalities in the ventral cortical 
regions could not be shown at all, or with any degree of clearness. 

The degeneration in the jimbria cannot be seen in the Pal- 
preparations. This must be ascribed partly to the fact that the 
psalterium fibres, some of which must of course be degenerated 
in a normal state, are but slightly medullated. Their lesion is visible 
in VAN GIESON preparations by the too diffuse reddish colour of the 
fimbria. 

If we consider the results from a more general point of view we 
must first bear in mind the fact that in all mammals three commissural 
systems in principle communicate between the two hemispheres of 
the cerebrum. Adopting the nomenclature introduced by EpiNaer 
and Eiior Smira, continued and extended by Ariens Kapprrs'), 
we can distinguish fibres running between the two secondary 
olfactory regions (the palaeopalha): the pars olfactoria commissurae 
antertoris; tibres running between the two tertiary olfactory regions 
(the archipallia i.e. the ammon’s formations): the psalterium; and 
fibres between tbe two cortices cerebri after deducting the above- 
mentioned regions (the neopallia i.e. which in the majority of the 
mammals is the larger part of the covering of the brain): pars 
temporalis comm. ant. and corp. callosum. The archicommissura 
and the callosal part of the neocommissura have been examined by 
my experiments. 

Both are shown to originate in cells beneath the inner granular 
layer if KapPer’s (l.c) theory, derived from lower animals (reptiles) 
on the evolution of the Ammon’s formation be accepted. 

These two commissura systems, moreover, have the same horizontal 
localisation for their place of origin as the projection systems examined 
in this respect, but originate as far as concerns the callosum, either 


1) Arns Kappers und Tueunissen, Die Phylogenese das Rhinencephalons ete. 
Folia Neurobiologica, Bd. I. 
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not at all, or only for a part (as collateral) from the same cell elements 
as these, while with regard to the part of the psalterium situated 
under the callosum, it must be assumed that ali the fibres are 
collaterals of the ammonal projection neurites *). 

In a physiological respect, what has been found supplies an 
anatomical substratum for the closely connected, simultaneous working 
of both hemispheres in all functions, the inciting stimulus of which 
has its last and ‘most peripheral” cortical origin in the sub-granular 
layers of the cortex. On the other hand, the ending of many fibre- 
branches seen in higher cortical layers (in lamina III and IV) proves 
that the stimulus from the other side co-operates with the higher 
cortical preparation for the bodily function to be innervated. 

Further,“ our results point to the probability that the neopallial 
commissura, the fibres of which originate for a great part in their 
own cells, has attained a higher degree of differentiation, independence, 
than the old archipallial, the functioning of which appears in every 
case to be connected with the working of the projection-fibres arising 
from the same cells. 

That, moreover, among mammals with the constantly developing 
callosum — in a quantitative respect — there is a qualitatively 
greater influence of the one hemisphere on the other, is likewise 
very conceivable. Even in cat and rabbit it is clear that the result 
of callosal section can be traced to higher layers of the cortex in 
the former than in the latter; and these changes must be attributed 
to the degeneration of the callosal endings. 

Now, whereas nothwithstanding this, with the usual methods of 
investigation of cats*), not a trace of any disturbance is to be found 
some time after the callosal section, we find such often very 
clearly in man in the case of existing foci of the c. callosum. 

The corpus callosum is in man larger — also relatively — than 
that of any mammal. And in man also a differentiation with regard 
to the function of the two hemispheres is first found in mammalia. 

The great functional value of the left half of the cerebrum is 
seen, for instance, in the fact that with foci of the anterior half of 
the ec. callosum functional disturbances of a high order (apraxia) 
occur in the left side of the body, which is governed by the right 


1) How this is with respect to the pars temporalis of the anterior commissura 
(ventral ec. callosum) will, possibly, appear from the dissertation to be made by 
I. pe Vries in the Central Institute for Brain Research, which will be devoted to 
the cortex and commissural systems of the mouse. 

2) And even in monkeys, see Lévy—VAatenst: Le corps calleux etc. Thèse de Paris 
1910. 
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hemisphere. Here, if anywhere, from a physiological point of view, 
is it clear that the endings of the c. callosum are to be found in 
those cortical layers in which the preinnervatory action especially 
takes place. 

Without doubt, in the higher mammals also, where the ¢. callosum 
has been cut, symptoms of lesion must be present, temporary perhaps, 
but nevertheless constant. They have, however, not been discovered 
as yet in clinical investigation. The asymmetrical function of the 
cerebrum of man, added to the possibility of applying more delicate 
methods of investigation, bring, in the case of disturbed co-ordi- 
nation of the hemispheres, irregularities to light as described by 
LinpMANN, HEILBRONNER and others. That anatomy too, assisis us to 
understand the manner of the termination of the c. callosum and 
especially the nature of the symptoms observed, can be assumed from 
what has been found in the cat. It is by no means impossible that 
still more complicated connections are present in man. A careful 
eytoarchiteetonie study of the cortex cerebri, in cases where the callosal 
connections have been severed before death, will throw light upon 
this point. 


Anatomy. — “On the mesencephalic nucleus and root of the 
N. Trigeminus. By Dr.C. T. van VALKENBURG. (Communicated 
by Prof. L. Bork). 


(Communicated in the meeting of March 25, 1911). 


Among the brain nerve nuclei in man already known to us, the only 
one about the functions of which we do not know anything with 
certainty is the mesencephalic cell-group from which a portion of 
the trigeminus fibres originate. Histology, anatomy, embryology, 
experiments and clinical observations with pathalogical-anatomical 
researches, none of these have succeeded in solving the riddle of 
the function of this nucleus. 

After a period when sensory functions were attributed to the 
above nucleus and root (Merken, WeRNICKE, Mrynert), there came a 
time when its motor character was universally accepted, chiefly on 
the base of experiments in degeneration (Foret, BREGMAN, H. v. 
GuppEN, Scuvzo-Kurn), but partly also owing to histological 
research (KöÖLLIKER, CaJar etc), while of late the sensory nature of 
these cells and the afferent character of their neurones has again 
found considerable support (JOHNSTON, v. LONDEN). 


This being the case, it may be expected @ prior that the opinions 


or 
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will differ still more widely regarding the meaning, in a more 
restricted sense, of the mesencephalic nucleus, ie. regarding the 
periphery organs with which they are connected by their neurones 
or which organs they ultimately act upon. It even seems useless to 
discuss these opinions as long as there is no anatomical foundation 
for them. 

The valuable help of experiments was not even able to throw 
light on this point. From all investigations results, that a degenera- 
tion of the cells of the mesencepnalic quintus-nucleus, if this be 
not complicated with other lesions, causes no apparent disturbances. 

And in the case of some abnormalities noted during life, whicha 
few observers have connected with a degeneration of the above- 
named nucleus found on a postmortem examination with other 
lesions, the dependence from a functional disturbance of the nuel. 
mesencephalic. trigemini has not appeared to be probable (Mexpur, 
Toorn, HAGELSTAM, HoMÉN). 

A pathological observation which I made drew my attention to 
the question here alluded to, and led to the investigation, the results 
of which 1 shall give here. *) 

This pathological observation was as follows. A woman had suffered 
for 12 years from a subdural haematome behind the right 
orbita. All the nerves entering the fissura orbitalis superior were so 
pressed by the tumor as to cause ophthalmoplegia completa dextra 
and a typical anaesthesia in the region of the first ramus trigemini. 
All the other brain nerves were intact, except for a slight facialis 
paresis of the left side of the mouth of supra-nuclear origin; in 
particular the action of the 2"d and Sd, trigeminus was perfectly 
normal. After death a partial degeneration was seen in the 
right mesencephalie quintus-root, and a careful counting revealed 
that the number of its cells, as compared with the left, was 
reduced. to °/,. 

The fibres of the mesenc. root degenerated by the haematome could 
not find outlet in the motor trigeminus nor in Ram. II or IIL sens. 
On the contrary, they were to be looked for either in Ram. I 
trigemini, or at .least behind the orbita in such a way, that the 
tumor could have destroyed them. 

This discovery is opposed to the above-mentioned, almost generally 
accepted, view of a motor function, which localises the mid-brain 
fibres in the pars motoria. On the other hand, it does not exclude 
a motor function, although we do not Anow any trigeminus consti- 


1) A detailed description will appear in the Folia Neurobiologica, 
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tuents of this kind, which would be present in the Ram. I, or at 
least retro-orbitally. 

I do not consider, therefore, although there seems to be fairly strong evi- 
dence of it, that my observation may be taken as a proof of the sensitive 
nature of at least a part of the mesencephalic nucleus. What restrained 
me from doing so, besides the uncertainty of the peripheral course 
of the degenerated fibres (inside or outside the stem of Trig. I) and 
the slight possibility that there might also be motor fibres in Trig. I, 
was the relationship of the mesencephalic root to its nucleus. Afferent 
nerve fibres end in the central nervous system without a single 
exception known to me, with (fine) ramifications to the periphery 
of a cell, or they penetrate through it, if the theory of neurones be 
not adhered to. In no case do they stand in direct relationship to 
this cell in the manner of a commencing axis-cylinder, or in the 
way we know of in the spinal ganglia. If indeed the mesencephalic 
quintus cells are sensory by nature, they prove an exception and 
a very phenomenal one, to the regular relationships to be met 
with elsewhere. JoHNsTON '), in fact, now accepts this exception, and 
he bases his belief upon the dorsal position of the cells (above the 
sulcus limitans of His), upon their spinal, ganglion-like appearance, 
upon a supposed analogy to dorsal, giant cells in amphioxus and 
other vertebrates (which he considers as sensory), and finally upon 
the way in which the mesenc. root leaves the oblongata, which he 
thought he could show in some fishes and mammal-embryos as taking 
place with the pars major (sensibilis). 

In my opinion, these arguments which, as we have seen, have 
not a convincing force, must be used with caution, and therefore 
I had recourse to comparative anatomy where pathology and experi- 
ments were unable to help me further. 

I examined specimens of cyclostomes, selachii, teleostei, amphibia, 
birds and mammals, and, of these last, specimens of the orders of 
monotremata, marsupials, insectivora, chiroptera, edentata, rodentia, 
carnivora (fissipedia and pinnipedia), cetacea, ungulata and primates. 


Among all these groups there is only one in which a mesenc. trige- 
minus root is not present, viz. the cyclostomes (Petromyzon). This 
observation agrees with TrretJAKorr’s *), who, however, suggests the 
analogy of the most frontal part of the quintus nucleus in the 


1) Jounsron. The Radix mesencephalica Trigemini. Journ. of compar. Neurol, 
and Psychol, 1909. 


2) Tretyakorr. Das Nervensystem von Ammocoetes. Arch. f. Mikrosk, Anat. 1909. 
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Petromyzon larvae to the mid-brain nucleus of higher vertebrates. 
As for Ammocoetes | have no experience, but for Petromyzon I cannot 
share this supposition. For the rest I cannot say anything with 
certainty. 


All other vertebrates which I examined, from selachii to man, 
possess a mesenc. trigeminus nucleus and accompanying root. Neither 
on myeline sheath preparations, nor on carmine or v. Ginson pre- 
parations is the transition of axis-cylinders from the corresponding 
cells in the rad. mesene. even observable. It is possible to state this 
fact on silver preparations treated after Casa or Biniscnowsky, of 
which I convinced myself in sharks (Acanthias vulgaris, '), birds 
(hen embryos, *) and mammals (rabbit and cat). 

The root then reaches the latero-dorsal, and afterwards the lateral 
boundary of the central grey substance of the aqueductus Sylvii, runs 
with a few exceptions laterally from the undecussated trochlear root 
distally, till with the nerv. trigeminus it passes wholly or, according 
to others, partly outside the oblongata (pons) — after sending off 
(in most animals) collaterals to the motor V nucleus. 

In the structure of the cells there are certain variations. In all 
mammals — except marsupials and perhaps monotremata — the 
cells without exception are on cross section round or elliptical, 
according to the direction in which they are cut. This gives them 
a slight resemblance to spinal gangliacells to which we have already 
alluded. In all other species of animals this form is seen again, 
but generally mingled with elements of a more polygonal shape ; 
exceptions to this are birds, some reptiles and amphibians *) where 
only round or oval cells are found. 

In marsupials (didelphys shows it better than macropus) both 
kinds are found together, almost in the same way as among the 
reptiles in chelone midas. In fishes the polyedric cells predominate, 
in carmine or haematoxylin preparations they frequently look like 
heavy lumps of protoplasm. 

According to Casan, after successful silver impregnation in some cells 
of the brains of young mammals (cat, rat, rabbit) several, generally 
short, neurones are to be found, besides the neurones whicn will 
form the mesenc. root. I observed the same dendrites in a few cells 
of acanthias, and in embryos of raja, as Herp had previously done 


1) In the Anatomical cabinet at Leyden. (Prof Borge). 

2) In the Anatomical Laborotory at Groningen. (Prof. van Wuue). 

3) According to P. Ramon. Trab. biol. Madrid. Vol. II, p. 153. did not succeed 
in discovering’ these cells in rana or salamander. 
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in mammalian embryos and P. Ramon in birds, reptiles and amphi- 
bians. 

We are now accustomed to apply to all these cells the name of 
nucl. mesencephalicus trigemini, although the name employed by 
WALLENBURG and Epinerr of nicl. magnocellularis tecti might be a 
better one. . 

Considering, however, that it is from the complex of these cells 
that in any case the fibre bundle which is generally named radix 
mesencephahea trigemini, originates, and the cell group itself cannot 
evidently be divided into sub-groups, there can be no objection for 
the present to homologise the said elements of the different species 
of animals. 

As a necessary preparation for forming an opinion concerning the 
physiological significance of the mesencephalon nucleus and root, I 
devoted my attention in particular to determine the position of the 
cells in proximo-distal direction and the manner in which the root- 
fibres leave the brain-stem. For the detailed account of my results 
(lists of cell-enumerations) I refer to the above-mentioned article 
shortly to be published, but I may give here the chief facts, illustrated 
by figures. 

Fishes. In all non-mammalian vertebrates, the mesenc. quintus- 
cells are really confined to the mid brain, as their name implies. 
The oral beginning of the nucleus falls on the level of the commis- 
sura posterior, the most caudal cells reach to the cross planes of 
the trochlear nucleus. One very striking exception to this rule is 
found in the ¢eleoste: (fig. 2). If the position 
of the nucleus in these animals be compared 
to that in selachu (fig. 1), two points are 
noticeable. 

In the first place, the position of the cells as 


Fo / found in selachi (scyll. canic., acanth. vulg., 
ae MZ mustelus vulg., raja clavata), dorsally to the 
aqueductus Sylvii, or to the lateral corners 


Fig. 1. Seyllium eanicula. of this, is deviated from, and moreover these 
cells in teleoster (lophius piscatorius, gadus morrhua, hippoglossus, 
abramis, trutta) lie much closer together and form a nerve nucleus 
in the more usual meaning of the word. They are to be found 
immediately fronto-ventrally, and further ventrally. to the ventriculus 
lobi optici, which in these animals is more clearly developed than 
in the selachu; thus, with regard to the brain-stem as a whole, 
they keep their position within the dorsal part, with a tendency 
in the direction of the tegmentum. Quite in accordance with the 
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position in selachii, is the situation on the border of the ventricle 
cavity on, or rather in, ifs ependyma; in scyllium especially on 


V mes. 


V mes. 


Fig. 2. Lophius piscatorius. 


sagittal sections one can see the cells bulging out the ependyma 
layer before them, whereby they almost seem to hang in the cavity 
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Fig. 3. Seyllium canicula. 


(fig. 3). In this last figure an idea is likewise obtained of the fronto- 
caudal dimensions of the nucleus on a section situated not far from 
the medial line. 

The study of a series of cross sections shows that the most frontal 
cells occur in the anterior part of the tectum opticum, and that the 
most caudal ones are met with in the velum medullare anticum 
frontally to the level of the trochlear nucleus. The compact nucleus of 
the teleostei, on the other hand, extends over no greater sagittal 
distance than about 250 w. (lophius). As regards the division of the 
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cells in selachii, the greatest numbers on a cross section are met 
with in the third and fourth fifth parts of the sagittal dimension of 
the nucleus. There are no important differences between the number of 
cells situated before and behind it. 

The way in which the respective mesene. roots leave the brain- 
stem is different in these two orders of animals, and differs also from 
that in the higher animals. In sey/kum canicula I found relationships 
of a very peculiar nature which may in principle be of importance 
in solving the problem alluded to at the commencement of this article. 

After the axones have united latero-dorsally to the aquaeduct 
to a comparatively compact bundle, and proceeded distally, we see, 
frontally to the entrance of the sens. trigeminus root, where the gan- 
glion Gasseri (G. G.) is visible, several fibres separate from this bundle 
aid pass to the periphery of the oblongata, where it leaves it (fig. 4). 


Fig. 4. Scyllium canicula. 


Immediately ventrally to this, but clearly separate from it, the most 
frontal stem of the motor trigeminus root is seen in its most medial 
part. This last stem is followed 4 sections further caudally by a 
similar new stem of the motor V running at exactly the same height, 
still accompanied by the out-going mesenc. root-fibres, which end 
about 250 uw more dorsally (fig. 5). Neither of the two preparations 
show any union with the still extra-bulbar sens. V nerve (on which 
the gang. Gasseri is visible), 

The following —- more caudal — section no longer shows any 
out-going mid-brain fibres, while the motor V stem lies relatively 
at the same place. Dorsally to this last one sees the residuary mesenc. 
root cut slantwise (fig. 6). Six sections further distally, where only the 
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Fig. 6. Seyllium canicula. 


art of the motor V stem turning towards the motor nucleus 
visible, the said slantwise cut bundles turn latero- ventrally, 
to the nerv. motor V. On this section (fig. 7) the sens. V 


largest p 
is still 
laterally 


( 33 ) 


NN Sa 
WANG V sens, 


Fig. 7. Scyllium canicula. 


begins its entrance. The latero-ventrally directed mesenc. fibres more 
and more approach the periphery, and they enter 9 sections distally 
to fig. 7 through the pia mater, mingling between the constituents 
of the sens. trigeminus root (fig. 8). 
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Fig. 8. Scyllium canicula. 


The mesenc. quintus root seems not to be quite exhausted. 
At least some of the fibres running in its area are to be seen 
turning further distally in the oblongata close to the dorso-medial 

3 
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pole of the radix spinalis trigemini, from which it can no longer be 
distinguished in the more caudal planes. 

In Teleostei, especially lophius piscatorius, the case is more simple. 
The radix mesencephalica is less compact here; it is formed by 
several, 4 or 5, thin, medullary bundles, from which, at the point 
where the sens. trigem. root enters, 
only loosely connected fibres 
separate, to leave the oblongata 
dorsally from the entering sens. 
nerve or between the most dorsal 
fibres. Several (4) sections further 
distally the nerv. V mot. also 
leaves the brain stem; this too 
passes into the dorsal part of 
the here entering sens. V fibres, 
still ventrally to the mesenc. 
quintus, and clearly separate from 
it (fig. 9). Further caudally no- 
thing more is to be found of 
the radix mesencephalica. 

Amphibia. According to Pepro Ramon (Lc.) the cells of origin of 
the mesenc. quintus of these animals lie in the tectum opticum, 
close to the ependyma of the ventr. lob. opt., somewhat scattered 
laterally to and even round the vent. lob. opt.; thus in this respect 
they rather resemble the condition in teleostei. 

The root-fibres run in the usual way distally, the majority of them 
first turn towards the periphery in across plane where the trigeminus 
already enters. Here they remain ventral, and are accompanied in 
their turn by the motor V root, from which they are clearly sepa- 
rated (rana fig. 10). A small remnant of the radix mesencephalica 
proceeds caudally, on the same relative place as in scyllium, and 
can soon no longer be distinguished. 

Reptilia. Here, as regards the position of the elements of the 
large-celled nucleus tecti different conditions are met with in repre- 
sentatives of the lacertilia, ophidia, crocodilidae, chelonidae, which 
without doubt are connected with the general structure of the 
tectum opticum of the animals, especially in so far as this is 
influenced by the torus semicircularis intruding lower down at 
the back of the ventricle, especially in the crocodilidae. Fig. 11 
gives an idea of this, and shows on a cross section the arrangement 
of the mesenc. quintus cells in alligator sclerops. A few cells lie in 
the ependyma layers which surround the ventricle. The majority 


Fig. 9. Lophius piscatorius. 


lie medial on this level, and generally form, with those from the 
opposite side one nucleus. This last is also specially distinct in 


Fig. 10. Rana temporaria. Fig. 11. Alligator sklerops. 
t.s-c. = torus semicircularis. 


chelone midas, as is shown in fig. 12, in the region of the caudal 
part of the commissura posterior. The clumsy form of the cells is 
clearly seen here, with a few of a rounder form; the latter are 
relatively more numerous in the more distal planes. 

Neither in varanus salvator nor in eunectes murinus is ‘this united 
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Fig. 12. Chelone midas. 


medial nucleus found so well represented; only a few cells here 
touch both sides of the medial line. Lacertilia and ophidia possess 
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almost exclusively round or pear-shaped mesenc. quintus cells; the 
blunt-cornered elements of the hydrosaurii are entirely or nearly 
entirely, lacking. The distribution of the cells in sagittal dimension 
of the nucleus is somewhat different viz. alligator sclerops shows 
the greatest development of the nucleus in the frontal part of the 
tectum (fig. 13), eunectes murinus in the most distal part (fig. 14), 
varanus salvator (which in this respect does not widely differ from 
chelone midas) possesses mesencephalic roof-cells distributed fairly 
evenly over the tectum opt. (fig. 15). The point of exit of the mid- 
brain root is in principle the same in all the reptiles examined. 
It was clearest in my preparations of varanus salvator and boa 
constrictor. The respective fibres of varanus begin to send a portion 
towards the periphery only when the sens. trigemenus is already 
making its entrance. A large part of the spinal quintus root has 
already been formed, and even lies fully developed in the oblongata, 
when the out-going mesenc. V fibres reach the periphery, or rather 
the ventral part of the rad. spinalis V. Ventrally from this and 
separated from it, les the out-going mot. trigeminus root (fig. 16). 
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Fig. 16. Varanus salvator. 


In the other reptiles the conditions are the same; only in the 
case of boa did I succeed in showing with any certainty a remnant 
of the fibres which run with the mesenc. V root proceeding in a 
caudal direction, on the medio-dorsal boundary of the subst. gelat. 
Rolando rad. spinalis Vi. 

Birds. The extraordinary development of the tectum opticum, its 
lateral-ventral bending and the thinning of the lamina commissuralis 
bring about the lateral position of the mesenc. quintus cells above 
the ventr. lob optici, as is shown by fig.17; only in the most oral 
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part of the nucleus a position above the aqueduct is possible. Here, 
therefore, the cells reach to the medial line without, however, forming 


Fig. 17. Ciconia alba. 


the characteristic medial nucleus as in hydrosaurii and selachii. The 
cell form is round and vesicular. It is difficult to judge of the exit 
of the fibres. Some can be seen going from the radix to the motor 
V nucleus; how the others reach the periphery cannot be stated 
with certainty from the normal preparations (ciconia, chrysomitis). 

Mammals. Without entering into details regarding each order 
examined separately, the most striking points of resemblance and 
difference may be given here. The distinction made by Casar (I. ¢.) 
into nucleus infero-posterior and nucl. supero-anterior within the 
boundaries of the mesene. V nucleus can be kept for many of the 
mammals, especially for rodentia, which have been principally exa- 
mined by Casar (rabbit, rat). For the two lowest orders of mammals 
(monotremata and marsupialia) this distinction does not hold good. 
The part of the nucleus, situated in other mammalia (mono delphia) 
distally from the mid-brain, is entirely wanting in didelphia or nearly 
so. [pn Lehidna hystrix scarcely a single mesenc. V cell is to be found 
laterally to the aqueduct, still less in the region of the 4'" ventricle. 
A few have shifted somewhat from the middle line, dorsally to the 
aq. Sylvii, the large majority le in every cross plane on the medial 
line; (cf. fig. 18, plane of the trochlear nucleus). The nucleus is 
exhausted before the decussalion of the nervi trochleares. 

Marsupiala show similar conditions although a very few cells 
have come to lie already laterally to the most rostral part of the 
4th ventricle; in macropus this is clearer than in didelphys. 

In the case of the last-mentioned animal the nuclei situated dor- 
sally on both sides distinctly combine to a single one near the medial 
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plane in the rostral part of the tectum (region of the commissura 
post). Fig. 19 gives a representation of this. It is very noticeable — 
more than in echidna — that the nucl. magnocellularis tecti consists 


Fig. 18. Echidna hystrix. Fig. 19. Didelphys marsupialis. 


of 2 varieties of elements, viz. rounder, oval, vesicular and lumpy- 
polyedrical, If fig. 19 (didelphys marsupialis) be compared with fig. 12 
(chelone midas) the resemblance between the opossum and the turtle 
is directly seen. A third marsupial of which the Brain Institute 
possesses a sagittal series affords a view of the similarity in proximo- 
distal measurement between its tectal V nucleus and that of chelone 
or varanus (fig. 20, onychogale frenata, compared to fig. 15, Nile 
varanus). The course and the exit of the mesenc. V fibres exhibit 
no special feature. In the region of the motor V nucleus the mid- 
brain root loses to it several fibres, the others make a distal convex 
bend and join to the most ventral part of the rad. spinalis trigemini 
already entered into the oblongata, distinctly separate from, and 
dorsally to, the motor V root (Macropus robustus fig. 21). 

All the other mammals more or less show in principle the following 
features in the distribution of the cells on a cross plane as well 
as in sagittal direction viz. 1, the cells fall away from the tectum, 
along the boundary of the central grey substance ventrally round 
the aqueduct ; 2. the cells proceed, as it were, distally in the direction 
of their neurones and come to lie more or less close to the cross 
plane of the motor V nucleus. This latter case is well seen in fig. 22, 
a sagittal section laterally to the ventric. quartus, through the 
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brain-stem of the rat. In man we meet with about the same relative 
position; in most other mammals the cells remain rather frontally 
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Fig. 21. Makropus rebustus. 


to the motor quintus-nucleus; the nucl. infero-posterior (Casat) lies 
somewhat caudally to the trochlear exit beside the 4*" ventricle (cat, 
horse). 

The position of the cells in the cross plane also exhibits but 
gradual differences between each other. A real medio-dorsally situated 
nucleus as in didelphia is nowhere to be found. Nevertheless in one 
group of mammals (carnivora pinnipedia) of which I examined 
phoca vitulina a tendency in this direction can be observed. The 
general situation here is that the cells keep their dorsal position, 
and in the region of the commissura posterior the position of a few, 
well developed cells strongly recalls that of the medial nucleus 
already discussed (fig. 23). The cat exhibits nothing of this, although 
in general the cells lie rather more dorsally on the border of the 
subst. grisea centralis than in the case of rodentia, insectivora and man, 


( 40 ) 


Regarding the course of the mid-brain root I may be short. In all 
mammals it runs distally, laterally to the uncrossed nervus trochlearis ; 


Fig. 23. Phoca vitulina. 


only in carnivora (cat) and chiroptera (bat) does it run medially to it” 
in many rodents the trochlearis runs between the V cells and the 
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Fig. 15. |o, Onychogale frenata. 
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Fig. 13. Alligator sklerops. 
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Fig. 15, Varanus Salvator. 


Fig 20, Onychogale frenata. 
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accompanying fibres; according to Huns’), this is also the case in 
the pig. A well isolated exit is seldom to be seen owing to the fibres 
not running compactly to the periphery and to their being apparently 
interrupted by the masticatory nucleus. Where the tracing of the 
mesene. fibres is possible (tamandua tetradactyla), its exit in the 
ventral part of the rad. spinalis trigeminis is clear; in this animal 
a wide separation from the more ventrally running motor quintus 
root is easily distinguishable. 

What can be seen in all the other mammals is that tibres from 
the region of the rad. mesene. turn ventro-laterally and reach the 
periphery close to the motor nerve. The latter passes through the 
pia, ventrally from the sens. or radix. spinal.; the mesenc. fibres in 
any case do not come to-lie ventrally from the motor root. 


Summing up the results of this investigation, the conclusions are 
as follows: 

1. In all animals, where the exit of the mesenc. quintus root 
can be traced with certainty, this takes place dorsally to the motor 
root. 

2. In all these animals (seyllium canicula v.i.) 7 leaves the 
oblongata between the fibres of the sens. trigeminus root, in teleostei 
perhaps even slightly dorsally to them. Whether it runs extra-bulbar 
for a part with the sens. root and its collaterals, is uncertain, but 
it is not rendered improbable by the above-mentioned pathological 
observation. | 

3. In seyllum canicula the mesenc. quintus root leaves in two 
ways the oblongata: one part orally to the sens. root, and one part 
in the way as mentioned sub. 2. The first part is, however. accom- 
panied by a more ventral motor V stem. 

4. The primitive position of the mesene. quintus nucleus is dorsal 
in the tectum opticum, not distally from if. The variations herein 
in lower animals are partly due to differences in the structure in 
the mid-brain. In the lowest order of mammals (monotremata and 
marsupials) this position is seen again in principle. Moreover in 
marsupialia especially (didelphys) the nucleus consists of different 
kinds of cells, just as in some reptiles; while in fishes one 
form of cell (clumsy-polyedric), and in higher mammals and birds the 
other (round, oval, vesicular) predominates or is exclusively present. 

5. The distal spreading of the nucleus, most marked in insectivora, 


1) Hues: Vergl. Anatomie der cerebr. Trigeminuswurzel. Obersteiners Arbeiten. 
1908- 
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rodentia and primates (man), must probably be regarded as a more 
advanced differentiation, and will have more to do with special 
biological functions than in general with the position of the animals 
in question upon the phyletical scale. 

6. Regarding the functions of the mesene. quintus nucleus, nothing 
is to be deduced with certainty from comparative anatomical inves- 
tigations, although the dorsal entrance of the radix mesencephalica 
in regard to the motor root might suggest a sensory function. But 
as in teleostei the motor V root also does not leave the oblongata 
ventrally to the sensory one, and in all animals e. g. the nerv. trochlearis 
passes quite dorsally outside the brain-stem, no positive conclusions 
are to be deduced from the above anatomical fact. 

The same may be said of the dorsal position of the nucleus, in 
view e.g. of the dorsal position of the trochlear nucleus in cyclostomes 
(ammocoetes and petromyzon). 

The problem of the significance of the mesenc. part of the nervus 
trigeminus in thus still unsolved. 


Chemistry. — “On the action of Ozalyl chloride on amines and 
amides.” By Dr. J. To. Bornwater. (Communicated by Prof. 
A. P. N. FRANCHIMONT). 


(Communicated in the meeting of April 28, 1911). 


It is well known that acid-chlorides act not only on ammonia, 
but also on primary and secondary amines with formation of primary 
mono- and dialkylamides, and on primary simple amides and alkyl- 
amides with formation of secondary simple and alkylamides. 

But with the chloride of oxalic acid (oxalylchloride), however, 
very few experiments have, as yet, been made, although this is 
now a reliable commercial article. STAUDINGER casually remarks that 
oxalylchloride forms with amines oxamides and cites as an instance 
aniline, which he uses for the quantitative determination of oxalyl 
chloride. Tasker and Jones only mention that oxalylchloride has a 
powerful action on primary and secondary amines. 

At the request of Prof. Francuimont 1 have convinced myself, in 
the case of a number of amines and amides, that the action takes 
place sometimes readily, sometimes with difficulty; in some cases 
it does not take place at all or takes another direction so that instead 
of oxalylderivatives carbonylderivatives are formed. 

With piperidine in ethereal solution I obtained at the ordinary 


en ge 
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temperature oxalylpiperidide, with aniline oxanilide, with o-nitraniline 
oxalyldi(o.nitraniline), with -nitraniline oxalyldi(m-nitraniline) and 
with p-nitraniline oxalyldi(p-nitraniline). 

With 1.24 dinitraniline no action was noticed at the ordinary 
temperature; here it was necessary to boil and benzene was used 
as solvent. This led to the formation of oxalyldi (1.2.4 dinitraniline). 
In these circumstances, no reaction was obtained with trinitraniline. 

It was further shown that in the case of oxalylehloride we can 
also work according to the method of Hartwig Franzen and make 
use of the hydrochlorides of the amines. On boiling these in benzene 
with oxalylchloride until the evolution of hydrogenchloride ceases 
oxalylderivatives are readily obtained. Apart from the advantage 
that the hydrochlorides are more readily procurable, this method is 
also more convenient in so far as that less of the amine is required 
and that the reaction proceeds quietly and no special precautions 
are necessary. 

I noticed this with the hydrochloride of aniline which gave oxanilide 
and with that of piperidine which gave oxalylpiperidide. 

To the amines belong also the esters of the amino-acids and I 
endeavoured to obtain’) oxalylderivatives from their hydrochloric 
compounds by the last mentioned method which succeeded very 
readily, for instance with the hydrochloride of glycocollethylester 

CONH CH,COOC,H, 
when oxalyldiglycocollethylester | was obtained 
CONH CH,COOC,H, 
in beautiful needles melting at 143°. A similar result was obtained 
with the hydrochloride of glycylglycinethylester. This yielded 
CO NH CH,CO NH CH,COOC,H, 
oxalyldi(glycylglycinethylester) | in 
CO NH CH,CO NH CH,COOC,H, 
beautiful lustrous leaflets melting at 250°, which exhibit the so-called 
biuretreaction. 

Already a few other hydrochloric compounds of the amino-acid 
esters have been treated in the same manner with an equally good 
result. Such as that of the methylester of «.aminopropionic acid 


1) The above mentioned method of Hartwig Franzen could also be successfully 
applied to the preparation of the chloroacetyl derivatives of the esters of the amino- 
acids. On boiling chloroacetylchloride dissolved in benzene with the hydrochloride of 
glycocollester 1 obtained chloroacetylglycinethylester and with the hydrochloride 
of glycylglycinethylester chloroacetylglycylglycinethylester. Both with a very good 
yield so that this method deserves the preference to that employed by Frscner 
for obtaining the chloroacetylderivatives of the polypeptides as well on account 
of the better yield as of the less complicated method of working. 


CH,CH (NH) COOCH, 


CO 
when oxalyldi(¢.aminopropionic methylester) | 


CO 
| 
CH,CH (NH) COOCH, 


was obtained in delicate white needles. Further that of diglycylglycin- 
ethylester when oxalyldi(diglycylglycinethy lester) 
CO NH CH,CO NH CH,CO NH CH,COOC,H, 


bo NH CH,CO NH CH,CO NH CH,COOC,H, 
was formed as silky delicate needles with a melting or decomposition 
point at 302°. They give a red violet biuret reaction. 

An example was also taken from the aminoderivatives of the 
dibasic acids, namely the hydrochloride of the diethylester of glutaminic 
acid which yielded oxalyldi(glutaminie diethylester) 

CH CH,CH,COOC,H 
CO NH COOC,H, 
bo NH COOC,H 
én CH,CH,COOC,H 
2 2 25 
as exceedingly fine hair-like crystals m. p. 94°.5. 

The compounds obtained might probably become of interest as 
regards the knowledge of the albumenoids. It is known that more 
than forty years ago SCHÜTZENBERGER obtained oxalic acid from all 
albumenoids by resolving these with barium hydroxide. For instance 
from : 


Egg albumen 5,7 °/, barium oxalate — 2,22°/, oxalic acid 
Ae % 125 i: 4,87 ms 
Casein ; 17;5 6,82 a 
Serum (from horse’s blood) 16,5 = 6,43 ze 
Fibrin (from horse’s blood) 11,5 En 4,48 a 
Hemiprotein 14,7 a 5,15 A: 
Vegetable fibrin (gluten) 8,0 oy aed EL is 
Osseïn 5,0 ® 1,95 FF 
Wool 20,4 ge 8,14 5 
Hair 19,4 7 1,14 ae 
Fish-glue 11,3 4 4,50 = 
Fibroin from silk 8,1 Ee oe 
Chondrin 11,4 - 4,44 i 


Gelatin 8,9 +B) 3,95 33 
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No further attention has been paid of late to this production of 
oxalic acid, which might most likely be obtained from substances 
other than oxalylderivatives, for instance, mesoxalic acid derivatives. 

As the above reaction appears to take place with all the hydro- 
chlorides of aminoesters as yet examined, it may be expected that 
similar oxalyleompounds will be obtained from the polypeptides in 
general, which might be looked on as building stones of the proteid 
molecule. 

But little attention is also paid to the production of carbon 
dioxide in the resolution of the albumenoids and yet — like the 
oxalyleompounds of the polypeptides — their carbonyl compounds 
might also be building stones of the proteid molecule. Provisional 
experiments with simple amides showed that by the action of oxalyl 
chloride no oxalyl-, but carbonylderivatives were obtained because 
oxalylchloride behaves in some cases as a source of carbonylchloride. 

With acetamide (boiling in benzene) I obtained in this way 
diacetylurea and with chloroacetamide carbonyldi(chloroacetamide) 


A H CO CH, Cl 
CO erystallising in delicate white needles m.p. 171°C. 
Ny H CO CH, Cl 


Whith benzamide dibenzoylurea was formed but with benzanilide, 
CO NC, H, COC,H, 
on the otherhand, oxalyldi(benzanilide) | was obtained 
CONC, He COC HE 
in beautiful needles melting at 210° C. 
CON(C, H‚) CO CH, 
Acetethylamide gave oxalyldi(acetethylamide) | 
CON (C, H,)COCH, 
in beautiful crystals melting at 130° C. 
Whereas ethylurethane yielded carbonyldifethylurethane) I obtained 
with methylethylurethane oxalyldi(methylethylurethane) 


CO NCH, COOC,H, 
| 
GO NCH, COOC,H, 


in clear white needles m. p. 67° C. 
It thus appears that with mono-alkylamides the reaction leads to 

oxalylderivatives but with simple amides to carbonylderivatives. 
With urea, which may also be classed among the amides were 

obtained (in ether at the ordinary temperature) parabanic acid and 
1 \ T 

Se ne re oa different from the 


presumably, the true oxalyldiureid 
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“amide d’un acide oxalylbiurétique’ prepared by Grmavx which in 
the German literature is wrongly called oxalyldiureïd. The oxalyl- 
diureid obtained by me not only shows complete insolubility in all 
the ordinary solvents, but also gives no biuret reaction. 

Symmetric dimethylurea whether in ether at the ordinary temperature 
or in boiling benzene gave the well-known cholestrophane, whereas 
with asymmetric dimethylurea, when boiled in benzene, carbonyl- 


NE CONCH): 
di-(as. dimethylurea) CO . '/, H,O is obtained in parti- 


Nan COW CH): 
cularly beautifully formed prismatic crystals melting at 140° C. 


Chemistry. — ‘Additive compounds of m. Dinitrobenzene.” By 
Prof. P. van ROMBURGH. 


(Communicated in the meeting of April 28, 1911). 


The increased interest taken in the coloured compounds of polynitro- 
substances with aromatic amines induces me to call attention again 
to the fact that m. dinitrobenzene is also capable of yielding with 
different amines beautifully coloured crystallised compounds as I 
mentioned casually many years ago '). 

Generally speaking, these compounds are obtained less readily, and 
many are less stable than those of s. trinitrobenzene. This probably ex- 
plains why NoerriNG and SOMMERHOFF *) have not succeeded in isolating 
such products. KremMaANnn *) has studied the equilibrium between aniline 
and m. dinitrobenzene and states that no data occur in the literature 
as to the existence of a compound between these substances although 
I had already mentioned having isolated the same. 

If we dissolve m. dinitrobenzene in aniline the liquid turns intensely 
red on warming and when cold, a beautiful red compound erystallises 
in large crystals, which melt at 41°—42° (in a capillary tube). According 
to KrEMANN the melting point lies at 40°. The compound consists of 
an equal number of molecules of the components. On exposure to 
the air, the crystals lose the aniline. 

Analysis: Found 64.1°/, C,H,(NO,),. Calculated 64.3°/,. 

Dimethyl p. toluidine when heated with m. dinitrobenzene gives 
an intensely coloured solution from which, on cooling, crystallises a 


1) R. 6, 366 (1887). 
2) B. 39. 76 (1906). 
3) M. 25, 1298 (1904). 
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nearly black compound m.p. 48°, which in an open vessel is com- 
pletely decomposed in a few days. 

Analysis: Found 55.07°/, C,H,(NO,),. 

Theory for 1 mol. C,H,(NO,), +1 mol. C,H,N(CH,), 55.4°/,. 

With e-naphthylamine in alcoholic solution m. dinitrobenzene forms 
a compound erystallising in red needles m. p. 67°. Nitrogen deter- 
mination: Found 13.47°/,. Calculated for equal molecules 13.5°/,. 

Dimethy]-8-naphtylamine in alcoholic solution also gives dark red 
needles of a compound consisting of equal mols. of the components 
and melting at 52°—53°. 

Nitrogen determination: Found: 12.62°/, N. Calculated: 12.39°/, , 

Tetramethylmetaphenylenediamine *) forms with m. dinitrobenzene 
— but less readily so in alcoholic solution a very dark garnet 
red compound melting at 58°. 

Analysis: Found 50.1 °/, C,H,(NO,),. Calculated for 

1 mol. C,H,(NO,), + 1 mol. C,H,N,(CH,), 50.6°/,. 

With benzidine metadinitrobenzene gives black crystals, which are 
fairly stable, but are decomposed by hydrochloric acid. The melting 
point is 128°. 

Analysis: Found 47.6°/, C,H,(NO,),. Calculated for equal molecules 
47.73°/,. 

With tetramethylbenzidine in alcoholic solution only a small quantity 
of a dark coloured compound is obtained ; the bulk of the components 
erystallise separately. 

On the other hand 44°. tetramethyldiaminodiphenylmethane ®) gives 
a fine garnet red compound ervstallising in plates or compact crystals 
m. p. 76° and containing 2 mols. of the amine for 1 mol. of dini- 
trobenzene. 

Analysis: Found 25.2°/,, 25°/, C,H,(NO,),. Calculated 24.85°/,. 

4.4’. Tetramethyldiaminobenzophenone in alcoholic solution gives 
very beautiful, clear red plates m. p. 91°. In this compound, however 
two mols. of dinitrobenzene are present for 1 mol. of the base. 

Analysis: Found 55.4°/, C,H,(NO,),. Calculated 55.6°/,. 

With many other liquid aromatic amines m. dinitrobenzene gives 
strongly coloured solutions; with numerous solid amines, in alcoholic 
solution, a more or less powerful coloration is obtained also. Very 
probably, it will appear possible to isolate a number of these additive 
products in the solid condition. 

Utrecht. Org. Chem. Lab. University. 


1) R. 7, 3 (1888). 
2) R. 7, 228 (1888). 
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Meteorology. — “On the diurnal vartation of the wind and the 
atmospheric pressure and their relation to the variation of the 
gradient.” By Dr. J. P. vaN DER Stok. 


(Communicated in the meeting of April 28, 1911). 


1. The diurnal variation of the wind, a phenomenon weil known 
near coast stations as land- and seabreeze, is also observed, and 
generally in a well marked degree, at land stations. 

On account of the laborious work of calculating the diurnal 
variation from observations made hourly or at fixed hours, this 
phenomenon has but rarely been investigated and, after all, the 
knowledge acquired is hardly proportionate to the labour. 

The influence of the earth’s rotation and of friction gives rise toa 
rather complicated relation between cause and effect, i.e. the variation 
of the pressure gradient on the one hand and that of the wind on 
the other, so that it is not possible to arrive at well founded con- 
clusions based on the results of observations only, without the 
help ôf some theory. | 

For many places, as e.g. Helder, situated at the top of a land- 
tongue, it would he difficult to tell a priori how and to what 
degree the gradient varies in the course of a day, and neither 
would it be possible to formulate simple and probable assumptions 
as to the gradient in the case of a land station as de Bilt, sur- 
rounded by regions of very different heat-absorption and radiation. 

The variability of the periodic gradient in different seasons is a 
still more difficult problem as, near coast stations, the seacurrents 
and the temperature of the seawater in the surroundings, and near 
land stations, the difference of physical properties of the adjacent 
regious play an important part. 

Only for a station situated in an extensive and homogeneous 
region the simple assumption of a heat wave propagating from 
Kast towards West, with the sun, would be permissible and only 
in such a case would it be possible to deduce the variation of the 
gradient from the diurnal variation of the barometric height, as 
observed im loco, provided the law of variation depending upon 
geographical latitude were known as well. 

In most cases, however, the variation of the gradient will be 
smallest where the change of pressure is greatest and conversely, the 
mechanism thus rather corresponding to an interchange of two 
stationary sources of periodic pressure variation, situated at a fixed 
distance the one from the other, than to a propagating wave passing 
at constant velocity. 
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In general it is therefore not possible to derive any conclusions 
concerning the gradient from the diurnal variation of barometric 
pressure as observed at a given place, and neither would it be 
possible to increase the number of stations and the accuracy of the 
observations to such a degree, that the gradient variation could be 
experimentally deduced. 

The inverse way is therefore indicated and from the known 
variation of the wind we must try to derive the wnknown value and 
variation of the gradient, which of course is possible only with the 
help of a suitable mechanical theory of the air motion. 


2. If, neglecting possible and probable vertical motions, the 
rotation of the earth is taken into account, and the influence of 
friction is assumed to be proportional to the velocity, the relation 
between gradient and air motion may be represented by the following 
expressions, the same as used e.g. by OBERBECK *) in his well known 
paper on cyclonic motion : 


Ov 1 Op | 
— + nau + lv = — — — 


Ot v Oy 

ae rhe hae eres! 
Ou PARSE 1 Op 
a ae u— — ‘aa 


In these formulae y and v are considered to be directed towards 
North, 2 and uw towards East. 

i= 2 cos P 

y = polar distance. 

n — angular velocity of the earth. 

If we put: 

bn 

then, after division by ” and for the ease of “a periodically varying 
gradient, (1) becomes 


1 Ov 1 Op \ 

— = -+ au+ kv = — — == H, cos(qnt — 2,) 

n Ot un Oy (2) 
1 òu 1 dp 

—— —av+ ku = — — — = ZH, cos (qnt — 2,) 

n Ot on Ow 


The amplitudes MH, and H/, are proportionate to the gradient 
directed towards North and East, g is the order of the period under 
consideration. 

Representing the components of the velocity of the airparticles by : 


v = A cos (qnt — C,)| (3) 
wu — B cos (qnt — cy 


1) Ann. d. Phys. u. Ch. 1882, 17, (128-—148). 


Proceedings Royal Acad. Amsterdam. Vol. XIV, 
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we find from (2) and (3): 


H, sin a4, = — qAcosC, + aBsinC, + kAsinC, ; 
H, cosa,= gqAsnC, + aB eos C, + kAcosC, | 
| | (4) 
H, sin 2, = — qBeos C, — aA sin C, + kB sin C, | 
H, cos), —= qBsinC,—aÂ cos C, + kB cos C, 


The quantities HM and 2 can then easily be calculated by means 
of the following relatively simple formulae, provided the wind 
variation and friction coéfficient be known: 


HT, sin (4, — C,) = — qA—aB sin A | 
H, cos (A, —C,)= kA+aBoosA | 
H, sin (4, — C,) = — qB — aA sin À (9) 
H, cos (A, —C,)= kB—aAcos À 
A= Gi 


and further: 
H? — Ht = (kt 4+ ¢ —4°MA4° — B°) + 4 ka ABeos A | 8 
Ht + Ho? = (+ gt Ha) (A? + B°) + 4qa AB zin A Vo (6) 
Form. (3) can be represented by an ellipse, the radius vector 
being the resultant velocity, and the great axis forming with the 
y, v (North) direction an angle « determined by the expression: 
2 AB cos A 
AB () 
Likewise the gradient vector can, according to magnitude and 
direction, be represented by an ellipse, its great axis making with 
the North direction an angle a’, determined by the form. 
. Ee aes (3) 
HH} ENDE CD 


tang 2 a = 


tang 2 a = 


From (4) follows: 
H, H, sin (2, —A,) = (# + @? Ha’) AB sin A + qa (4° + B) 9 
H, H, cos (2, —2,) = (# + 9? —a’) AB cos A — ka (A° — B?)\ (9) 


If then we put: 


2 ak 
tang 2m = PEP son ey ee 
tang 2.a' =tang(Ze—-2m) . . 2 . 7 ae 
mma—a. 


Although, therefore, for the case ofa periodically varying gradient, 
the angle of deviation between gradient and wind direction does 
not assume a simple form and is a rather complicated function of 
the time, there is (if we admit the form. (1) as suitable for the 
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purpose) a constant difference m direction m between the maximum 
values of those quantities, as defined by (10) and therefore dependent 
upon the friction (4) and variable with the order of the period (q). 

If the angle of deviation were known, the value of /; and hence 
the friction coefficient im might be deduced from (10). 


3. If we calculate the diurnal variation of the barometric height 
for different places on the earth’s surface, it appears that the 
monodiurnal variation widely differs, as to amplitude and phase, in 
the different seasons and that it shows great divergences for places 
as near to each other as de Bilt, Helder, and Vlissingen. 


TABLE I. 
Diurnal variation of barometric height (1902— 1910). 
de Brkt: 
mm. mm. 


Winter 0.0447 cos (nt — 178°) + 0.1805 cos (2 nt — 295°) 
Spring 0.0097 cos (nt — 177°) + 0.2049 cos (2 nt — 301°) 
Summer 0.0238 cos (nt — 79°) + 0.1665 cos (2 nt — 311°, 
Autumn 0.0305 cos (nt — 135°) + 0.2001 cos (2 nt — 296°) 
Year 0.0214 cos (nt — 147°) + 0.1864 cos (2 nt — 300°) 


Helder. 


Winter - 0.0431 cos (nt — 93°) + 0.1976 cos (2 nt — 309°) 
Spring 0.1942 cos (nt — 59°) + 0.2087 cos (2 nt — 313°) 


Summer 0.2200 cos (nt — 59°) + 0.1856 cos (2 ni — 324°) 
Autumn 0.1391 cos (nt— 72°) + 0.2255 cos (2 nt — 304°) 


Year 0.1472 cos (nt — 65°) + 0.2088 cos (2 nt — 313°) 


VJissingen. 
Winter 0.1321 cos (nt — 190 ) + 0.2079 cos (2 nt — 315°) 
Spring 0.0369 cos (nt — 49°) + 0.2268 cos (2 nt — 308°) 
Summer 0.0994 cos (nt — 55°) + 0.2109 cos (2 nt— 317°) 
Autumn 0.0267 cos (nt — 122°) + 0.2366 cos (2 nt — 307°) 
Year 0.0314 cos (nt — 121°) + 0.2196 cos (2 nt — 312°) 


The semidiurnal variation on the contrary, extensively investigated 
in well known memoirs by Hann and Ancor, shows a remarkable 
uniformity, the amplitude regularly decreasing from about 1 mm. 
near the equator to the pole; at Batavia the daily variation can be 
represented by the expression : 


4* 
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0.63 cos (nt —64°.5) + 1.00 cos (2 nt — 290°) ?) 

As appears from Table I the phase shows small differences in the 
different seasons, and at Batavia it is somewhat smaller than at the 
three Dutch stations, but nowhere does it differ much from 300°, the 
greatest height occurring everywhere about 10> a.m. and. p.m. 
According to a theory, first suggested by Kervin, afterwards 
mathematically founded by Maraures, this regular variation can be 
ascribed to a free oscillation of the atmosphere as a whole in its 
own period of very nearly 12", which again finds its origin in the 
semi-diurnal term of the daily variation of the air temperature. 

Such an oscillation of the whole atmosphere can be regarded as 
a pressure wave, propagating from East towards West, with a 
velocity c of the heat wave and can be represented by the expression: 

DH tok (20 — C+ a 
C 
If, according to the observations”), we assume that 
E= HLH, smn’ @., 


then 
Op Op _ 3E cos p 
2 —= ——_—— cos (2nt — C) 
OY Jxr=0 RR Rein p 
Op nt 
as == sin (2nt — C) 
Ow sns) C 
and as 
n i 
c | |©6Rsin p 
0) 3E cos 
ln od es (2nt — C) 
DOEN R sing 


Op 2E 4 
RE | AE == —cos (2nt — C — 90°), 
Ov /x—0 R sin p 


According to this theory therefore : 
a, — A, = 270° 
and 
HDs @ 
For all places situated in higher latitudes than 41° 49', therefore, 
H, > H,, and, according to (8): 
a=, 


It appears then that, at places situated in latitudes higher than 


1) Observations. Vol. XXVIIL (1866—1905). p 
2) Jaeriscu. Zur Theorie der Luftschwankung. Meteor. Zeitschr. 24, 1907, p, 481. 


(53) 


42°, the great axis of the gradient ellipse is directed towards (N—S) ; 
for a latitude of 42° H,—=H,, and the ellipse becomes a circle; 
more southerly the great axis points towards (E—W); at the equator 
H, =O and the ellipse is flattened down to a straight line directed 
EK—W. [ 

If “ — as is probable — is not exactly proportionate to the 
third power of sin p‚ the limit 42° varies of course accordingly. 


4. In two recent publications Goup ') has compared this theory 
with the results of the observations; for this purpose he chooses the 
following method: the gradient variation, as deduced from the semi- 
diurnal variation of the atmospheric pressure is assumed to be known ; 
from form. (1) or, what comes to the same, form. (4) the four 
wind constants A, B, C, and C, are calculated and the results are 
compared with the wind variation, as deduced from the observations 
by giving & the values 0,4 and 1. 

Obviously this method leads to very complicated and almost 
unmanageable expressions for the wind variation and the inverse 
way, namely taking the wind variation as a known quantity and 
then calculating the barometric variation, would be a simpler and 
equally suitable method. 

Calculating Gorp's formulae for a latitude of 52°, the average 
latitude of the Netherlands, we find, 


v u 

k=0 45 cos (2 nt — 33°) 44 cos (2 nt — 123°) 
bl 28 cos (2 nt — 343°) 27 cos (2 nt — 72°) 
as 17 cos (2 nt — 328°) 16° cos (2 nt — 55°), 


In caleulating these expressions, the semidiurnal variation of 
atmospheric pressure as found for de Bilt has been used; the 
amplitudes are expressed in cm. p. sec. 

On the average, taken over the whole year, the result of wind 
observations made at two Dutch stations is: 


v U 
de Bilt 16.8 cos (2 nt — 333°) _ 17.4 cos (2 nt — 65°) 


Terschellinger bank 11.1 cos (2 nt — 334°) 11.9 cos (2 nt — 66°) 


The agreement between theory and observation is very satis- 
factory, much better than for the two cases as calculated by Gorp, 


1) E. Gorp. The relation between periodic variations of pressure, temperature 
and wind in the atmosphere. Phil. Mag. 1909, p. 26—109. 

Id. Note on the connexion between the periodic variations of windvelocity and 
of atmospheric pressure. Publ. Meteor. Office, 203, 1910, 
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namely the mountain station Säntis and St. Helena, which perhaps 
is due to the peculiar situation of these stations. 

At St. Helena, where the windvector ought to turn with an 
anticlockwise motion, (to the left) the veering is to the right, as if 
St. Helena were situated in northerly latitude. At this small latitude 
(16° S) the windellipse is, as has been noticed above, very flat so 
that the veering of the wind is a rather uncertain factor. 

For the Duteh stations the theory appears to be so well in 
accordance with the observation that the purpose of tbis investigation, 
namely determining the friction coefficient from the semidiurnal 
variation of wind and barometric height, and then, with the help 
of this value, deducing the monodiurnal gradient variation from the 
corresponding wind variation, seems attainable. 

For such an inquiry the wind observations made during 25 
consecutive years on board the lightship Terschellingerbank in the 
North of the country, offer an excellent material, and it is interesting 
to investigate in what respect the gradient variation differs for two 
places so differently situated as de Bilt and Terschellingerbank. 

5. Table II shows the diurnal variation of the wind for both places. 


TABLE II, diurnal variation of the Wind 
mM cM. p. See. 7. G-—= Noon. 
de Bilt, N. Lat. 52°6’, L. G. 5°41’ hourly observations (1903—1 908). 
Winter v= 15.1 cos (nt — 260°) + 10.4 cos (2 nt — 279°) 


u = 11.5 cos (nt — 17°) + 12.1 cos (2nt— 33°) 
LA = 243° A = 246° 


Spring v= 71.4 cos (nt — 256°) + 21.8 cos (2 nt — 337°) 
“== 52.7 cos (nt — 14°) FAB cos (2 mi TA 

Nes Oe An 263" 

Summer v = 95.6 cos (nt —- ee + 27.7 ¢ oie nt — 358°) 
u = 86.1 cos (nt — 25°) + 22.5 cos (2 nt— 79°) 


A = 236 A = 279° 


Autumn v = 40.7 cos (nt — 264°) + 14.9 cos (2 nt — 316°) 
u = 30.3 cos (nt — 19°) + 16.2 cos (2 nt — 56°) 
La K = 260° 

Year v = 55.6 cos (nt — 260°) + 16.8 cos (2 nt — 333°) 
u = 45.0 cos (nt — 21°) + 17.4 cos (2 nt — 65") 

LA = 239° Lo = 268° 


(55) 
Lightship Terschellingerbank, N. Lat. 53°27’, L. G. 4°52’ 
watch-observ. (6 times daily), magnetic, (1884—1908). 
Winter v= 3.9 cos (nt — 344°) + 11.8 cos (2 nt —- 319°) 
u= 3.1 cos (nt — 298°) + 11.1 cos (2 nt — 56°) 
(Ges ies A: — - 26 3° 


Spring v= 20.3 cos (nt — 249°) + 12.6 cos (2 n 
wu = 18.9 cos (nt — 350°) + 10.1 cos (2 nt — 759) 
A = 259° A = 269° 


Summer v = 21.6 cos (nt — 240°) + 9.3 cos (2 nt — 348°) 
wu = 30.9 cos (nt — 354°) + 11.5 cos (2 nt— 94°) 


A = 246° A = 254° 


Autumn v= 8.0 cos (nt — 248°) + 11.9 cos (2 nt — 326°) 
w = 18.1 cos (nt — 358°) + 17.6 cos (2nt — 52°) 


SOR? BI 


Year v = 12.3 cos (nt — 249°) + 11.1 cos (2 nt — 334°) 
u = 16.1 cos (nt — 351°) + 11.9 cos (2 nt — 66°) 
A = 258° A = 268° 


If, for the present, we leave the monodiurnal motion out of con- 
sideration, it appears that, whereas the angular values of the semi- 
diurnal variation show a close agreement, the amplitudes do not 
agree in so far that sometimes the north- and sometimes the east- 
component is the greatest; on the average the east component is 
somewhat greater, but the difference is so small and variable, that 
a serious objection arises against calculating the friction coefficient 
by means of formulae (10) and (11), when «'‚ according to theory 
is equalized to zero because 

4,—A, = 270°. 

If A= the windellipse approaches to a circle because cos A 
is also a Small quantity, according to theory as well as to observa- 
tion, and the angle of deviation becomes undetermined. 

Different other methods however can be chosen for calculating 
the value of £ by means of form. (5), (6) and (9), as it is sufficient 
if only one quantity or relation be assumed to be equal to its 
theoretical value. 

We might e.g. assume that the theoretical value 

EE ee hd TB 


were accurately true; then, putting 


2 AB sin A 2qa ; 
ie = ER eneen Te eee 
A* + B ke dq +a 
we find from (6) and (9) 
12 cos 83 
M= NEE A (13) 
9 cos? p + 4 1+ By 


In these formulae the values of A—# and cos A do not appear, 
and (12) offers the advantage that it enables us to calculate the friction 
coefficient without the intervention of a quadratic equation, as when 
(10) is used. 

This advantage however is only apparent as, for A= B and 

= 270°", @=—.1, and the quantity. y; disappears from the 
formula; in fact, for a latitude of 52° M/ approaches very nearly to 
unity (0.986), as required by theory. | 

It is therefore necessary to have recourse to another method and 
as, without doubt, angular values can be determined with a greater 
degree of accuracy than amplitudes and the relation 

HH cos. 

can be only approximatively true, we assume that: 

il, A= bi 30° 
or, i.o. w. the problem is thus formulated: what is the value to be 
given to # in order to ensure agreement between the angular values 
of the windvariation (C, and C,) on the one hand, and of the 
barometer variation (C) on the other, for the semidiurnal variation. 
As in this way not one but actually two relations are derived from 
theory, obvionsly two values of £ may be deduced from (5); taking 
these together, the relation 
B sin d, — A cos d, 
A sind, + B eos d 


db Ordi EC, 


2 


is easily found. 
If & is known, then, with the help of form. (10), three different 
values for the angle of deviation m may be derived, namely 


m, (q = 2) for semidiurnal periodic winds 


m,(q==1) ,, monodiurnal _,, Be 
m,(q=9) ,, constant non i 
For the last named quantity form. (10) gives : 
a 


tang m, = 7’ 


the same value as, according to OBERBECK’s theory, obtains for the 


(57) 


outer part of a cyclone and also — as follows from (2) — for 
constant winds and straight isobars. 
In Table III the values of % and 7, calculated in this wav are 


given. 


TABLE III. 
Values of the friction / and the angle of deviation m. 


de Balt: 


Winter Spring Summer Autumn Year 
bye 0834 0.514 0.455 0.900 0.627 
he = 200 21°.2 i Bs ae 20°20 23°.0 
Wyss © O84 63°.5 65°.9 ig eN 59°.5 
nik | O4. 73°.0 140 60°.3 68°.3 

Perschellingerdank. 
brt 64s 0.657 0.608 1.101 0.940 
mi CL 2670 24°.4 23°.8 26227 26°.3 
ea — BOC oes 61°.0 47°.5 50°.6 
mM, = 44°35 Giles 69°.3 55°.6 ao aa 
The friction coefficient: /—= nk =k & 7.3 10— then becomes: 
de Bilt GOOR Stonden TA 4,58 


Ferschellingerbank «12:03 480 444 8.05 6864) ~10~ 
OBERBECK assumes arbitrarily / == 12 * 105, Wien!) / = 8 X 105. 


It is, of course, doubtful whether a friction coefficient, as 
calculated for the case of feeble periodic winds may be used also 
for non periodic winds of any force; but the fact that VAN EvVERDINGEN *) 
on determining the angle of deviation directly from weather charts 
and for strong gradients (one mm, and more) for de Bilt and taken 
over the whole year, comes to almost exactly the same value (69°) 
as that given in Table III (68°), can hardly be considered as a merely 
accidental coincidence. 

6. With the aid of form. (5) the quantities HM and 2,4 being 
known, can easily be calculated; this calculation has been made only 


for the mono-diurnal variation. Putting 

; Op 

-— = (7, (gradient), — = =p by 
: av 


further 


1) Wien. Lehrbuch der Hydrodynamik, 1900, p. 294. 
2) Phys. Z. S. 9, 1908. Verh. d. D. Phys. Ges., 1908. 


oy Po 
where o is the density of the air, K the gasconstant, 7’ the absolute 
temperature of the air and p, the average atmospheric pressure 
expressed in mm. mercury-pressure, and taking: 

= 287 sc 10% 6 = 285° 
we have the quantities H to divide by 

1.464 X 10*° 
in order to obtain the gradient expressed in mm. mercury-pressure 
per cm., or by 1319 if we wish to express the gradient, as usual, 
per 111 km. In order to avoid the use of very small quantities, 
this division has not been made and the quantities H are considered 
as gradients. 

Table LV shows the diurnal variation of the gradient as calculated 
in this way. As the wind observations made on board of the light- 
ship Terschellingerbank are made with respect to the magnetic 
meridian, the direction of the resulting gradient ought be counted 
from the same. 


pa 100 n= (oe < 
a 


TABLE IV. 
of the Gradient, time 
H, to North, H, to South. 
R. L. Veering to right and left. 
dev Bilt 


Monodiurnal variation counted from noon, 


Terschellingerbank. 
(magnetical) 
H, = 12.3 cos (nt—305°.1) L. 
H,= 8.1 cos (nt—211°.3) 


Winter 


H, 4.5 cos (nt—273°.3) A. 
H,= 22.5 cos (nt— 42°.5) 


A = 230°.8 

Spring A, = 
H,= 92.5cos(nt— 44°.3) 

A= 350°.7 


Summer H,= 36.5cos(nt— 53°.4) L. 


gas Payers (nt— 42°.5) 


= 10°.9 
Autumn H, = 


H,= 61.0cos(nt— 46°.1) 
2272.0 

Year =  5.5cos(nt— 7°.8) fi: 
H.= 19 3.cos(ni— 434) 
A = 324°.4 


3.1 cos (nt— 35°.0) R. 


16.6 cos (nt—273°.1) R. 


f= 95-5 

HH, = 12.2 cos (nt==300° 0E 
H, = 23.3 cos (nt— 25°.2) 
A= 2S 

H, = 23.5 cos (nt—346°.2) R. 
H, = 32.4 cos (nt—355°.5) 
A = 350°.7 

AH, =11.9 cos (nt—330°.2) Rh. 
H, =:18.9 cos (nt—354°.9) 
Ke B50 3 

H, =14.6 cos (nt—312°.3) A. 
H, = 20.0 cos(nt— _ 0°.3) 


A = 312°.0 
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From Table I it appears that, in the neighbourhood of the light- 
ship the veering of the wind in wintertime is against sun, whereas 
in other seasons it is with sun. Near de Bilt the veering is always 
to the right as, in normal cases, ought to be the case, owing to the 
influence of the earth’s rotation. 

This abnormality is not accidental, due to observational errors and 
the smallness of the amplitudes; near the lightship Haaks and the 
landstation Helder, the veering in wintertime is also to the left; 
near Helder not only during the wintermonths but in the autumn as well. 

The results for Helder are not given here because the friction 
coefficient, as deduced in the manner described above, does not 
show reliable values in the different seasons; evidently the series of 
observations used for this purpose is of insufficient duration. This 
abnormal behaviour ot the gradient, namely veering to the left, must 
occur at every coast station where the sea is to the South and the land 
to the North. If, however, the gradient veers against sun it is 
quite possible that the wind still veers to the right for, if we put 
Hf, =0, and thus assume that there is only an East—West gradient, 
it appears from form. (5) that the wind veers with the sun; the 
possibility of a gradient veering to the left causing a wind veering 
to the right is, therefore, not excluded. 

In fact this case presents itself in summer time near de Bilt where . 
the gradient turns to the left whereas the wind veers to the right. 

At de Bilt also there is an important difference between spring 
and summer on the one hand, winter and autumm on the other, as 
shown in the differences of phase A; in the former seasons this 
phase difference is small and the ellipse approaches to a straight line, 
in the latter the excentricity of the ellipse is much smaller. 

Tables V and VI, showing the elements of the wind- and gradient- 
ellipses, convey a better idea of the results obtained and here they 
“can be easily corrected for the magnetical bearing by subtraction of 
14° from the angular values for Terschellingerbank. 

TABLE V. 
Windellipse of the monodiurnal variation. 
de Bilt. 


a b c Ô, dh 

h 
Winter 116.5 9.3 tol 103° 2.28 
Spring C18 42.7 152° 1095 2.65 
Summer neo. 81.3 139° jj he 3.41 
Autumn 43.8 Aad Las 98° 2.34 


Year 62.9 34.1 146° 103° 2.54 
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Terschellingerbank. (geographical). 


Winter 
Spring 
Summer 
Autumn 
Year 


a 


4.5 
21.5 
32.7 
13.5 
16.5 


h 


2.1 
17.5 
18.7 

7.3 
cree 


“ 


210° 
131° 
100° 
98° 


95° 


Gradiëntellipse of the monodiurnal 


TABLE VI. 


6, f 
h 
350° 0.52 
85° 4:64 
81 0.54 
1 Oro 
78° 0.39 


variation. 


de Bilt. 

a h « Ay i 

h 
Winter 22.1 3.4 be 89° Zo 
Spring 92.5 Del 89° 88 2.94 
Summer 134.3 6.5 74° So" 3.01 
Autumn 62.1 12.0 1014 89° 3.23 
Year 79.4 ee “ot oe 85° oat 


Terschellingerbank (geographical). 


a b a Ay 1 

h 
Winter 12.3 8.0 342° 302° 8.43 
Spring 23.4 12.1 72° 68° 1.04 
Summer SRS) od 40° Al. Dee 
Autumn VS) 4.3 45° ie 0.41 
Year 22:8 O4 44° 50° 0.63 


The elements of the ellipse are deduced from the expressions : 


v = A cos (nt — C,) CC, =A 
u = B cos (nt — C,) 


by means of the well known formulae : 


2 AB cos A 8 4 ‘ ; 
tang 2a = aa a + 0? = A? B 
A? — B B cos C 
a? — b? — cos Ag= ES 
cos 2a A cos C, 
CoG, t —l1 A 
tang T = tang oe Lt t) tang 4 = al cot — 
2 tangg+1 2 
B 


tang p = a cot a. 
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6, is the angle between the radius vector and the north-axis at 
noon, 7’ is the moment at which the radius vector has the direction 
« of the great axis or, whenever the ellipse is flattened down to 
a straight line, the moment when it attains its maximum value. 

It appears from these tables that the gradient ellipses, for both 
stations and in all seasons, approach to a straight line, so that a 
graphical representation could only be given on a large scale. 

It would not be difficult to proffer an explanation of the somewhat 
startling result that the angle of deviation varies with the different 
seasons. Such an explanation could be based only on a premised 
conception concerning the mechanical meaning of the friction coeffi- 
cient, as introduced in the calculation, and would be premature 
before the results obtained hawe been put to the test by application 
of the method indicated in this paper to other series of observations 
made at many and differently situated stations. 


Mathematics. — “The pentagonal projections of the regular fivecell 
and its semiregular ofjspring.’ Communicated by Prof. Scnourr. 


1. Fundamental theorem. If in two circles (fig. 1) with radius o 


N 


situated in the planes OLX,X,) , OCX, XN) of a rectangular system 
of coordinates in space S, we describe two regular pentagons 
(1, 2, 3, 4, 5), (1, 2’, 3’, 4,5), of which the first is convex while the 
other is star shaped, the five points P,, P,,.., P,, whose projections 
are the vertices of these pentagons indicated by corresponding num- 


bers, form the vertices of a regular fivecell with ef5 as length 
of edge. *) 


1) This theorem is not new. Probably it was given for the first time by 
Dr. S. L. van Oss in his dissertation (Utrecht, 1894). Compare also my paper: 
“Les projections régulières des polytopes réguliers” (Archives ree Haarlem, 1904). 

We repeat here the simple proof. If (Po, P34) and (Qj2, Q3,) are the projections 


of the points P and Q with the coordinates xj and yi (i= 1, 2,3, 4) on the planes 
OA X3) , O(X3X,), we have 


PraQ?y2 = (U)? + (ay) PQ = (zi)? + (ot)? 
and therefore if d denotes the distance PQ 
Pr Q@iz + Psi Q?5 =d? 

Now the projections Pj,Qj_. and P3,Qs, of each of the ten edges 12,..., 45 of 
the fivepoint P,P,P;P,P; are either side and diagonal or diagonal and side of the 
same regular pentagon, etc. 

Which position has the regular simplex S(5) with respect to the planes of pro- 
jection OCX,X2) and O(.\34,)? Evidently this projection is characterized by the 
fact that each of the five pairs of non intersecting edges 


(25) (34) , (13) (45) , (24) (15) , (35) (12) , (14) (23) 
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We indicate the projection of the regular S(5) obtained in fig. 1 
as the “pentagonal projection” of that polytope, and we try to show 
in the following pages how easily the corresponding projections of 


has parallel projections on either of the two planes, i. e. that the five lines at 
infinity cutting these pairs of non intersecting edges have the lines at infinity of 
the two planes of projection for common transversals. 

Now there are altogether fifteen pairs of non intersecting edges and therefore 
also fifteen lines at infinity each of which cuts a pair of non intersecting edges. 
Moreover it can be shown easily that these fifteen lines at infin'ty lie on a cubic 
surface. For, in barycentric coordinates with respect to the regular fivecell as sim- 


plex of coordinates these fifteen lines at infinity, for which the relation © aj=1 
i=l 
5 
changes into © xj =O, are represented by the equations 
il 


mit vk=0r Tete 0 ta — 0, 


where i,k,l,m,n” stands for any permutation of 1,2, 5, 4,5, and these relations 

satisfy the equation = xi} =O of the diagonal surface of CrrBscu. So the ScuLArii 
I 

double six completing the fifteen lines mentioned above to the 27 lines of that 

surface 5 xi} =O consists of the lines at infinity of six pairs of planes O(Y 4X9) 


ll 
and O(X;X,) corresponding to the six pairs of circular permutations 
(12345) (12354) | (12435) (12453) | (12534) | (12543) 
(13524) \ ° (13495) (14523) (14325) (15423) (15324) | 


with the property that in each pair any digit has in the two constituents different 
adjacent digits. Each of these six pairs consists of two reciprocal polars with 
respect to the sphere © x? =O at infinity common to all the spherical spaces of 


„== 

S,, as the two planes of each pair are perfectly normal to each other. According 
to a known property, found for the first time by HF. Scnur, the six pairs of lines 
of a Scutdrut double six are really always reciprocal polars with respect to a 
quadratic surface (compare Tu. Reye “Beziehungen der allgemeinen Fläche dritter 
Ordnung zu einer covarianten Fläche dritter Classe”, Math. Annalen. vol. 55, p. 257, 
and G. Koun ‘Ueber einige Eigenschaften der allgemeinen Fläche dritter Ordnung”, 
Wiener Sitzungsberichte, vol. 117, p. 66). 

If we deduce in the ordinary way the projection O(XyX3) from the projections 
OK As), O(X3X,) after having rotated each of the two regular pentagons over an 
arbitrary angle, we obtain the projection of the fivecell on any plane the line at 
infinity of which cuts the lines at infinity of OCM 4), OLY,X4). This shows that the 
projection op an arbitrary plane can only be got in two tempos, 1. e. by passing 
first to two arbitrary projections O(X,X3), O-X,X,) and by deducing a new pro- 
jection OXX) after having rotated each of the projections OLY,X3), OX x) 
over an arbitrary angle. Or otherwise: if /,/' are the lines at infinity of the planes 
OCH) , OCH) and m,mm those of an other pair of planes perfectly normal to 
each other, there are always two real lines #, ”' intersecting /, /', m,m’' and repre- 
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the semiregular polytopes derived by Mrs. A. Boor Srorr') from 
the regular fivecell by means of the geometrical operations of ex- 
pansion and contraction can be constructed. 

But it will be useful to develop first some general laws. 


2. We consider the projection of the tivecell S(5) more closely 
which leads us to the following remarks: 

a. In pentagonal projection the ten edges of S/5) present themselves 
in jive directions only, any diagonal of the pentagon being parallel 
to one of its sides. 

b. Though all the edges of S(5) have the same length we find 
in projection two different lengths, with the proportion s:d, where 
s and d indicate side and diagonal of the pentagon. 

If we wish to take into consideration the length of the edge itself 
we can use a very well known rectangular triangle of plane geometry , 
saying that when r is the radius of any circle and s,, and s, denote 
the sides of the regular decagon and pentagon described in it, s, is 
the length of the edge itself, s,, and 7 being the projections. 

It goes without saying that the difference in length of projection 
is a consequence of difference in inclination ; five edges of S(5> make 
with the plane of projection an angle p for which typ = $ (V5—1), 


the five others the complementary angle with 3/51) as tangent. 


c. In projection the ten equilateral faces of S(5) split up into two 
quintuples of isosceles triangles, one group (2s, d) with an obtuse, 
one group (s, 2d) with an acute vertex angle. 

d. In projection the five limiting tetrahedra present the same trape- 
zoidal form (fig. 2). We show that this is of great importance with 
respect to our aim by saying that a rotation of the projection (2345) 
of the tetrahedron in the sense of the hands of a watch around the 
centre C indicated in fig. 1¢ to an amount of one, two, three, four 
times 72° bring this projection succesively into coincidence with the 
projections (8451), (4512), (5123), (1234) of the other four limiting 
tetrahedra. 

In order to give some relief to the single tetrahedron of fig. 2 we 
have dotted one of the two diagonals of the trapezoid; by doing 


senting therefore the lines at infinity of the planes O(X,X3), O(Y,X,) to be used; 
unless any plane through m (or m’) makes with OXX) two equal angles and 
the lines /,1’,m,m' form a hyperboloidical quadruple, in which case the planes 
O(X_X3) , OCAS) may be selected from a singly infinite system. 

1) “Geometrical deduction of semiregular from regular polytopes and space fillings” 
(this Academy, Verhandelingen, vol. 9, n°. 1). In the following we suppose the 
results obtained there to be known. 
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so we tacitly represent that limiting body considered as lying in its 
own threedimensional space. For, in the projection of a fourdimen- 
sional polytope on a plane the question of visibleness has no sense, 
as fourdimensional space surrounds a plane situated in it in the same 
way as threedimensional space surrounds a line situated in it. 


3. We now examine what we have to expect im general as to 
the pentagonal projection of the semiregular polytopes deduced from 
the $(5) by expansion and contraction. For shortness we introduce 
for the group of these polytopes the symbol S(5) ; moreover we make 
use in future of the symbols 7, 0,17, CO, tO, P,, P, for the limiting 
bodies of these polytopes. 

a. The polytopes S(5) partake with S(5) the property of present- 
ing in pentagonal projection edges of five directions only. For it is 
easy to prove that the three operations ¢,, ¢,, e,, taken either separately 
or in combination, can introduce only new edges parallel to the orùgi- 
nal ones. 

bh. All the edges of S(5) being of the same length we find here 
in projection once more two different lengths with the proportion 
s:d and the two different complementary angles of inclination 
obtained above. 

c. As the ten faces of S(5) split up in projection into two quin- 
tuples of different form, the equivalent faces of S(5) must do so 
likewise. We shall even experience in the treatment of the different 
particular cases that square faces always present a third form of 
projection. 

d. In projection the limiting bodies of S(5) behave differently 
according to their port. The general rule that equivalent limiting 
bodies correspond in projection only holds for polyhedra of vertex 
and of body import: while both the group of edges and the group 
of faces of S(5) admit two different projections, the limiting bodies 
of edge and of face import must do so likewise. 

But what is of the greatest value with respect to the construction 
of the projections desired is that all the limiting bodies of S(5) are 
“arranged pentagonally” around the projection of the centre of the 
original fivecell, i.e. that the four rotations indicated under d. of the 
preceding article bring any one of these limiting bodies successively 
into coincidence with four others. If we assert moreover that the 
effect of the operations of expansion and contraction are extremely 
easily obtained in pentagonal projection, it must be clear that the 
execution of what was planned with respect to the polytopes S(5) 
is mere children’s play. 


2134 
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4. We now pass to the systematic treatment of the different par- 
ticular cases, putting together under the different headings, containing 
the expansion and contraction symbol, the symbol with the numbers 
of vertices, edges, faces, limiting bodies, and the symbol with the 
limiting bodies in the order of body, face, edge, vertex import, several 
remarks pertaining to facilitate the interpretation of the drawings. 


ERO 20.40, 30, 10) —- (547. —, —, 57). 


The result is given in fig. 3. By the operation e, of the moving 
out of the edges the 7’ of fig. 2 becomes a ¢7’ (fig. 4) with four 
hexagons of face import and four triangles of vertex import. As each 
vertex of 7’ assumes three different positions if it moves out with 
each edge passing through it, the vertices of this ¢7’ must bear two 
digits, the first indicating the original vertex of 7’, the first in com- 
bination with the second the edge of 7’ moved out. By retracing in 
fig. 3 the same pairs of digits one easily finds again the ¢7’ deduced 
from (2345), though for the reason stated above no dotted lines have 
been admitted. If we rotate this ¢7’ around the centre of fig. 3 to 
an amount of 72° in the indicated sense it is brought into the posi- 
tion with (54, £5) as bottom-edge and (13, 31) as top-edge in coincidence 
with a second ¢7, having in common with the first — in its original 
position — the hexagon (54, 53, 35, 34, 43,45), deduced by the e,- 
operation from the triangle (845) common to the tetrahedra (2545), 
(3451) of fig. 1%. Or rather: the centre of fig.3 is found by drawing 
the ¢7’ of fig. 4 twice and by putting these two ¢7’ in such a way 
upon each other as to get a limiting hexagon in common; then this 
centre is the point of intersection of the lines bisecting orthogonally 
the two edges (48, 34) and (54,45). Or still otherwise: the limiting 
polygon of the projection is a semiregular decagon with sides alter- 
nately equal to z and d and from this fact the circumcentre can be 
deduced *). 

It goes without saying that the vertices of each following ¢7’ bear 
pairs of digits deduced from those at the corresponding vertices of 
the preceding ¢7’ by adding unity to each digit, in which process 
the 5 becomes 0. 

The four different positions 12,13,14,15 of the original vertex 1 
form the vertices of a 7 of vertex import. 

It is easily verified that the ten limiting bodies 547, 57, now 


i) From fig. 2 upward we use in all the diagrams for s and d the same measures 
in order to show by the projection the swelling of the polytopes corresponding to 
the operations of expansion. 


5 
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accounted for, want as limiting faces exactly all the faces shown in 
projection, each face counted twice over, a triangle always being 
common to a tT and a 7, a hexagon to two tT. 

The 20 vertices present themselves in two wreaths (10, 10). 


e,S(5) — (30, 90, 80, 20) — (5CO, —, 10P,,50). 


For the result fig. 5 may be consulted. By application of the e,- 
operation the 7’ of fig. 2 passes into the CO of fig. 6, each edge of 
T being broadened out into a square, the sides of which are parallel 
to that edge and to the opposite one. Here the particularity enters 
that two of the six squares project themselves as line segments, which 
is due to the fact that in pentagonal projection the edges 25, 34 of 
the 7 of fig. 2 are parallel. Here we have to indicate the vertices 
of the CO by three digits, the first indicating the original vertex of 
T and the two others, in irrelevant order, in combination with the 
first, the face which is moved out. This CO in indicated in fig. 5 
by the same triplets of digits placed at the vertices. By reproducing 
it four times by means of the rotations indicated above, fig. 5 is 
completed; here any two CO have to be placed upon each other in 
such a way as to have a triangle in common. 

After having inscribed all the triplets of digits at the vertices 
according to the rule given above about the augmentation with unity 
for each rotation in the right sense to an amount of 72° we find 
that the 1 is foremost in six triplets, corresponding (fig. 7) to the 
vertices of an O, i.e. we find 50 as limiting bodies of vertex import. 
Farthermore the notation shows that the edge (34) of the 7 presents 
itself in fig. 5 in three positions, the triplets of digits of the endpoints 
of which are found by putting behind 34 and 43 successively one 
of the three remaining digits 1, 2,5, passing — if we rearrange the 
second and the third figure according to their value — into 314, 
324, 345 and 413, 423, 435. So we get the P, of fig. 8, occurring 
in five different positions, and likewise the edge 25 leads to the 
differently projected P, of fig. 9, occurring also in tive positions. So 
the ten P, of edge import are accounted for. 

Here the cireumpolygon is a regular pentagon with sides s + d; the 
30 vertices appear in four wreaths (5, 10, 10, 5). 


ey8(5) — (20, 60, 70, 30) — 57, 10P,, 10P,, 57). 


The pentagonal projection (fig. 10) exhibits central symmetry as 
does ¢, S(5) itself. Here (21, 31, 41,51) is the 7 of fig. 2 moved out, 
by which remark the 57’ of body import are accounted for, whilst 
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the four positions 12,13,14,15 of the original vertex 1 are the 
vertices of a tetrahedron of opposite orientation, the rotation of which 
provides us with the 57 of vertex import. The relation between these 
two sets of 57’ can be indicated by saying, that two 7 of the same 
set have nothing at all and that two 7’ of different sets can have 
only one vertex in common. 

If we had followed here the notation indicated under e, and e, 
each vertex would have had to bear four digits, the digit of the 
original vertex of S(5) followed by the digits of the other vertices 
of the 7’ with which the vertex is moved out; however, for short- 
ness we have placed after the digit of the vertex the only digit 
which does not occur at the vertices of the 7’ moved out. 


In this new notation of pairs of digits, where — at variance with 
the notation appiied under e, — the order of succession is of 


influence, the ten P, of edge import present themselves in two 
quintuples, which can be obtained by putting after each of the 
digits of the pair of digits of an edge successively each of the three 
remaining digits; so 43 gives the three edges (41,31), (42, 32), 
(45, 35) of the P, of fig. 8 turned upside down, while 52 leads in the 
same way to (51, 21), (53, 23), (54, 24), the parallel edges of the P, 
of fig. 9 turned upside down. Similarly the ten P, of face import 
are foun! by putting after each of the three digits of a face of 7’ 
successively one of the two remaining digits; so 125 gives the two 
endplanes (13, 23, 53), (14, 24, 54) of the P, of fig. 8, 184 the two 
endplanes (12, 32, 42), (15, 35, 45) of the P, of fig. 9. 

The limiting polygon is a regular decagon with side s: from this 
ensues the possibility of drawing the ten 7’ immediately in position. 
The 20 vertices are arranged in two wreaths (10,10), of regular 
decagons. 


e,e, S(5) — (60, 120, 80, 20) — (5¢ O, —, 10P,, 5¢7’). 


In this case, for which fig. 11 represents the result, the 7’ of 
fig. 2 is transformed into a tO (fig. 12); of the triplet of digits placed 
at each vertex of this ¢O the first indicates the original vertex of 7, 
the second with the first the edge moved out, the third with the 
two preceding ones the face moved out. This notation with triplets 
of digits differs again from that applied in fig. 5 in this that the 
order of succession of the second and third digits, of no consequence 
there, is of influence here. 

If we have traced in fig. 11 the ¢O of fig. 12, rotation about the 
centre, accompanied by an addition of unity to all the digits, gives 

5% 
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the vertices and the triplets of digits of each following tO. It goes 
without saying that here too the centre is found by drawing ¢O 
twice over and putting these ¢O0 in such a manner upon each other 
as to have — with a difference in orientation of 72° — a hexagon 
in common. In the case of the two tO deduced from (2345) and 
(3451), which 7’ of fig. 1% have the face (845) in common, this 
common hexagon is characterized by this that the six vertices bear 
the digits 3,4,5 in all possible permutations. 

The digit 1 stands foremost at the triplets of twelve vertices, the 
vertices of a ¢7 of vertex import; by omitting from these triplets 
the 1 we get not only in position but also in notation the ¢7 of fig. 4. 
So the five #7’ of vertex import are accounted for. Moreover, as to 
the ten P, of edge import we can refer to the development given 
under e,. 

Cireumpolygon a semiregular decagon with sides alternately s and 
d. Six wreaths of ten vertices, all of them semiregular decagons. 


e,e, S(5) — (60, 150, 120, 30) — (57, 10P,, 10P,, 5CO). 


In this case — for the result compare fig. 13 — the 7 of fig. 2 
is transformed by the e,-operation into the t7 of fig. 4, after which 
this 77’ is moved out as a whole; as by this process each vertex of 
é,S(5) assumes three different positions we must follow once more 
the notation of the triplets of digits, which can be done here by 
placing after each pair of digits of fig. 4 the digit 1 not occurring 
at the vertices of the tetrahedron (2345) moved out. If these triplets 
have been inscribed in fig. 13, rotation about the centre and augmen- 
tation of the digits by unity gives all that is wanted, as soon as the 
centre has been constructed. We arrive as soon as possible at the 
construction of this centre by determining the prisms of face import 
first. In the case e, they were the prisms P, represented by fig. 8 
and 9; by applying to the 7 the e,-operation, the triangles of the 
T pass into hexagons, which includes that the P, are transformed 
into P,, which can be drawn immediately. By applying to the end- 
planes (13, 23,53), (14, 24,54) of the upper prism P,.of fig ao 
the e‚-operation we obtain the upper prism P, of fig. 13 represented 
separately by fig. 14. Consideration of this prism P, shows that 
the limiting polygon is a semiregular decagon, the sides of which 
are alternately s and s + d; from this the centre can be deduced. 
In the same way the prism P, of fig. 10 with the endplanes 
(12, 32,42), (15, 35,45) passes into the P, represented by fig. 15. 
Farthermore the two P, with the pairs of endplanes (341, 342, 345), 
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(431, 482, 435) and (521, 523, 524), (251, 253, 254) represent two 
P, of edge import, the prisms of fig. 8 and 9 upside down. 

The vertices with the triplets of digits where the 1 is foremost 
form the vertices of a limiting body of vertex import, a CO in the 
position of fig. 6. 

Six wreaths of ten vertices, semiregular decagons. 


€,€,€, S(5) — (120, 240, 150, 30) — (520, 10P,, 10P,, 540). 


This most inflated of the polytopes $(5) is represented in projection 
in fig. 16. According to the number of vertices *) we have to place 
at each vertex four of the five digits, each of them with a meaning 
as to the order of succession; of these four digits the first indicates 
the original vertex of S(5), the second the new endpoint of the edge 
moved out, the third the new vertex of the face moved out and the 
fourth — according to what was stipulated under e,S(5) — the digit not 
occurring at the vertices of the tetrahedron moved out: so 1234 
denotes the position of the vertex 1, after this point has been moved 
out with the edge 12, with the face 123, with the tetrahedron 1255. 

Likewise as in the case e,e, S(5) the 7’ of fig. 2 passes here into 
the ¢O of fig. 12, traced back easily in fig. 16 if one remarks that 
the moving out of this ¢O under the influence of the e,-operation 
demands the digit 1 after the tripiets of fig. 12. While now the 
lower side (4851, 3451, 4321, 3421) of the projection of this 40 
assumes the same length s + d as the upper side of the projection 
of the P, of fig. 16, i. e. the side (1523, 1524, 1253, 1254), which 
P, corresponds in form and position with that of fig. 14, it is clear 
that the cireumpolygon is a regular decagon with side s + d. So the 
projection is once more central symmetric as is the polytope itself. 
In connexion with this the limiting bodies of vertex import are like- 
wise (0, which is immediately verified by looking for the 24 vertices 
in whose quadruples of digits the 1 is foremost; likewise, not only 
the prisms of face import, but also those of edge import, are hexagonal. 

Evidently the centre of the figure can be deduced from the side 
s-+d of the regular decagon; moreover it is possible to use to that 
end the property that two adjacent P, of the ten of the form of 
fig. 14 lying at the rim have in projection a square face projected 
as a lozenge in common. 


1) It is easily verified that in each of the cases treated the notation corresponds 
to the number of vertices, i.e. that the number of possible pairs, triplet, qua- 
druples of figures is always equal to the number of the vertices, 
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This figure can be deduced from fig. 3 by moving the limiting 
bodies of vertex import, i.e. the 57’ projected as trapezoids (12, 18, 
14, 15), (23, 24, 25, 21), ete. in such a way towards the centre, 
that the ten original edges of $(5), i. e. the five edges (12, 21), 
(23, 32) ete. and the five edges (52, 25), (13, 31), etc. disappear. 
It is easily shown that these two conditions do not collide; for, if 
we suppose that the trapezoid (12, 13, 14, 15) remains where it is, 
whilst of the two adjacent trapezoids (21, 28, 24, 25), (51, 52, 53, 54) 
the first experiences a rectilinear translation 21, 12, the second a 
rectilinear translation 51, 15, the vertices 52 and 25 will coincide 
in the point of intersection of the projections (12, 14), (13 15). So 
we get the simple result of fig. 17, where the limiting polygon is a 
pentagon with side d, oppositely orientated with respect to fig. 1%. 
In fig. 17 the six points where the digit 1 is lacking form the vertices 
of an O of body import, the four points where the digit 1 occurs 
a 7’ of vertex import, etc. 


ce,e, S(5) — (80, 60, 40, 10) — (517), —, —, 5t7’). 

This figure can be derived from fig. 11 by moving the 547’ of 
vertex import towards the centre in such a way that thé ten prisms 
P, of edge import disappear. Then the triplets of parallel edges of 
these P, disappear and only the two coinciding endplanes remain. 
But this implies that the five 0 of body import are reduced to #7’ 
by the annihilation of these edges; so in the case of fig. 12 the 
square (532, 352, 354, 534) is reduced by the coincidence of the 
vertices 532, 352 and of the vertices 354, 554 to an edge with the 
direction (532, 534) and the hexagon (523, 253, 235, 325, 352, 532) 
passes into a triangle, while the adjacent hexagons do not change 
in form. So we get fig. 18, where each vertex bears a triplet of 
digits, of which the order of succession of the first and the second 
is irrelevant, while e.g. 345 results from the coincidence of the 
vertices 345 and 435 of fig. 11. In this figure the ¢7’ of vertex 
import, remained unaltered, are recognized by the property that at 
their vertices the same digit occurs under the first two of the three 
digits, whilst the five other #7’ of body import he in projection 
symmetrically with these with respect to the centre. 

It may still be remarked that the centre of the figure can also 
be found by dfawing the ¢7’ of fig. 4 twice and by putting these 
two ¢7’ with a difference of 36° in orientation in such a way upon 
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each other that they have in projection a hexagon in common’). 

The limiting polygon is a regular decagon with side d. The figure 
is central symmetric as is the polytope itself. The vertices appear in 
three wreaths of ten regular decagons. 


5. Though we have finished what we had proposed to ourselves 
to do, the plate still contains another diagram. In fig. 19 we have 
constructed accurately the radii of the cireumecireles of the different 


projections and — for the cases where the limiting polygon is a 
semiregular decagon — also the side of the regular pentagon inscribed 


in the cireumcircle. So the labour of the pure construction of the 
figures is reduced to a minimum. This diagram will be clear if we 
remark that OA is divided in extreme and mean ratio, that on 
OB measured from O are to be found the radii of the circum- 
circles and on OC parallel to AD measured likewise from O the 
sides of the regular pentagons inscribed in the circumeireles of the 
semiregular decagons. Moreover we have OL=FG=z, OF =EG=d, 
whilst in connection with 16 
ONO St OF = OW) a OK = PE 

and the points e,, e‚e, €,0, on OB are obtained by letting down 
the perpendiculars from H, J, K on OD. Finally Ee, , Fce,e, and 
Ge,e,t, are parallel to AD. 

Groningen, March 10, 1911. 


Physiology. — “On the irritation-effect in living Organisms.” By 
Mr. J. L. Hoorwee. (Communicated by Prof. H. ZwAARDEMAKER). 


(Communicated in the meeting of April 28, 1911). 


1. In this paper I wish to make a few remarks with regard to 
an essay of Hr, (1) intending to give an extension to Nernst's (2) 
theory about the electric irritation of living organisms. 

[ may remind my readers of the fact that ever since the year 
1890 I have occupied myself with this subject, when I communi- 
cated in the Ned. Tijdschrift voor Geneeskunde (3) experiments about 
the contraction of the human muscles by condensator-discharges, and 
indicated in this paper a simple connection between the capacity C 
of the condensator used and the potential P, to which the latter 
was to be charged in order to produce a minimal response. This con- 
nection is expressed by the formula 


1) We remember that under e, the difference in orientation was 72°, 


pons re eee 


in which R& represents the galvanic resistance of the circuit and a 
and 6 two constants. 

This formula was likewise applicable to the condensator-experi- 
ments formerly made by Dusois (4) of Bern and appeared afterwards 
to hold likewise for the numerous condensator-experiments made by 
Werss, Hermann (5) and others on all sorts of different organs. Espe- 
cially HerMANN’s extensive and exact investigation has confirmed the 
correctness of formula (1). If only the experiments with large con- 
densators are excluded, the agreement is very evident though HERMANN 
himself, in a later essay, still continues to deny it. 

The graphical representation of this formula is a hyperbolic curve, 
which, for very small values of C, mounts very high, and, for very 
great values of C' gradually approaches a straight line parallel with 
the axis. 

by means of this formula we can calculate the quantity of elec- 
tricity Q— CP that is required for a minimal contraction and find 
then, that for decreasing values of C, this quantity regularly decreases: 
the graphical representation of Q is a straight line. For the electric 
energy H—5CP? we find figures that reach, for a definite value 
of C, a minimal value, for which consequently the organ is most 
sensible. 


kJ 


£ b 
As 1=—, the formula (1) can also be written: z=a-—-+—., and 
R ) TER 


as CR represents the time-constant ¢ of the condensator, it becomes 


(2) 


in which form it is at present much applied by La Picqur and 
his pupils. 
La Prcqur (6) writes the formula also often thus: 


dek re aaa 


and calls then 8 the rhéobase and t the chronaxie of the preparation. 
All these experiments of La Prcqvr and his pupils prove again the 
correctness of formula (1) 

If one multiplies formula (1) by C, it becomes 


CP = aCR +6 


and as CP represents the quantity of electricity Q and CZ the time 
constant ¢ of the condensator, the formula assumes the following form 
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BEREID tT 
of which formula Weiss (7) and La Picqur (4) have demonstrated, 
that, at great approximation, it holds likewise for the irritation-effect 
of constant currents of very short duration. Krrra Lucas (9), who 
made many exact experiments with constant currents of short dura- 
tion, finds also the hyperbolic curve of formula (1) without exception. 
So also GILDEMEISTER and Weiss in Prrüarers Archiv Bd. 130. 


2, One can consequently admit that the formula (1) has so clearly 
been proved by the experiments, that a theory or law leading to 
results that are at variance with this formula cannot be maintained. 

This is the reason why I rejected already in 1891 the law of 
Dvzois-Rnymonp, which was then still generally accepted. 

The law of Dusois-Reymonp says, that every effect of irritation is 
the consequence of a change of current-strength, and that the in- 
tensity of the effect is proportional to the rapidity with which this 

: di 
change takes place, or in a formula ¢=a Ee 

But this formula applied to condensator experiments led to absolutely 
wrong results, and therefore I have (10) replaced tbis formula by 
the following: e= ate. 

This applies to the elementary effect «, whilst the total effect y 


of the irritation is found by: 
Jh 


ye fien tat. el AN tred ar ATS on HA) 


0 
in which e@ and 8 are two constants dependent on the nature of 
the tissues. 

« is now the coefficient, indicating the original sensibility of the 
preparation. 

B is the coefficient, indicating with what rapidity the original 
sensibility gradually decreases. 

I consequently admit 1. that the irritation-effect is proportional 
to 2 itself and 2. that every following irritation has a smaller effect 
than the preceding one, that consequently there is in every irritation 
something that diminishes the effect. ° 

This formula (5) furnishes immediately for condensators the for- 
mula (1) in the following form: 


Emi Bs ad a hed {gente a |!) | 
a Oet 


in which m is the constant irritation, required for the minimal effect, 
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If one writes (6) in the form of (3) one sees immediately that the 


3R 
rheobase of LA Prcque (here represented by ) represents the 


value of P for very great value of C, whilst the chronaxie of 
La Pricqevr is nothing else than the reverse of my coefficient g. 

It may be mentioned here that at the international Congress for 
electrology, heid in 1910 at Barcelona, it has been resolved to apply 
my condensator-method for the examination of the sensibility of nerves 
and muscles, and to adopt the coefficients @ and 3 as the common 
measure for that sensibility. The Spanish Government has then pro- 
mised a premium of frs 1000 for the best set of instruments required 
for those experiments. 


3. For the effect of irritation by constant currents of short duration 
the formula (5) furnishes: 
a 


I= ln Ul oe Gee 


left 


a formula afterwards found independently by La Picqur (11) and 
corresponding better with the experiments for constant currents of 
short duration than the formula (4). 

Not only for these two cases, but also for all other manners 
of electric irritation, the formula (5) furnishes good results, as I have 
shown once more in details in Trijvers Archiv (2). It explains like- 
wise very easily the so-called ‘“Kinschleichen” of a strong constant 
current, and, as this phenomenon offers great difficulties with other 
theories, I shall here repeat my explanation once more (13). 
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Axis of time. 


Be ABCD the graphical representation of a galvanic current, 
that is shut in the time AZ, remains constant during the time ZF 
and is then broken off at C. This current, conducted into a sensible 
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preparation, will cause in it an irritation-effect that is at any moment 
proportional to the intensity of the current at that moment, but that 
likewise, according to the term e~* regularly decreases in the course 
of time, and can thus be represented by the curve Aabed, which first 
increases and afterwards rapidly decreases and sinks down to the 
axis. The total irritation-effect is now represented by the area of the 
figure enclosed between the curve Aabed and the horizontal axis. 
For a minimal contraction a definite area is required. As a rule 
this is part of the whole area, e.g. the piece Aabf A, but if the 
current applied is weak, it may be that the whole area Aabed 
is not sufficient. The same will likewise take place, though the current 
is very strong, if the ascent is very slow e.g. along the line AV’ in- 
stead of along the line AB, for then the perception-curve Aagy, 
descends a long time before the current has obtained its constant 
value, to zero, and the irritating area is too small. 

For alternate currents formula (5) gives an irritation-effect, which 
with the number of alternations first increases and then decreases again, 
consequently the formula points to an optima frequention to which 
the organ is most sensible. This optima frequention now has been 
distinctly found by pb’ Arsonvat (14), Prévost and Bare (15), v. Keres 
(16), Wren (17) and others. Moreover WERTHEIM SALOMONSON (18) 
found for very high alternations results corresponding to my formula. 

4. After all these results [ hoped to have founded on a solid base 
the study of the irritation-process. And that was the object of my 
investigation. But | know very weil that both formula (5) and 
formula (1) were afterall only empirical formulas. An explanation, 
why all organisms were subject to that rule, was not given. Conse- 
quently a reasonable question remained to be solved: how is the 
irritation-effect produced ? ; 

In 1899 Nernst, the celebrated physico-chemist of Berlin, gave an 
answer to this question in a treatise in which he says: “Every organic 
tissue contains electrolites, and in electrolites nothing else can occur 
than motion of ions. This motion of ions must consequently be the 
cause of the irritation-effect.”’ 

These bold words pronounced by a man of authority made every- 
where a deep impression. 

Nernst however was in the beginning only able to work this 
theory out for alternate currents and when doing so came to a formula 
deviating so widely from the ordinary one, that many investigators 
and myself likewise considered this attempt to be a failure. But on the 
ground of new experiments of Barratt (20) and Reiss (21) Nernst 
in 1908 reverted to the subject again, and defended in a detailed 
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essay with all the strength of his great talent the ‘“Quadrat-wurzel- 
gesetz” found before, applied the calculation also to the irritation 
by constant currents of very short duration and afterwards (22) 
likewise to condensator-discharges, collected in 19 Tables all the 
experiments of v. Krizs, Reiss, Weiss, La Picqun ete, showed how 
all these experiments, well arranged, brilliantly confirmed the Quadrat- 
wurzel-gesetz, and explained how possible deviations from this law 
could easily be accounted for by a certain “Accommodation” of the 
organism. 

It seemed as if all difficulties were solved with one stroke, and 
that physiologists could do no better than admit Nernst’s theory 
in all its consequences. 

The irritation-effect of the condensator-discharges was to become 
proportional to the root of the electric energy, that of the current 
of short duration to the root of the time. With alternate currents 
the optima frequention was to be regarded as a fiction, in short all 
was to be utterly changed. Of course i could not agree to this 
situation and therefore I protested in all humility against this supre- 
macy of theory over facts. 

Soon however also others raised objections against the “Quadrat- 
wurzel” law and exactly the three physiologists who have worked 
most in this domain i.e. Hermann, La Picquk, and Keira Lucas. 

HERMANN (24) has many objections against NeRNsT's conclusions 
and La Prcqur very soon develops a deviating theory of his own, 
whilst in his manifold condensator-experiments he constantly makes 
use of the formulas (2) and (8) which have virtually been deduced 
from my formula (1). Keira Lucas, though applauding NERNST’S 
principle, could neither assent to tbe consequences, and therefore 
instigated his friend Hur, a thorough mathematician, to repeat 
Nernst’s calculations, starting from a more general standpoint. 
In a detailed essay in the “Journal of Physiology” of 1908 Hir, 
accomplished this task in a most competent way. 

For simplicity’s sake Nernst had admitted in his calculations, that the 
second electrode was removed at infinite distance from the first and there- 
fore contemplated only the concentration-changes at the first electrode. 

This is a case that never occurs, and therefore Hur, has made a 
more general hypothesis namely that the electrodes are placed at a 
distance of a c.M. from each other, and that now the concentration- 
change is asked in a point at a distance of x c.M. from the first 
electrode. For the rest the calculation is made entirely according to 
Nernst’s method. It is true that in this rectified hypothesis the calcu- 
lation becomes more intricate, but the result is startling. For the 
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“Quadratwurzel” law has entirely disappeared, at least with regard 
to the irritation-effect of constant currents of short duration, conse- 
quently exactly for the very case for which Nernst maintained it 
was to hold best. For the minimal intensity /, required for currents 


of short duration Hir finds namely the formula: 


A 


in which 2, w and @ represent constants and fis the time of irritation. 
At tirst view this formula does not correspond with mine at all, but if 


one observes that, according to Hir, (l.c. p. 20), 9 has the meaning 
kr? kr? 


t 
a? : : a® 
of e and consequently 4! is equal to the expression e , then 


aay 2 

we see that, supposing = =— the formula (8) only differs from my 
formula (7) by the occurrence of the coefficient u, which in my 
formula = 1. Further appears from Hirr’s statement, that u has a 
value varying between =, = 0.84 and ~ = 1.27, and consequently 
has an average value of 1.04, and then the difference with my formula 
becomes so slight, that experimentally it will be utterly difficult to 
decide which of the two formulas is the correct one. 

Keita Lucas applies in a treatise succeeding that of Hm. the 
formula (8) to a great number of experiments of himself and of 
La Preqer, demonstrates its correctness, and calculates then the 
value of @ or rather of log. @ for different organs. Lucas then 
unites in a table (le. p. 245) all the different values of log. 6, 
found in this way, and sets great value upon the signification of 
this magnitude. I am likewise fully inclined to do so, for from the 
above follows easily that log. 6 — — 3 loge; consequently, but for 
one factor, log. 6 is nothing else than my coefficient £. 

According to my experiments (26) and in my units 8 = 1100, 
for the motor nerves of the frog, from which follows log. 4 = 
— 0.47, whilst Kern Lucas (l.c. p. 246) finds from his own 


experiments log. 9 = — 0.33 and from those of La Picqur log. 9 = 
— 0.42. 

For the direct irritation of the muscles of the frog I found: 
B= 88, from which follows log. 6 = 0.038, whilst Kerra Lucas 


(le. p. 245) gives for it figures varying between 0.027—0,113. 
The accordance may consequently be regarded to be satisfactory. 
At the same time it appears from the great difference of 0.027 and 
0.113 that the errors of observation, as I pointed out more than 
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once, with this sort of experiments, are much greater than is usually 
supposed. 

For different tissues Lucas gives in round numbers the proportion 
of log 6 as follows: (le. p. 245) 

nerve-fibre 0.5 
muscle-fibre 0.07 
heart-muscle 0.0005 

If one compares these numbers with the duration of the refractory 
period (vide p. 9) it appears that the longer the refractory period, 
the smaller log. 6 or 8. For plants that possess a very long latent 
period, @ must consequently be exceedingly small. 

5. Consequently it seems possible to unite my results with those 
of Hir and therefore also with the main principle of Nurnst’s theory. 

But there are objections: 

a. For condensator-discharges Hir’s calculations are exceedingly 
intricate and I think it impossible to deduce from them the so 
firmly stated formula (1). 

6. Neither is the result satisfactory for alternate currents. Though 
it appears from Hirr’s formula that {Mx is not constant, as Nernst 
pretends, the relation of the two magnitudes 7 and n becomes 
exceedingly intricate. 

c. Hitt has extra-ordinarily great trouble to explain the above- 
mentioned fact of the imperceptibly slow creeping in of strong 
currents. Only by introducing the hypothesis that the irritation must 
be attributed to the sudden explosive decomposition of an unknown 
substance Hir succeeds, after a very complicated calculation, in 
finding an explanation that can satisfy him. 

These three objections prevent me from entirely agreeing with Hin. 

The error in Hirr’s calculation is, in my opinion, the same that 
I pointed out formerly in Nernst’s theory, namely that the irritation- 
process is considered in it as a single indivisible process, so that 
irritation-effect only occurs when the change of concentration has 
obtained a certain intensity. This would lead to the conclusion that 
with condensator-discharges which positively cause the greatest change 
of concentration in the beginning, also only in the beginning 
irritation-effect could take place. 

This is an absurdity, for then the manner of discharging indicated 
by capacity and resistance, would not have the slightest influence. 

Much more natural is, in my opinion, the hypothesis, that every 
irritation, however slight it may be, has some effect, but that a 
visible effect is only obtained by a summation of a great number 
of successive slight irritations. 
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Therefore I have, like Du Bots—Rrymonp, made a difference 
between the elementary irritation ¢, and the total irritation-effect 
y, which is found by the formula: 


i GORE (9) 


That such a summation effect exists, is generally admitted. Birprr- 
MANN says in his Electrophysiology, page 48 ‘dass jedes irritabele 
Plasma zu Summation befähigt ist.” Stemvacn (27), who has made 
a very exhaustive investigation on this subject, says page 339: “die 
Summation d. h. das Vermögen unwirksame Einzelreize zu summieren, 
ist eine allgemein verbreitete Lebenserscheinung.”’ 

STEINACH shows the phenomenon in nerves and muscles, in protozoa 
and in plants. 

It is likewise irrefutable, that every irritation has an after-effect 
on the irritated organ, which e.g. manifests itself in the so-called 
refractory period. Formerly it was supposed that this period existed 
only for the heart, but the latest investigations of Gorcn (28) and 
of KrrtH Lucas (29) have proved that it occurs with every irritable 
organ. There is only a difference in time: for the indirect irritation 
of muscles it lasts 0.003 sec., for the direct irritation 0.02 sec. for 
the heart 2 sec. and for some plants 6 sec. and longer. 

As now not a single irritation is in fact momentaneous it follows 
from the above mentioned facts that I am fully entitled to maintain 
the formula (9). 

According to Hir (I. e. p. 196) the change of concentration 
caused by a constant current of very short duration is: 


krt 


vi (a St: Sm 7 
ee ee rd cos — 
k \2 ie he ae a 
If now according to Nernst one supposes the temporal irritation- 
effect proportional to the change of concentration with the time then 
we have: 


krt 

de Api~ a? A0 
== je cos 
dt a a 
and supposing : 

Ayf mx kx? 
— cos —=a and — = B 

a a a’ 


one obtains the formula: 
& = aie—Pt 


and from this according to (9) the formula (5) 
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Consequently it is possible to deduce my law from Hur’s calcu- 
lation, if only one applies formula (9), and, in my opinion, this 
hypothesis is simpler and more natural, than if one must admit 
with Hint, that for the irritation-effect the decomposition of a hypo- 
thetical substance in a definite quantity is required. 

This deduction of my formula I prefer now to the one I have 
given before, because, as Hir rightly remarks, in the former reasoning 
the 2nd electrode was supposed to be at an infinite distance from 
the first. 

6. We may therefore admit that my formula finds its origin in 
the modified theory of Nernst, and then a great many difficulties 
are amoved at once. 

At the same time a clear light is thrown on the meaning of the 


> 


coefficient 3, for from the formula 3 = follows that 8 depends 


a 
on the diffusion-coefficient /. 

The extinction-coefficient 8 shows that there is in every irritation 
something that diminishes the sensibility of the organ for a sub- 
sequent irritation. It appears now that the cause of this phenomenon 
must be found in the diffusion of the ions which constantly tries to 
neutralise the difference of concentration caused by the electric current. 

This explanation will satisfy every one. 

Hi (Le. p. 222) explains that by that very diffusion of the 
ions the opening contractions are caused that occur at a sudden 
interruption of a galvanic current. In that case the ions move in a 
contrary direction. 

But is not that motion of the ions in a contrary direction, after 
the cessation of the current, virtually the same that was formerly 
called the polarisation-current ? 

I do not. see the difference, and in that case the explanation that 
Hit, gives of the opening-shocks, is no other than the one, I deduced, 
as early as 1893, from my formula, and that was given, even before 
that time, entirely on empiric grounds, by Tigurstepr (30) and 
GRrÜrzNER (31). 

In imitation of Nernst one might also reason as follows: Every 
irritable tissue can be polarised; consequently in this polarisation 
the cause of the physiological effect must be found. 

This is the theory among others of Tscnacowrrz (32) who deduces 
from it directly my formula (1). 
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He says: polarisation means charging a condensator. 

Consequently if one discharges a condensator into an organic tissue 
it is identical to discharging a condensator with a capacity Cinto 
another with a capacity c, and one has the formula 

ON Cp + Cp 

in which P represents the number of volts with which C was charged 
and p the number of volts of the polarisation of the organ. For a 
minimal contraction p must always be constant consequently : 


Pap + Pof Paat- 
CG, C 


In the same manner La Picqur and others consider the polarisation 
of the tissues as the cause of the electric irritation. 

7. Occasionally I have tried (33) to apply the formula (5) likewise to 
other irritations than electric ones e.g. to the irritation of the retina 
by light, to the auditory organ by sound, to the organ of touch by 
sensation. For the latter exist very exact experiments of Dr Frey 
and Kussow (34) and the results of these could be sufficiently explained 
from my formula (5). 

The phenomena of seeing and hearing were then deduced from 
the formula (5) but this deduction does not satisfy me any longer. 

From the formulas found then it would follow namely that 3 should 
be extra-ordinarily great, and this is contradicted by the fact that the 


1 
impression of light on the retina continues ee second. This points 


to a small value of g. 

Consequently a different reasoning must be found. We no longer 
consider the influence of light as that of a quick alternate current 
but as a constant irritation of varying intensity, /, which we can 
express e.g. in Metercandles and we directly apply then the formula (5) : 


eae fer dt 


but we suppose now that the coefficient « is dependent on the length 
of the wave, so that the sensibility of the retina varies for light of 
equal intensity but of different colour. The formula becomes then 
for very little values of 7’ 

y= el T 


entirely in conformity with the experiments of Könie and Dirrerici (35). 
The same result has been found by Braauw (36) in his experiments 
concerning the heliotropy of plants. Here the same curvation is found 
6 
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woe : 1 
when one causes light of 1255 Metercandles to react during zg Sec. 


or light of 0.025 Metercandles during 15 minutes. Now, as appears 
from the great length of the latent time required for plants to render 
the reaction visible (Le. p. 18) sometimes an hour, 8 is exceedingly 
small with experiments on plants, so that we can put 8 =O and 
then the formula, even for reactions of long duration, becomes: 


gon 


which is exactly the mathematical representation of the fact found 
by Brauw and Froscuen that the product / and 7’ remains always 
constant. 

At about the same time as Braauw Miss C. J. PEKELHARING made 
in the Botanical Laboratory of Utrecht experiments about the curvation 
of roots under the influence of gravity and centrifugal force. Hereby 
it appeared that the irritation-effect was proportional to the pressure 
which, under the influence of these forces, the cellular fluid exercises 
on the protoplasm or on the cellular wall. If one represents this 
pressure by D dynes then the formula (5) becomes : 


T 


ise Dy e— dt 


0 


which, on account of the diminutive value of 8, changes again into: 
y=uDT 


This is the result found by Miss PEKELHARING, that, in order to 
obtain the same curvation the pressure multiplied by the time of 
presentation must remain constant. Consequently the formula (5) 
holds likewise for the geotropy of plants. 

At the same time it appears that FröscueL and Braauw’s assertion 
that every perception and irritation is proportional to the energy 
consumed, is not correct. For in the case of geotropy D7 represents 
the product of a force multiplied by a time, and consequently, at 
least there, the irritation-effect is by no means proportional to the 
energy. 

On the other hand Braauw’s and Miss PrKELHARING's experiments 
are again proofs of the correctness of the formula (9). 
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Physics. — “On the solid state.’ VII. (Conclusion). By J. J. van 
LAAR. (Communicated by Prof. H. A. Lorentz.) 


30. We shall examine now to what modifications some formulae 
and results are subjected, when not two simple molecules, but 
several, e.g. 7, associate to a compound molecule. 

In the first place the formula for g, the degree of dissociation of 
the compound molecules. Now the calculation of I (These Proc. XI 
p. 767—770) is modified as follows. 

The condition of equilibrium : 


Py B, SN eto ee) 2 
is reduced to: 
oe 02 
aken hen Uae Pn + RT (— log e, + log c,) = 0, 
On, On, = 7 
after substitution of the values. for u, and u, (see p. 767 loc. cit). 
In this equation @ = | pdv — pv — RT Xn, . log Zn, C,, Coo nis Aas 3 


a 
and ce, having the known meaning (see p. 76%). Further: 
02' d2'dn, ÒL'dn, De Ae 


oen en oe 


1 
because n, = l—3 and #, = 7, so that the equation of equilibrium 
passes into: 


de! cr 
(— C,+nC,) — D + RT log : = 0, 
or into 
(C,—nC,) 4 sd 
nr AO 03 
log = — ed ol ae 
NE Nn By RI 
because 
in De 1 —8 28 Tie | eet ng 
hen nnn 


0.2! 
Now the value of nd be calculated by means of the equation 
i 
of state. From : 
(1 + (n—1) 8) RT a 
P= PE EE AE . . . . . (c) 


v 


follows: 
fou = (1 + (n—1) B) RT log (v—b) + es ; 
v 


because we know that the quantity 3 must be kept constant during 
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this integration, as it refers to a mixture of the definite concentration 
B. (Only the condition of equilibrium — u, + nu, = 0 defines this 
value more closely). Hence we get for 2’: 


v—b a 
WM (I —|] BET — pv 
okey 
so that we get for os 
ek DRT 
DET (n—1) OE DE ij RTE 
1 + (n—1)8 dv db a Ov Ov 
pig | pease caesar NE 
SEC (5 5) vias Pop 


We have, namely, assumed the quantity a to be independent of 
8. For: 
a= n'a, + 2n,n,a,, + n,7a, 
R a, a, . 
passes.vaihens =d B n= ne, a. eet = Bs into: 
a = [(l—8) + 2('—8) 8+ Bla, =a, 
Le. independent of 3. («a and a, both refer to an n-fold “molecular” 
quantity). In consequence of the equation of state all the terms with 
Ov 
06 


vanish, so that: 


kel RT 


Reg —— — (nl) RT — (p/a) Ab, « (d) 
03 ia! /.2 


is left, because 

6=n,6, + n,b, = A— 8) 6, + npb, = 6, + 6(--b-+ nb.) =6b,+ BAL. 

So the quantity Ab = — 6, + nb, again represents the variation of 

volume, when a compound molecule breaks up into simple mole- 

cules. We know particularly from my last paper on the solid state 

that it depends entirely on the quantity A5 whether this state exists 

or not. As soon as Ab becomes = 0, there is no solid state any 

longer. 

Then substitution of (d) into (6) and introduction of the values 

of C, and C, gives: 
log ised = |- T (log T—1) (k, — nk) + 
APLD BP RL ‘ i one 


=e L(2,)o rie (eol a L(11)o Eee ee (7]5) 01 = (n—1) RT log EON ee 
— (n—1) RT log (p+4/.2) — (n—1) RT — (p+4/y2) At ; 


or also: 


loa p = (log T—1) ee ees — (Jo mes) => 
B + @=1) By 5 aa 
a oe + (n—1) log R + (n—1) log T — (n—1) — log n” — 
+7/v2 
— (n—1) log (+%Ja) PEE Ab. 
If we now put: 
ER ane AGS 
5, oh 4 a ese + (n—1)log R — (n—1) —- logn® = loge 
‚(e 
—k,+nk, A ae ) 
eee de =e J — (Cdo 7 U (42)9 = 7 
R 1Jo 0 | 
we get: 
Bn q 
l a og, ee 
ENC nd 
0/2 
+ (n—1) log 7 — (n—1) log (p + 2/2 a ae 
Hence finally : 
90 P+% 2 
pn cL tate RE go SRT Ee 
en 28 
(LB) (1-F @—1) ay (p+ ay ie 


For n=2 this equation passes into formula (2) on p. 770 Le. 
The only difference is after all this that in the general case the ex- 
ponent of 7’ is found to be y+(2—1) instead of y +1; that in the 
denominator (p + ¢/,2)"—! is found instead of p + %/,2, and that the 

8 
(1—@) (1-8) 


first member has become what (28) gives instead of 


31. In this connection we may devote a few words to the 
dimensions of the constant c. If we have a quantity of substance 
m times as great, the 1st member in (28) remains unchanged, as 
B and n are numbers. Also 7, and hence 7'/+—!), because y is 
likewise a number. For in the expression for y (see above) k, and 
k, become m times as great, but also AR becomes m times as great. 
The exponent %/pp remains unchanged for the same reason. For 


p + fa 


g, and A become both m times greater. Further — Ab is also 


Ab according to the equation of state, and so remains 


1 + (n—1) 8 
Eh 


again unchanged, as 46 and v--b become both m times greater. 
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Finally p+ 4/2 does not change in the denominator either, as a 
and v* become both m?-times greater and p remains unchanged, of 
course. So it follows from this that the constant c must necessarily 
be independent of the quantity of the considered substance, and 
consequently must not contain linearly the quantities v or R. In 
how far is this in harmony with what (e) gives for c? 

Apart from terms which apparently do not change when the 
quantity of substance becomes m-times as great, the terms: 


ore (1), a5 (13) 
R 
are left, in which particularly at first sight, the term with log R 
looks strange. 
On closer consideration of the so-called entropy constants 7,, 
however, we see that it is not strange at all. For when calculating 
the entropy of a perfect gas, we arrived at the expression: 


+ (n—l) log k, 


Al; v 
s—s, — klog — + Rlog—, 
Je Vo 
by integration between the limits v, and v, 7, and 7’ (v, and 7, 
arbitrary initial states). Hence 
s = (s, —klog T, — Rlog v,) + klog T + RKlog v, 
and in this 1, the entropy constant was written for s, — & log T, 
— Rlogv,; i.e. 4, is properly speaking = mn, — flog v,, and so: 
jes? maa ji 
one 115). + (n—1) log R= ( a (14's), o's 
— (n — 1) Rlogv, + (n — 1) log R, 


in which now in the fraction of the second member both the 
numerator — (1), + (7/',), and the denominator become m-times 
larger, so that we may write: 
R 
loge = loge, + (n—1) log = 
0 
which entirely solves the apparent contradiction. In consequence of 
R and v, the quantity c now remains really unchanged, when the 
quantity of substance is increased or decreased. 


32. Let us now examine in the second place what takes place 
with the formula for the pressure of coexistence liquid-solid, as we 
derived it in V (These Proc., Oct. 1910) p. 454—458. In this we 
shall assume that both in the liquid phase and in the solid phase 
only n-fold molecules are present -. in the liquid phase only to a 


~ 
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slight amount, in the solid phase to a very great amount, as we 
saw before; only in the neighbourhood of critical points the concen- 
trations approach each other. 

As the functions of the temperature C, in the two members cancel 
each other the condition of equilibrium, viz.: (see also IV p. 188— 
135; These Proc. June 1909): 


(W,)tig = (Uy) solids ehh ne anr EREN 
i.e. the equality of the molecular potentials of the compound mole- 
cules [then naturally (wy (U,)so.. in the two cases because of 
U, = nu,|, passes into: 
og 
== Wd logy N= Gd \eoiid’ > on een ogg eet 
On, lig. 
From the expression for 2', derived in $30, viz. 


Seep ere ih ete 
wa —— mvt, . OY en Ot 
1 En ie v P ’ 
follows: 
02 v-—b Bay (ee afd 2a 
— = RT log ——_ — RT — : eee 
On, n, v— v 
. dv . . . . . 
because the terms with ap vanish in consequence of the equation of 
” 
1 
06 da be Pe . i a 
state, while ET hand as 2a,. For from a=n,*a,+2n,n,a,,-+-7,7a, 
1 1 
follows 
da 5 5 a np 
a == Anas = 2n,4,, = a (SP) =- Bey 24.5 
1 
a, el 
us) dr —. HO WEBEL: 
5 n 
0e A B es 2a 
bon) — RT — b, (p+) + —, 
On, p+) v 


writing again « for a, (see $ 30). In consequence of this the relation (4) 
passes after division by A7 into: 


peel ib, Wave a Daal 18 14-(a-1)8 
log en eae: ri eer ee me : =0, 
“pl RL Xe wt ON A L(n-13 lp! 


when the solid phase is indicated by accentuated quantities. So we 
get finally: 


lt 7 ee (al) 3: UP ak 1 1 
alerte EN ACI en 
: p Lal y2 1 +(n-1B 1—p dad v v Dv" yp? 


quite in accordance with (19) in V, p. 455. Only, 1 + (nig is 
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substituted for 1+ 3. As > is mostly near 1, 8’ on the other hand 
mostly near 0, we shall again transform (29) by means of (28). 
From (28) follows viz: 

pr 


(ij 


log (1—B) = log oe | me Ab, 


Jo 
S : mal) pr : : . 
when the temperature function c 7 POD RT is indicated by 6. 
Hence: 


a eee bess 
Ot p + > af, EE 
a 1+-(m—DB 
B pt 
— l 4 a y2) — ( —_— 2 dy « . . C 
n log [tera DER rr in OE (c) 


and (29) reduces to 


a Ee 8 ste 4 ss 
p+4/y2 1+(n—1)8 B ‘a 


1 1 ii i 1 i 
ee en Ab | el ot 
Vial v v v vp? vy? vy”? 


because log @ has the same value in the two phases, and is accordingly 
cancelled. Now 6, + 46=nb,, hence also: 


a 
ae eee B' 


=e aan (=-=)| (299 


analogous to (19%) in V, p. 456. 
If only for the liquid state we substitute the 2" member of (c) 
for the 1st member in (29), we get: 


log D+ 4/,2)" p See mis Se 
"L p+e/e (Lee IA eTHO=1) | 


a pea ll 
En ze E (= ede =} = (= <a =) 4 (p+ Joe) ( cs = (29 
R1 v v u? py! RI 


analogous to (196) in V, loe. cit. 

The relation (29) can be profitably used when 3 and #' are both 
near 0; (29°) when they are both near 1; and (29°), when @ is in 
the neighbourhood of 1, 8 on the other hand not very far from 
0 — as will in reality occur most frequently. If in the last case 


Bi, 8 =0, v=n0,, v' = 6, may be put (this is the case at some 


Ab 
distance from a critical point), we may write — —{—— for 
b,\ nb, 
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1 1 1 1 i 1 | 1 : 
2;—_—— bl IN 2 — + — If we 
v v v v v v v v 
Ab Lb 


add to gis ——— = — (nb,)? the sum becomes (see also p. 457 loc. cit.) 
v nb, 


—Ab 
ean. and (29") reduces to; 


b, . nb, 
I Ss i 
ig et) [ot AAD 
z Peene nel") BTB enb oh 
Now: 
do a = Jo a 
OTE Ri ei EA Des nb, 


as before [see II p. 35, formula (10); These Proc. May 1909], when 
namely the coexistence curve solid-liquid is retrogressive (for Ab 
negative), so that a pressure of coexistence p, becomes possible for 


7’—0. The second member of the preceding equation becomes then 
—Ab 
a Vil (ppo), and we get: 
ri a n 
RT (> a De | 3 
PP = EN log \ — me ay Set AT (y+- (n—1)) log al va CeO 


a k a ; 

Tiel analoaous (20), but | p+ —— | substituted for | p+ —— |, 

quite analogous to (20), bu (> a) udstituted LOL (» zn 
n* for 2°, and y + (n—1) for y+1. © 


If we put again: 
4 a 1 
ea ae 


log — —_ — 

od Peas afz, ne 
in which C may be considered constant (i.e. independent of p) by 
approximation at some distance from a critical point (p. 457 loc. cit), 
(30) passes into: 


BE : : 7 ' 
Do Bat epee CU —-(y + (n—1)) log T |, we SEN 


re; 
ae S| 


analogous to (21) on p. 458 loc. cit. Just as before, 7, i.e. the 
temperature of the triple point can be found from this, by putting 
p= 0. (See also p. 460 loc. cit.). 


33. Let us now repeat the calculation on p. 461, viz. that of 
To/r,, which relation is of great importance for the theory of the 
solid state. Let us viz. put in (292): 


SN PP == nn vi 


1 
we get: 


| a i} 1 i 
n log = —- 2—nb, 
n*b,? np’ BD Nab, b, 


a —4b SE a (—Ab)? 
ne b, . nb, PIER b,? . nb,’ 


ADN oy I 
kT, = — : nlog| — — |. .. . (82) 
nb, b, > en? be nd: 


Of course this expression also holds for Ab positive, if only a 
triple point occurs, and this lies far enough from any critical point 
to justify the just mentioned suppositions. The value of 7, to be 
calculated from (31) only holds for the case A5 negative, for only 
then there is a pressure of coexistence p, at 7'—=0. Moreover 7, 
cannot be explicitly solved from (31). On the other hand in (82) the 
quantity 3’ occurs, of which we only know that it will be near 0. 
But as we shall see, all the same some inferences may be made 
concerning 7’, or rather concerning the relation 1»/7,. 

If we suppose that at the critical temperature (vapour-liquid) the 
molecules have become single for the greater part, 7, can be cal- 
culated from : 


from which 


en 8d, St ea Ui 
PT = — ease =) 
27 b, mit De 27n nb, 


27n a 
Hence Tae RT. can be written for ae in consequence of which 
NO, 
(32) becomes : 
PD ab \: bed 
— = - log rh ts tie (DAE) 
Jin Brea: BA OL Ne 


Formula (32°) differs in this from (27% on p. 461 loc. cit. that 
apart from the substitution of (nb) for (2b,)°, the numerator 29’ 
has now changed into nj’. This is very essential, and brings the 
value of 7/7. into the neighbourhood of the experimental value */,, 
witbout such a large value of A5 being required for this. We saw 
in V p. 461 that 6’ would still have to be = 0,37 for En wigs 


) 

1 
to bring the ratio 7/1. to */, for n == 2. Only for still greater values 
of Ab, 8’ might have te slightly smaller. This is no longer the 


case now. 


> 


8d 8 
1) Also from (1 + (2—1)6) RT. = 7 ; , Which passes into nT = 7 =; with 
c Deb Al NO, 


B—=l. (ad is viz, independent of 3 and =a, for an nv fold molecular quantity). 
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If we, namely put 7,/7.—= 1/,, (821) becomes, when 6, ++ Ab is 
substituted for 2b, in it: 


1 27 (Ab \? 1 I 
= : log [ — 3 
2 BAND: Ab)? nf’ 
ae 


1 1 27 
log = SS | = ae 
Ed Fe} nf: 4 


when w is written for the ratio Ab:6,. From this we calculate then 


So we get: 


the following values of nf’ for «= —0,5, —O0,3 and ——0,1: 
27 tdk 
MENE 0,5 log EE EE ES 3 log*® a 0,733 np = 0,74 
np 16 ‘ | 
1 243 Va 
v= — 0,3 |log he dog ==)0;264 Ing == dijk 
”0,49np 400’ 
1 27 an e 
«= — 0,1 |log — = —— ; log’® = 0,0293) nf = 1,15 
0,81n8' 400 * 
| 1 
(rm! Ope oder == Aeg = 0 (nf'=l) 
| np 
So if 8’ is not to be greater than e.g. 0,07 (see p. 462 loc. cit.), 
n must be at least — 11 for = — 0,5; at least = 16 for c = — 03, 
at least =17 for «—-—0,1, this number verging to about 14 


according as v approaches to 0. In bis first paper on Quasi associa- 
tion in liquids (These Proc. June 1910 p. 129) van per Waars found 
already n>>6; so it is by no means remarkable that we find 
n>>10 (for negative values of Ad, so for retrogressive melting-point 
lines), the more so as we have included not only the liquid state, 
but more particularly the solid state, in our considerations. 

Repeating the above calculation for positive values of Ab, we find 
for = 0,5, 0,3 and 0,1 successively : 


otal 1 it eh ee 
e == "050 1 log Sonne 16 np’ — 0,082 
| i 245 
¢= 0,3 | log — _ | ng = 0,322 
1,69n3' 400 
Ose i at D= 0710 
== Ni = Pp == Viti 
; VI Tains 400 | 
1 
G0) log = 0 eee al 
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So here the conditions are still more favourable, as we already found 
in VI p. 644; These Proc. of Dec. 1910. For 3’ ==0,07 n must be at 


least ==2 tor #— 0:95: for «= 0,3 at least = 5: for 4=0,t at 
least =11; which would again approach to 14+ for «=O. 


If we now suppose that in reality + 44 will probably always be 
<‘/,, and if we assume e.g. 0,1 as mean value, then from this 
would follow n=17, resp. 11 — let us say i+ on an average, a 
very plausible value, also in connection with vaN DER WAALS’ inves- 
tigations. 


34. To the foregoing remarks a great deal might be added. In 
reality the relations will probably not be so simple as we have 
thought them in what precedes; particularly in the easily mobile 
liquid state — where the situation of the compound molecules is 
not fixed as in the solid state — all possible combinations will be 
conceivable: double molecules, triple, quadruple ete. And all this in 
ratios which depend on the constants of tbe substance, and moreover 
on the temperature and pressure. In the solid state, on the other 
hand, probably one kind of multiple molecules will prevail. But 
this would simply render the above computations somewhat more 
complicated, the essential part will remain the same. Accordingly I 
have not entered into the calculation for a special case, e. g. n = 10. 
The main point is, and remains that on account of association, 
both in the liquid and in the solid state, the occurrence of this latter 
state follows from this as a necessary consequence for not too low 
values of Ad. The considerations and calculations of the foregoing 
papers have taught us this. At certain high pressures the isotherms 
turn back once more, and this is repeated for the second time 
at low pressures, after which they finally rise to p= o. And we 
have seen critical points appear both in the case Ab negative, and 
in that where AD is positive (see specially V and VI, which J shall 
not discuss any further here). 

So the whole theory of the solid state rests on {wo suppositions : 
that of the association and that of the variation of volume (Ab) with 
the association. The former supposition is now universally accepted, 
though vaN DER Waars continues to speak of “Quasi” association. 
Yet he applies the thermo-dynamic conditions of equilibrium to it 
already in his 18° paper (p. 121—123), which strictly speaking only 
hold for “real” association. Hence I have never understood quite 
clearly, why quasi association is spoken of — unless it should be 
that quasi association specialiy appears under the exclusive influence 
of the molecular forces and that in the expression for the variation 
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of energy 
t 


AE=8(q, + yRT) + (: a A AV 
2 


the quantity g, = 0. But then, this is a very special case, which is 
probably only reached by approximation in reality. In any case y 


‘annot be =O even then, and even though the “internal” varia- 
tion of energy —O at the absolute zero-point, it is not at the ordinary 


temperatures (because of the term 7/7). 

And where for water, acetic acid ete. (also in the vapour) real 
association is assumed, it is no more than consistent in my opinion 
to assume this “real”? association in a// cases by analogy. 

Whether we consider the matter from a kinetic or from a thermo- 
dynamical point of view, we always come to the same results, in 
my opinion. If at a certain moment we could fix the state in the 
whirl of the molecular movements — we should always see a certain 
number of groups, where two molecules are in each other’s imme- 
diate neighbourhood (and stay there for some time, however short 
it be); where three, four, or more molecules happen to be together, 
etc, etc). In the same way the real association is thought also 
thermodynamically. The principle of the “mobile equilibrium” involves 
that a certain number of the formed double molecules break up 
again into simple molecules in a certain time etc. And the known 
thermodynamic prmciples are applied to the “state of equilibrium” 
which has set in in this way. 

So association; but besides variation of volume caused by the 
association. For again: without assigning some value to 4b, we do 
not arrive at the solid state. The theory developed in V and VI has 
proved this convincingly in my opinion. 

And now it is, indeed remarkable, that in his theory of quasi- 
association VAN DER Waars does assume contraction in the value of 
a — which is supposed constant in our theory (see above) — but 
no change in the value of 4.7’). 

No doubt van pER Waats will have had a good reason for this 
contraction in the value of a, — the matter, however, has not 


1) In connection with this we may refer e.g. to the theory of “Schwarmbildung” 
of v. SCHMOLUCHOWSKI. 

2) See these Proc. June 1910, p. 119—121 (with regard to 4 p. 121); also 
Nov. 1910, p. 494. With reference to the value of 4, VAN DER WAALS owns that 
Ab will not be —0O, and even makes the supposition that Aé will probably be 
nearly always positive. (‘But then what about the melting-point lines running to 


the left 2). Notwithstanding this he assumes provisionally (2) = 0. 
0 
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beeome clear to me. The grounds alleged by van peR Waars for 
this p. 119—120, have not been able to convince me and at any 
rate the supposition 4='/, is arbitrary. It might be asked with 
some justice how great the value of » will have to be for contrac- 
tion to take place in the molecular attraction, and below what this 
contraction need not be reckoned with (e.g. for n= 2, see p. 119 
loc. cit.: “It is true’) In any case the future will show whether, and 


if so in how far a change should be made also in the value of 


a — also with regard to the sold state. For there is reason to 
assume that — in consequence of the immobility of the molecule 
groups — the molecular attraction in the solid state may be different 


from that in the liquid state. 


35. In conclusion I will still discuss here an important question, 
which is in elose connection with the foregoing, and which I thought 
about already years ago: I refer to the dependence of the quantity 
4 on the temperature and the volume. 

In a third paper vAN DER Waars once more discusses the critical 
quantities fully, and the changes to which they are subjected in 
consequence of the variability of 5 with v. The influence of the 
temperature is disregarded in this important investigation. I also 
occupied myself with these questions already before — though it be 
on a more moderate scale — and handled the question in a perfectly 
analogous way. I need only refer to an article in the Arch. Tryner 
of 1901"), where I derived the quite general formula for v. as a 


2 


db db ; 
function of 5,, ce) ind Ea = 6". (see p. 2), and also that 
VJ c 


av” 
‘po RT, and uE 
lor pe, io dE == RT, 
particularly to a paper in the same Archives of 1905: Quelques 
remarques sur l’équation d’état, where on p. 47 et seq. I gave analogous 
considerations to those vAN DER WAALS gave later on p. 117—119 
of his first paper (June 1910) on the Quasi association, and more 
extensively in his last paper of April 1911 (p.1211 et seq.) ?). 
Two things have particularly struck me in this last paper. First 
of all that on p. J214 with too great modesty vaN per Waars calls 
Tr, 
a 


(p. 7 formulae (9), (10) and (11)). But 


; ‘ ; Pk 5 
his theoretical formula tog Len = sl 


— 1 | an empirical formula. 
P 


1) Sur Vinfluence des corrections à la grandeur 0 etc. 
*) The formula (ll) on p. 1214 for v, agrees with that already cited on p. 2 
of my paper of 1901. 
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For this formula can very easily — as far as its form is concerned 
— be derived from the equation of state combined with Maxwerr’s 
theorem. But in the second place that in virtue of considerations on 
db d*b 
the value of al and eo on p. 1221—1229 loe. cit. he arrives 
Dye dv’ Je 


at the empirical formula (in the neighbourhood of the critical point) : 


b by L 
Sel (- 5 : 5 A 5 - » : (a) 
by v 


p. 1227, where then n = 4+'/, is found. 

Now in virtue of considerations — which are in close connection 
with the theory of association, developed by me in connection with 
the solid state in the six preceding papers — I think we have to 
arrive at the result, that the dependence of the quantity 5 on v in 
the neighbourhood of the critical point is represented better by the 


relation : 
b b, “ 
sip iat ete L 
é g & ;) (b) 


and this led by the following theoretical considerations. 

In order to arrive at the form of the function /—= /(v,7) in the 
equation of state (p+ 4/2 )(¢—b) = RT, we can, namely, follow 
two different courses. 

The first course, which is generally followed, is this that the 
problem is considered from a purely kezetic point of view. According 
to the method of MAXWELL, BOLTZMANN, v. D. Waars, KORTEWEG, 
Lorentz, RRINGANUM, and others the vicissitudes of every molecule 
separately are followed, the effects of collisions ete. ete. To shorten 
the calculations we can also make use of the theorem of the Virial 
(Ciausius). By often laborious calculations we arrive in this way at 
the formula of approximation 


17 b, 
b= 4by — a5 + ete. |, 
av 


the coefficient *’/,, of which has afterwards proved to be = */,. 
The calculation of the following coefficients becomes practically about 
infeasible. In this molecular forces are still left entirely out of con- 
sideration. If we wanted to include them into the considerations, 
the calculations become still much more complicated, and the tem- 
perature also appears as influencing factor. (ReiNGANUm). 

So the above formula gives the “apparent” change of 6, when 
the volume decreases. We leave aside here a “real” diminution, 
fully discussed by vaN DER Waars some years ago. 
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But there is still a second method, which leads to the purpose 
quieker and more accurately in my opinion, viz. the thermodynamic 
method. What can hardly be taken into account in the first method: 
attraction, the staying together for some time of the molecules, for- 
mation of so-called clusters of molecules, ete. is here implicitly 
directly reckoned with. 

The thermodynamic (or statistic) method simply briefly summarizes, 
what the kinetic method would be able to reach only in a very 
circuitous way. The thermodynamic method does not occupy itself 
with the -vicissitudes of every molecule separately, but only directs 
its attention to the most probable final state of the system. And the 
collisions and the temporary molecule aggregations considered in the 
kinetie theory are — from a thermodynamic point of view — nothing 
but the double, triple, quadruple ete. molecules, the varying quantities 
of which are only functions of v and 7. 

It is this method which more than ten years ago I wanted to 
apply to the solution of this problem, and I repeatedly discussed it 
orally, but I abandoned the attempt, because at the time the solution 
was sought in an entirely different — in my opinion — impracti- 
cable direction. I am now perfectly justified in using the qualification 
“impracticable”, as I myself am more or less competent to judge 
about it. 

There is, however, one difference between the two methods. The 
kinetic method gives some quantitive results, which the thermodynamic 
method would never be able to give. E. g. that for v = m the volume 
v must be diminished by four-times the molecular volume, to enable 
us to find the correct value for the pressure. For this is a question 
which is in connection with the collision of molecules considered 
as perfectly elastic spheres. 

But the corrections which were applied later on for the overlapping 
of two, three, and more “distance spheres’, can also be obtained 
thermodynamically, in my opinion, by examining how many double, 
triple etc. molecules are temporarily formed. It is true that we do 
not arrive at the quantitative value of the coefficients «a, 8, etc. of 
before, but yet at quantities corresponding with them. Where, 
namely, these coefficients «, 3, ete. were calculated from the consi- 
deration of segments cut off from purely geometrical spheres, now 
the quantities 4,5, 4,), ete. are entered into the calculation, i.e. the 
variation of the molecular volume in consequence of the formation 
of double, triple, ete. molecules. These last quantities remain purely 
empirical, and can be considered kinetically as the apparent change 
of 46 for simple molecules, when two, three ete. of them get into 


= 


{ 
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each others’ neighbourhood — i. e. as far as their effect on the 
pressure is concerned, in consequence of ihe “efficient” diminution 
of the available volume. I do not know, if I have expressed myselt 
clearly enough, but the attentive reader cannot fail to feel the analogy 
of the two methods. 

The thermodynamic method, however, has this advantage that also 
the influence of the mutual attraction of the molecules, of the variation 
of energy in the formation of multiple molecule groups ete. can now 
easily be taken into consideration. 

We will not enter here into the accurate solution of this important 
problem, in which we are also confronted by pretty great difficulties, 
but only give an approximating expression, which may be used in 
the neighbourhood of the critical point. 


36. Let us imagine instead of n, simple melecules n, double, », 
triple, m, quadruple ones ete. all the molecules to be n-fold on an 
average. Then according to (28) of § 30, when we replace 


(L + (n—l) B) RT 


afs by in it: 
p + Mra bj ED 


_ 9 _ 1+4(n—1)8 Ab 
y+ — deed hy —b 
gr ort e e 3 


(LB (EDE (DE EIT 


holds, so that we get (c’ =c: Rr!) 


(ebt, 


delle, ee 
B en Ba (2B) RT, v—b 
tf 


If now in the neighbourhood of the critical point # is put near 1, 
i.e. if the multiple molecules are nearly all dissociated to simple 
ones, and if we further assume g, =O (see $ 34), we get by ap- 
proximation : 
nAb 


vb 


ad ghana 
ey a 


In this the association factor ” (at the critical point) can be put 
independent of v and 7’; in general this is, of course, not the case, 
as on an average a smaller number (n) of molecules will be associated 
to a compound molecule at high temperature and great volume than 
at lower temperature and smaller volume. 
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So if we represent the temperature function (¢'7’’)—! by a'*), we get: 


1—p = a’ —__.. 
Bk (v—b)r—! 


Hence for 6=),-+-846 — or as Ab-=—b,-+-nb,, b=nb,—(A— 8) Ab — 
we find: 


nAb 
ay v—b 
b= nb, — a’ Ab —___... 
vbn! 
As is about = at the critical point, and will therefore be 
v— 


nAb 


comparatively small, we may put e %—® independent of v as a further 
approximation, and write simply : 


Ab 


b= nb, — a —__, 
(v --b)r-1 


nAb 


when «'e *— is represented by «. The apparent contradiction in 
the dimensions of the fraction ab: (v—bd)'— with that of nb, 
vanishes when we consider that c’ =c: R*—!, and that therefore a’ 
and a still contain the factor Zr! 

As for v=o at any rate b=nb,, we may write for nb, also 
Dj, and so we get by approximation in the neighbourhood of the 
critical temperature : 


b=mli—o(Se)], pAn (aay 


ab 
bn 
g 


in which, therefore, g = 
From (33) the approximate expression : 


db by \” 
vete oy OR tata Sigs 


v WI 


d(v—b) 


Vv 


now follows easily for 7, when =1—b’=1 is put as first 


approximation (0', is about == 0,07). 
Finally we find, also at 7: 
d°b 


G 
dv? 


(nm — lg 
== IF == cg — 
d by 


by n+1 


v—b 


(33%) 


qo 
1) If we do not put q9 =O, the factor e RT is added to c'7’. 
7% 
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AN . —vcbe : . 
So for the relation Ns is found: 


TE Dee Ve 
ne SS) 
be! ve de 
Now at the critical point about 
Ve = 2,20 bp He ben MBL 5 be = hi 0,07 


so that we get: 


(33°) 


0,38 _ 2,20 
0,07 1,20 


’ 


hence 
bisa 1,8an, 
so that for 7 a value is found which is only slightly below 3. If 
we take the value 0,39 for —»v,," (VAN DER WAALS gives even the 
f—4 2,8 — : 
value <a eg = 0,41 on p. 1227 loc. cit.), we find accurately 
n= 3. Hence it seems that in the neighbourhood of the critical point 
the slight number of complex molecules which still remain, are on 
an average associations of triple molecules. 
Hence we may write for 7, by approximation: 


ery i 34 
pai-o(h) «€ 


I shall have to conclude now; the fuller discussion of this interest- 
ing problem, only just alluded to in §§ 35 and 36, I must postpone 
to a further occasion. 

Clarens, April 2294 1911. 


Chemistry. — “Actin of sunlight on allocinnamic acid” By 
Dr. A. W. K. pe Jone at Buitenzorg. 


Some time ago (Ber. 35, 2908 [1902)) Ruser found that ordinary 
cinnamic acid, in the solid condition, is converted by the action of 
sunlight into e-truxillie acid. A number of other compounds possessing 
a 4ring have been obtained in a similar manner. 

Among the acids obtained by the splitting of the coca alkaloids 
occurs, besides a-truxillic acid, also a structure-isomer, 8-truxillic acid. 
It seemed to me very probable that this compound might form from 
alloeinnamie acid, which always occurs among the split off acids. 

The alloeinnamie acid, used in this investigation, was prepared 
from the split off acids; it melted at 41°—42°, the melting point of 
ERLENMEYER’S isocinnamic acid. It was readily soluble in both petro- 
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leum ether and ordinary ether. The substance was dissolved in a 
little ether and the solution poured into a glass basin when the acid 
was obtained in beautiful crystals. 

After exposure to full sunlight for seventeen mornings an exami- 
nation was made to see what change had taken place. 

It was very plain that the substance was no longer the same, as 
it consisted of a quite opaque mass whereas the original crystals 
were beautifully transparent. 

It exhibited no definite melting point; at 95° it became somewhat 
soft to finally melt completely at 165°. Only a portion dissolved in 
ether. The undissolved mass melted just above 200° (@-truxillic acid 
melts at 206°). In ammoniacal solution it gave a heavy precipitate 
with barium chloride and the acid isolated therefrom melted at 206°; 
when mixed with g-truxillie acid, isolated from the coca-acids, the 
melting point remained unchanged. 

From the ethereal solution a further quantity of g-truxillie acid 
was obtained and also a-truxillic acid, ordinary cinnamic acid anda 
trace of oil. 


In all, 0.64 gram of @-truxillic acid, 0,1 gram of a-truxillic acid 
and 0.2 gram of cinnamic acid were obtained. The a-truxillic acid 
has been formed in all probability, from the ordinary cinnamic acid. 
Whether g-truxillie acid is formed from two mols. of allocinnamic 
acid or from one mol. of allo- and one mol. of ordinary cinnamic 
acid (generated from allocinnamic acid) will be further investigated. 


Physics. — “/sotherms of diatomic gases and of their binary 
mixtures. VIL. Control measurements with the volumenometer’’. 
By W. J. pr Haas. Communication N°. 121a@ from the 
Physical Laboratory at Leiden. (Communicated by Prof. 
KAMERLINGH ONNES). 


(Communicated in the meeting of April 28, 1911). 


§ 1. Zntroduction. With a view to the determination of the com- 
pressibility of hydrogen vapour, Prof. KAMERLINGH ONNes invited me 
to make a special study of the volumenometer (see Comm. N°. 84) 
with which these measurements were to be made; the results of 
this particular investigation are given in the present paper, and, at 
the same time I have described the improvements mentioned in 
Comm. N°. 117 which were specially introduced for the measure- 
ment of the compressibility of hydrogen vapour, and to which 
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reference was then made as to be deseribed later in another paper 
dealing with that investigation. 

The measurements intended necessitated great accuracy in deter- 
minations with the volumenometer. While in the researches deseribed 
in Comm. N°. 117 the volume of the gases which were admitted 
from the dilatometer to the volumenometer could be measured under 
pretty high pressnres (L—$ atm.), and consequently those pressures 
had to be known with certainty only to 0.05 mm., it is desirable 
in a determination of the compressibility of hydrogen at very low 
temperatures (—259 to —252°C.), to measure pressures which may be 
as low as 10 em. to one five-thousandth of their value, so that in 
this case an accuracy of 0.02 mm. is essential. The lowness of 
the pressures to be measured necessitates a very high degree of 
accuracy in the pressure measurements. My object in the present 
investigation was to see in what way these high demands could be 
satisfied, *) and to make sure that such was actually the case in the 
results obtained. 


§ 2. Constants. I. Determinations of the Volumes. 


As has already been mentioned in Comm. N°. 117 § 3, the 
accurate volumenometer in use in the eryogenie laboratory ®) 
described in Comm. N°. 84 was re-calibrated, from which at the same 
time comparisons might be made with the data of Comms. N°. 88 
and N°. 92 and an idea of the accuracy to be reached could be 
obtained. For this purpose a capillary tap with a fine drawn out 
nozzle was fused to the lower end of the air-trap at 46, (PL. I. 
Comm. No. 84). The calibrations were made with mercury with 
which the apparatus was filled under high vacuum. During the pro- 
gress of the calibrations the temperature of the volumenometer was 
kept constant to within */,,th of a degree by means of the ther- 
mostat described in § 5)*). 

1) A discussion of the degree of accuracy which was then reached was given by 
Keresom in Comm. N’. 88 (1905). 

2) The volumenometer with its auxiliary apparatus is shown on the left hand 
side of Pl. I Comm. N°. 117 to which belongs fig. 1 Pl. I of Comm. N°. 84, 
along with the modifying diagram shown on fig. 2 Pl. I of this Communication. 
In connection with fig. 2 Pl. I. see also § 4 of this paper. For the arrangement 
of the volumenometer, scale, cathetometer, etc., see Comm. N°. 117. For descrip- 
tion of the thermostat see § 5 of this Communication. 

3) Before proceeding to calibrate the apparatus it was thoroughly cleaned both 
inside and out. In this process the screen Eg, (PI.1, Gomm. N',84) was replaced 
by a new one, and the optical properties of the glass windows in the jacket were 
investigated before the latter were replaced. 
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TABLE EL 
Volumes between the marks. 
Individual Hevistions Former 
measure- Mean. | (1902) 
ments. from mean. | calibration. 
Bulb Eb, 2) microliters | 
4st calib. 25220 
21d’ 5, 25233 
25229 1/5000 
SEG. 55 25226 
Ay 25236 
Bulb I. | 
| 
dst calib. 952584 ) 
252589 4 /50000 959555 
and: ;, 952594 
Bulb II. 
Ist calib. 953565 
253550 4/17000 953572 
ad —., 953537 
Bulb III and IV. 
dst calib. 505640 0 
5056403 4 /2000000 505650 
2nd "3 | 5056405 
| | 
Bulb V. | | 
| 
4st calib. 259854 
| 252845 4 /25000 1) 
oH =, 252837 ‘No compari- 
| son possible. 


between 
the two 
| calibrations. 


me 
| Differences | 
| 
| 
| 


1/8000 


1/12000 


1/50000 


Each of the bulbs Hd, (I, II, I, IV and V of fig. 1 PI. 1 Comm. 
N°. 117) was calibrated twice, the auxiliary bulb 45, (ef. Pl. 1 Comm. 
N°. 84) and the connecting neck £5, were each calibrated four times. 
The foregoing table contains the old and the new calibrations all of 
which are reduced to 20° C. From the excellent correspondence 
obtained, it appears that the screen-method is quite reliable, for the 
positions of the screens on the connecting necks have not altered in 
any way since Comm. N°. 84 (1902). At the same time it is evident 
that the volumenometer is capable of determining volumes accurately 


2) This was not calibrated in 1902. 
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to */,o000 as long as the volumes of the mercury menisci are known 
with sufficient accuracy. 
$ 8. JI. Determinations of the optical constants. 

1s§. Owing to the prismatical shape of the windows in the jacket 
through which the volumenometer was observed, and 2"¢ to the 
circumstance that their surfaces were not accurately vertical, an 
optical correction had to be applied to the height readings in the 
volumenometer. The latter correction may be regarded as composed 
of two distinct parts, 1“t. a correction in consequence of the deviation 
from 90° of the inclination to the horizon of the long axis of the 
apparatus in the plane of incidence, and 2°¢. a correction in conse- 
quence of the angle « made at any point 7 by the outer surface 
with the long axis of the apparatus. 

Of these the first was determined every time from the deviations 
of a plumb line arranged so that when pointing at the corresponding 
mark it is parallel to the long axis of the apparatus, or from the 
deviations of a spirit level laid on a plane perpendicular to the long 
axis. Both this perpendicular plane and the plumb line mark were 
firmly attached to the apparatus. With a sufficiently careful observation 
with the plumb line an accuracy of 0.01 mm in the height readings 
can be attained. By reading the spirit level during this operation one 
can substitute the simpler level reading for the plumb line. When 
it is not desired to read to more than 0.05 mm. a simple reading 
with the plumb line is sufficient. 

The angles between the front surfaces of the windows at any point 
_j and the long axis of the apparatus are constants of the apparatus, 
and need to be re-determined only in the event of the windows being 
removed. The correction resulting from this angle may be evaluated 
in either of two ways. 

1st Method. Vf the long axis of the apparatus is perfectly vertical 
the correction to be applied to a reading for a perfectly horizontal 
beam of light is, for small angles of incidence, 


A 
4 (+ 4 ) 
na 


in which A is the length of the path traversed by tie light in water 
from the point on which the telescope is focussed to the front of 
the windows (in the apparatus used this distance was 8 cm), 0 is 
the angle *) between the normal to the windows and the horizontal 


1) One can easily see that a difference of 1’ in the horizontal position of the 
telescope (when the distance between the objective and the focussed mark is 
+ 45 em.) can have no effect upon an accuracy of 0,01 mm. nor can the deviation 
of light caused by the glass of the connecting necks when these are carefully 
constructed. . 
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plane, and iio is the refractive index for air-water. The angle 9 was 
measured by means of a combination level. For this purpose was 
used a level from a cathetometer by the Société Genevoise (1 scale 
division = 0,’06) placed upon an auxiliary apparatus (Pl. IL fig. 1). 
This arrangement consisted of an arm # turned accurately cylindrical 
and attached perpendicularly to a heavy copper plate P. By means 
of the three adjusting screws a, 6 and c this plate R can so be 
placed against a glass comparison surface, which has been made 
accurately vertical that the level placed on the arm A indicates a 
perfectly horizontal position. The square end of the level is then 
pressed against the windows of the volumenometer jacket and the 
level is again brought to the horizontal. From the number of turns 
of the divided screw head of the screw c necessary to accomplish 
this, from the pitch of the screw c which has been determined 
beforehand, and from the known distance of the point of the screw 
c to the line ab the angle 6 may be calculated. From this the error 
in the reading follows at once when the angle of refraction of the 
window is allowed for. (The application of the combination level 
assumes that the curvature is negligible, which will probably always 
be the case with plate glass for degrees of accuracy up to 0,05 mm.). 

The results are ‘given in Table ILI, column II (p. 111). 

In our present experiments the auxiliary apparatus employed for 
the spirit level has not yet allowed us to attain with sufficient cer- 
tainty an accuracy greater than that corresponding to an error of 
about 0',3 (that is to say a correction of 0,01 mm.) 

The 2"d method of determining the errors in the readings consists 
of obtaining readings of the heights of the middle mark on the 
screens when no water is in the jacket and also when the jacket is 
full. For simplicity this measurement is reduced to a determination 
of the change in height of one of the marks and the change in distance 
of the other mark from this one. For during the measurement of the 
differences in height for one mark a layer of water 8 em. thick is 
alternately interposed and removed, and therefore the cathetometer 
must be moved as a whole so as to allow its being focussed upon 
the standard metre with which every care is taken to ensure its 
fixed position and to protect it against any temperature change. 
Absolute height measurements were rendered very tedious on account 
of this repeated moving of the cathetometer, while the determination 
of the alteration in the distances between two central lines was 
comparatively simple. The determinations of the changes in the 
distances of each line from the fundamental one were, in order to 
ensure the invariability of the lengths measured, reduced in every 
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case to the determination of the changes in the distances between 
two successive central lines. 

In the sequel the glass windows, even when they exhibit some 
curvature, are regarded as prisms, and it is assumed that each of 
the portions through which the screens are seen — even in the same 
piece of glass — has an individual angle of refraction. These angles 
of refraction «,, @, etc, (projected upon the plane which during the 
height measurements coincides with the vertical plane through the 
axis of the telescope) were all measured beforehand. 

The next figure (in which the ray is projected upon the vertical 
plane through the axis of the telescope) shows a window in which 


the prismatic character is strongly accentuated so as to add to the 
clearness of the drawing. Let / be the incident ray which traverses 
the axis of the cathetometer telescope supposed horizontal. The media 
are represented by the indices 1, 2, and 3. Let 9, represent the total 
deviation which the ray undergoes at the mark m, owing to refraction 
at the surfaces 1.2 and 2.3; for the sake of simplicity this total 
deviation will, in the sequel, be referred to as @ as long as there 
is only a single mark involved. 
Since 
B=1,+14—a 
we get 
B= (mia —l)a + 72 (73.2 — 11.9). 
When there is no water in the volumenometer jacket it follows that 
B=(n,, — le. 
Hence, calling the distance of the front surface of the windows 
from the screens A, we get for the optical correction to be applied 
to the reading for a line on tbe screens 
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A rj (3.2 = 1,2). 

This difference was repeatedly determined for one of the central 
lines, the one chosen being the central line of the middle screen, so 
as to make the deviation errors for the other lines as small as 
possible. In these measurements allowance is made for the sinking 
of the volumenometer as a whole when water is admitted; the 
distances through which it sank were measured each time by focus- 
sing a second telescope of the cathetometer upon a mark on the 
volumenometer. 

Further, let the indices e and f of 2,, 3,, 8, ete., indicate whether 
they represent the corresponding angles when the volumenometer 
jacket is empty or when it is full of water, and just as with 8, let 
us write 7,,, A, SLE, and *,,. 7,,, ete., for the various values of 
r, and r,; we then get for the distance measured with the jacket 
empty e. g. 

A (Pte a 82e) — Á nja | (7, ip Px) oi ("12 ars Te) = ee. (4, a, a.) 
and when it is full 

A (Bir — Bop) = A mia (rin — 721) + A 132 (ri2 — 722) — A (a, — 03). 

Taking the measured distances A (Bie — 2e) and A (Pir— Bey) in 
pairs and subtracting the one from the other we obtain the following 
equations in which V is the difference thus obtained. 


Vor 1 

rog = —- —————- + 719 
A n32 — 11.9 
Vie 1 

Pi = =; 29 
Ze 2 
V23 1 

r9 = + 732 
A 139 — N12 
V34 1 

SO a + 749 . 


A n32— 11.2 
Substituting in these equations the value of 732 which is directly 
measured at m,, we obtain in succession values for 7,,, etc, and 
from these the optical deviations are calculated. For example for 
m, from 
A (nia — 1) a + Arie (3,2 — 71.2). 
The numbers thus obtained are given in Tab. III, col. II (p. 111). 


§ 4. Control measurements. 


Partly to verify the results obtained and partly to control the 
proper temperature equilibrium between the various mercury filled 
parts of the apparatus, control measurements were carried out as 
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indicated in $ 3 of Comm. N°. 117 (June 1910) with the mercury 
at the same pressure in the two communicating vessels, the manometer 
and the volumenometer. For this purpose the upper portions of the 
volumenometer and the manometer were brought into communication 
with each other and the mercury was then driven up until the 
meniscus stood in one of the connecting necks of the volumenometer ; 
the clamp /, (PL. I fig. 1, cf. Pl. I, Comm. N°. 117) was then closed 
so as to avoid the effects of vibrations in the mereury in the bulb 
Q, (ef. PL I Comm. N°. 117) caused by gusts of wind or by vibration 
of the building. Care was always taken to ensure a good vacuum 
above the two corresponding mercury levels, so as to prevent trouble- 
some expansions and too slow equilibration between the gas in the 
volumenometer and the manometer. Since in the case of the uppermost 
necks mercury columns about 1 metre in height had to be kept in 
bydrostatical equilibrium, the greatest care had to be taken to ensure 
the temperature equilibrium of the mercury column. For this purpose 
a water jacket was put around the manometer tube being firmly 
attached to it by means of two rubber stoppers. In order to reduce to 
a minimum the optical corrections necessarily introduced by the use 
of this jacket, the holes in the rubber stoppers were bored to one 
side of the centre so that the water jacket was thinnest just at the 
side through which the readings were made. In order to determine 
the optical corrections fifteen fine lines were etched on the other 
side of the manometer tube. The heights of these lines were also 
read on the cathetometer with the volumenometer jacket both empty 
and full of water. Each of these measurements was repeated sixteen 
times. Since both the water layer and the air layer through which 
readings were made were only 4 mm. thick the cathetometer telescope 
could be kept immovable and the difference could be determined 
directly each time with the micrometer eyepiece. Parallax errors 
were avoided by covering one half of the telescope objective with 
a plate of glass whose optical thickness was the same as that of the 
water layer in the volumenometer jacket. When the jacket was full, 
readings were taken through the uncovered half of the objective, 
and when it was empty readings were made through the covered 
half. The optical error due to the glass plate was determined inde- 
pendently. In this way the optical errors due to the manometer 
jacket were easily determined with accuracy to within 0.005 mm. 
From the results it is evident that the use of such a jacket has 
much to recommend it, while the optical correction appears to be 
only about 0,03 mm. a value that may in the majority of cases be 
regarded as negligible. 
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The manometer jacket was supplied from underneath with water 
from the thermostat. (see § 5). From above the water flowed out 
through a connecting tube which was well protected from heat 
exchange with the surroundings to the lower portion of the volumeno- 
meter jacket. Hence variations in the temperature of the jacket water 
occasion errors which neutralise each other at least in part, a result 
which one cannot be sure of obtaining when the water supplies are 
independent or form branches of one circuit. 

In the room in which readings are taken it is difficult to keep 
the temperature gradient below */,° per metre; it often assumes 
greater values and, in consequence, it is easy for the mercury in the 
bulb and in the rubber tubes to assume a temperature different from 
that obtaining in the mercury columns within the jackets; on this 
account the water which flows out from the upper end of the 
volumenometer jacket is utilised to warm or cool as the case may 
be the mercury which flows from the mercury bulb to the mano- 
meter or to the volumenometer. For this purpose the short rubber 
tubes are joined to the large glass T-piece. The vertical arm of this 
T-piece is widened so as to obtain a greater surface for heat exchange, 
and this vertical arm is surrounded by the two copper tubes shown 
in PL I, fig. 1. The water which is flowing off from the volumeno- 
meter is then divided into two circuits which traverse these copper 
tubes and then leave the apparatus at /, and /,. By this arrangement 
are eliminated all undesirable convection currents and conduction 
phenomena in the masses of mercury. 

In conclusion we may mention that all parts of the apparatus 
were carefully wrapped up so as to be protected from heat exchange 
with the outside. 

After these precautions had been taken, a great number of mea- 
surements were made of the heights of the menisci in the communi- 
cating vessels. The capillary depressions were obtained from KELvin’s 
graphical constructions in which a mean capillary constant was 
assumed. After a proper application of the temperature and capillary 
corrections the optical corrections were calculated as the remaining 
difference in height. In Table II are collected the mean data obtained 
from the various measurements which with the help of the method 
of communicating vessels have led to one of the determinations of 
the optical constant for the mark m,. The means of all the mea- 
surements are given in Table III, col. IV. 

Since there can be no doubt about the pressure equilibrium a 
comparison of the optical corrections thus determined with those 
obtained by the method of the combination level with the removal 
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Control measurement at mark m, (Pl. 1. Comm. N°. 117). 


‘Neck mark 7, | Temp. of volum.m. | below 16.05% 
Cath. | Eye- | Men. 
| level| meter | piece eee jacket at | h. 45 m.{ above 16.07 | 
| scale. head 
Volumenom.men.top. 10 | 79.024 21.25 | Temp. of manom. ( below 16.02 
| cm. 0181 | 
A „ base 40 | 78.843 21.95 | ‘cm. jacket at 4h. 45m. | above 16.10 
| 
Manometer men.top. 10 | 24.90 
| 0.188 | 
5 » base 10 26.37 
Volumenom.men.top. 10 21.25 
(mean of 7 readings) 
Manometer men. top. 10 | 21.21 
(mean of 7 readings) 
Manometer men. top. 10 21.20 | ‘Temp. of volum.m. ( below 16.13 
0.182 
5 „ base | 10 26.29 jacket at 2 h. 15 m. { above 16.13 
Volumenom.men.top. 10 | 79.024 21.27 | Temp. of manom. ( below 16,13 
| 0184 | 
5 „ base | 10 | 78.840 jacket at 2 h. 15 m. {above 16,11 


Capillary depr. 


Volumenom. Manom. 
1h,45m 0.144 mm. 0.045 mm. 
22,15m 0.148 0.043 
mean 0.146 0.044 
Correction for capillary depression —0.102 
Correction for temperature difference 
between the comm. vessels 
1h.45m none 
2h,15m 0.014 
mean + 0.007 
Optical correction for manom. jacket 
(see p. 108) —0.04° 
Actual height difference observed 
(4/273 mm.) 0.014 | 
Hence optical corr, for volumenometer — 0.121 


of the water from the jacket (Table III, cols. "I and III} gives an 
immediate opportunity of judging the degree of accuracy of the 
pressure measurements. When everything mentioned in the foregoing 
has been taken into consideration it appears that the pressure is 
certain to within 0.02 mm. and, in favourable circumstances, to 
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within 0.01 mm.; it is therefore possible to measure mercury pressures 
of 10 em. with certainty to 1 in 10000. 

In conclusion it may be mentioned that the heights of the edges 
of the menisci were read at the near side. As comparatively little 
light could be introduced into the interior of the volumenometer jacket, 
readings at the sides of the volumenometer tube were matters of 
considerable difficulty, but by making them in front sharp readings 
could be obtained, for, with suitable illumination from an electric 
hand lamp the meniscus edge could always be seen as a sharp line 
at which a number of images came to an end. As the near edge 
of the meniscus was about 8 mm. nearer the objective of the telescope 
than the top the same artifice was employed to eliminate parallax 
errors in this method of reading as was indicated above in the deter- 
mination of the corrections for the manometer. Glasses were placed 
in front of the telescope objective and were firmly attached to the 
telescope tube as is shown in Pl. IL. fig. 2. The optical shortening 
of the path of the light rays was about 8 mm. By turning the 
glasses round their axis and thus causing them to approach or recede 
from each other the adjustments could be made perfectly free from 
parallax. The top of the meniscus was read through the glasses and 
the edge through the uncovered portion of the objective. Optical 
errors arising from the glasses used in this apparatus and also from 
those already mentioned as used for the manometer tube were accu- 
rately determined beforehand. 

BAB LE el. 
Comparison of the different measurements. 


Neck | Method I | Method 11 | Control 
Ebsa — 0.132mm.— 0.133mm./— 0.12lmm. 
Eb, — 0.13? -- 0.138 I— 0.492 
Eb, —0.132 |—~0.43" | 0.458 
Eb, —0.45° 04 | 0.45 

Eb, 40.038 [40.051 |4 0.04 
Eb, + 0.03° 1) + 0.050 


1) Method IL could not be applied to this screen. For this method to be 
applied, the screens must be very clean and quite dry. In this instance it was 
impossible to fulfill the latter condition, for when the water was being drawn off 
from the jacket this lowest screen was kept moist by the water that remained 
behind since the level of the tap was but very little below the mark on the screen. 
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§ 5. The Thermostat. The thermostat which was used in these 
control measurements and also in experiments upon the compressi- 
bility of hydrogen at ordinary temperature which have already been 
made but are not yet published was essentially the same as that 
described in Comm. N°. 70. For a description of the apparatus refe- 
rence must be made in the first place to that paper. Certain modi- 
fications have been introduced with a view to 

1. better constancy of the temperature during a great time interval 
and consequently less necessity for constant supervision ; and 

2. easier adjustment to the desired temperature. 

The water vessels have remained the same. A small cylindrical 
vessel has been introduced immediately after the large one (see 
Pl. HD. The copper spiral with the xylol regulator of the vessel B 
has been removed and in its place has been put (temporarily) a glass 
spiral of three turns going from the bottom of the vessel B upwards. 
This spiral is bent upwards from below and ends in the gas regu- 
lator. A side tube with ground joints connects the spiral with a large 
thermometric vessel. A rubber connecting piece allows the system 
to vibrate without damage. The thermometric vessel and the spiral 
are filled with chloroform and mercury, the mercury being shown 
black in the figure. The use of chloroform as thermometrie liquid 
offers the advantages of small specific heat, and small compressibility, 
compared with a pretty large expansibility (ef. Comm. N° 70 III $ 3). 
The spiral contains about 100 cc. and the thermometric vessel about 
600 ce. of chloroform. By means of a tap Sp, the total mass of 
mercury present in the apparatus may be altered. 

The action of the apparatus is briefly this: The glass spiral regulates 
the temperature of the bath B just as the copper spiral did in the 
Plate of Comm. N°. 70 III, while the large vessel C considerably 
diminishes small temperature variations. The thermometric vessel, 
which presents a relatively small surface compared with its large 
volume, is not sensitive to these variations. The same applies equally 
well to integral temperature variations. Should, for instance, a con- 
tinuous rise in the temperature of the room cause the temperature 
of the vessel C to rise a little, then mercury will flow from the 
thermometer vessel through Sp, to the spiral, the regulating flame 
will become smaller, and water will enter the large vessel at a 
temperature that is lower but is still kept constant by the spiral, so 
that the absorption of heat by the walls of the large vessel is thereby 
to a great extent neutralised. 

The second purpose for which the modifications were introduced 
is, as can easily be seen, also served. For, when once the burners 
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have been lighted, the thermostat adjusts itself to a temperature that 
is practically determined by the quantity of mercury present in the 
apparatus. The utility of the apparatus is therefore greatly increased. 
To give an idea of the capabilities of the apparatus temperatures 
taken on some of the measuring days are given below. The temperature 
was taken immediately before the water was allowed to flow into 
the manometer jacket. 
12h.15 m. 12h.45 m. 2h.15m. 3h.5m. 4h. 55m, 
March 22nd’11 16.04 16.07 16.07 16.07 16.07 
3h.40m. 3h.55m. 4h. 20m. 4h.45m. 5h.25m. 6h. 
March 380% ’11 19.00 19.00 19.00 19.00 19,00: 19.05 


So that the temperature as can be seen remains for hours at a 
time constant to less than 0.01°. 

How far this constancy of the temperature can be utilised to keep the 
temperature of the volumenometer constant depends upon the constancy 
of the room temperature; its heat insulation however can still be 
improved. If sufficient care is taken to keep the room temperature 
constant, one is usually successful in keeping the gradual change of 
the temperature of the volumenometer to within 0°.03 per hour‘), 
and any single temperature measurement remains certain to 0°.02. 


Physics. — “Further Experiments with Liquid Helium. D. On the 
Change of the Electrical Resistance of Pure Metals at very 
low Temperatures, etc. V. The Disappearance of the resis- 
tance of mercury.’ By Prof. H. KaAMERLINGH Onnes. (Commu- 
nication N°. 122% from the Physical Laboratory at Leiden). 


As was mentioned in a former Communication (April 1911) I have 
made a more accurate examination of the resistance of pure mercury 
at helium temperatures, in which I have once more had the assis- 
tance of Messrs. Dorsman and Horsr. The resistance was now mea- 
sured with the differential galvanometer by the method of the over- 
lapping shunts (KoHLRAUsCH) and also by the method of the measurement 
of current strength and of potential difference. By this it was con- 
firmed that at 3° K. the value of the resistance sinks to below 
0.0001 times the value of the resistance of solid mercury at 0° C. 
extrapolated from the melting point. But from the present measure- 
ments it has also been ascertained that the actual value of the 
resistance is very much smaller than this upper limit which I was 
able to ascribe. to it from my former measurements. 


1) For the comparison of mercury columns as in Table Il constancy to within 
10 times this value will be sufficient. 


8 
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The vaiue of the mercury resistance used was 172.7 @ in the 
liquid condition at O°C.; extrapolation from the melting point to 
O°C. by means of the temperature coefficient of solid mercury gives a 
resistance corresponding to this of 39.7 2 in the solid state. At 
4°.3 K. this had sunk to 0.084 2 that is, to 0.0021 times the resis- 
tance which the solid mercury would have at 0°C. At 3°K. the 
resistance was found to have fallen below 53> 10-© &, that is to 
one ten-millionth of the value which it would have at 0° C. As the 
temperature sank further to 1°.5 K. this value remained the upper 
limit of the resistance. 

The next step was obviously to look for the point at which the 
resistance first becomes measurable as the temperature is raised. The 
temperature of this point was found to be slightly more than 4°.2 K. 
at which the resistance was found to be 230 micro-ohms or one 
hundred thousandth of the resistance (solid) at 0° C. As the tempera- 
ture was raised to that of the boiling point (4°.3 K.), the resistance 
rose once more to 0.084 2. This change took place more quickly 
than the rate of change to which the formula given in the December 
(February) Communication leads —- exactly how much more quickly 
is not yet known but it certainly seems to be increased very much 
more rapidly. A point of inflection which does not appear in the 
formula given — a formula which I regarded as incomplete also 
on account of the method by which it was deduced, seems to occur 
between the melting point of hydrogen and the boiling point of helium 
in the curve which represents the resistance as a function of 7. 

The more the upper limit which can be ascribed to the resistance 
remaining at helium temperatures decreases, the more important 
becomes the observed phenomenon that the resistance becumes prac- 
tically zero. When the specific resistance of a circuit becomes a 
million times smaller than that of the best conductors at ordinary 
temperatures it will, in the majority of cases, be just as if electrical 
resistance no longer existed under those conditions. If conductors 
could be obtained which could be regarded as being devoid of resis- 
tance as long as their cross section was not excessively small, or 
conductors of the smallest possible sections, either cylindrical with 
diameters of the order of the wave length of light, or films of mole- 
cular dimensions, whose resistance would be but small, if there had 
no more to be reckoned with the Joure development of heat in 
increasing the current in a bobbin to exceedingly high values, because 
the development of heat in a circuit of constant current strength could 
be made extremely small compared with the latent heat of vaporization 
of the liquid which can be used for cooling, — then further experiments 
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in all possible directions would give the fullest promise, notwith- 
standing the great difficulties which are encountered when working 
with liquid helium. It is therefore all the more necessary to esta- 
blish beyond all possibility of doubt the property of which advantage 
would be taken in such experiments. With this end in view modifed 
measurements are being made. 

It is further worth noting that just as the resistance of constantin 
changed but little when the temperature fell from ordinary to liquid 
hydrogen temperatures so too the change is slight as the temperature 
sinks further to those of liquid helium. This property was utilised to 
obtain rough confirmation of the value of the Jatent heat. of vapori- 
zation of helium, which can be calculated from CraPEYRON’s formula 
using the data which have already been published concerning its 
vapour pressure and vapour density. (Compare the above remarks 
as to the ratio between the Joure heat development to the latent 
heat of the liquid which is used for cooling). 


Physics. -— “fesearches on Magnetism. LIL. On Para- and 
Dia-magnetism at very low temperatures.” By H. KaMmerrINGn 
Onnes and ALBert Perrier. Communication N°. 1227 from the 
Physical Laboratory at Leiden. 


§ 1. /ntroduction. In an earlier research (Comm. N°. 116, April 
1910) we investigated the magnetisation of oxygen down to tempe- 
ratures close to the freezing point of hydrogen, and we found 
deviations from Curig’s jaw which seemed to us to be connected 
with the problem as to how far the electrons which occasion 
magnetic phenomena are frozen fast to the atoms when the substance 
is cooled to very low temperatures’). This made it very desirable 
to extend the research, especially as far as hydrogen temperatures 
were concerned, to other paramagnetic substances which follow 
Curiz’s law at ordinary temperatures. If, as we found to be the 
case, it were found that deviations of the same character as those 
for oxygen were encountered with these substances also: it might 
well be assumed that such deviations, and also, should they be 
connected with the freezing of the electrons, this freezing itself 


1) This idea of which repeated use has been made in former Communications 
(cf. Weiss and Kamerrinan Onnes, Comm. N?. 114, Febr. 1910 p. 9 note 1) did 
not appear to be applicable to the case of ferromagnetic substances (loc. cit. p. 9) 
as the temperature sank to the freezing point of hydrogen. Our experiments give 
rise to the further question as to how these substances would behave when the 
temperature was lowered still further, 
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would lie in the very nature of paramagnetism. In that case there would 
hold for every substance, as was shown in Comm. N°. 116 to be the 
case for oxygen, a more general law than Curtr's, which only within 
a definite temperature region would not differ appreciably from Curtr’s. 

After we had been engaged upon an investigation in this direction 
for a considerable time, its importance increased considerably from 
two different points of view. In the first place came the discovery 
by Weiss!) of the magneton as forming a part of all magnetic 
atoms. Should the deduction advanced by Weiss that the molecular 
magnetisation of different substances can be expressed as whole 
multiples of the magneton hold for all temperatures, this would, 
because it supposes that the constant of Curr is accessible, entail 
the validity of a law which gives the means to determine this constant, 
further allowance having to be made only for sudden changes in the 
number of magnetons or in the number of degrees of freedom. Certain 
of our measurements appear to be incompatible with exclusively dis- 
continuous changes, for they even seem to indicate that gradual changes 
take place. Should this be the case, then it is possible that deviations of 
the values of the magnetisation from those values which Wetss’s theory 
combined with Curte’s law would lead us to expect could be eliminated 
by means of corrections which our knowledge of these gradual changes 
would enable us to apply. And if it should appear from further 
investigation that all deviations could be explained by discontinuous 
changes, then the knowledge of the law according to which these 
discontinuities occur is, by the discovery of the magneton, made a 
matter of the highest importance. However the case may be, we 
shall, in speaking of the deviations from Curin’s law mean both 
continuous and discontinuous changes. 

In the second place the rather indefinite notion of the “freezing 
of the electrons in the atoms” has taken a more definite shape since 
it was found (Comm. N°. 119, Febr. 1911) that the electrical resis- 
tance of pure metals disappears in liquid helium and that this can 
be ascribed to the coming to rest of vibrators of definite frequencies 
which are Jn radiation equilibrium according to PLANck’s formula. 
The freezing of the electrons which we mentioned in connection with 
the magnetisation of oxygen may also be looked for in the coming 
to rest of vibrators. Perhaps then it may also be that, in general, 
deviations from Cvrims law may be found to be connected with 
the dissipation of the energy of the vibrators *) or of the circular 


1 P. Weiss, C.R. CLIT p 134, 222, 309, 1911, also: Arch. de Genève, May 1911. 

2 From a friendly letter that reached us just on going to press from Professor 
Weiss, whose coming to Leiden gave the initial impetus to our magnetic resear- 
ches, we learn that this idea has also occurred to him. 
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motions according to the same formula and for the same reasons. 

In the present paper we shall confine our attention to a short 
résumé of the results which we have obtained up to the present 
in which we shall also include those referring to diamagnetic 
properties. In a further communication we hope to give the results 
of the experiments upon which we are still engaged and at the 
same time further details of the experimental method. To attain a 
greater degree of certainty we used with the apparatus described in 
Comm. No. 116, a new cryomagnetic apparatus with which it is possible 
to measure electromagnetically the forces exerted upon the experimental 
substance by a strong magnet, and with which it is possible to place 
at will the experimental substance at the point of maximum attraction 
or repulsion as long as it occupies a space of small dimensions, or, 
if the experimental substance be in the form of a cylinder, to place 
it with its one extremity in the pole gap. 


§ 2. Numerical results. The values given below are the results 
only of preliminary calculations. There are still some corrections 
to be applied which have not yet been fully investigated, but these 
in all probability will not, in the most unfavourable circumstance, 
exceed 2 °/,. The numbers given are, of course, mean values, y is 
the specific susceptibility or the magnetisation coefficient per gram, 
and 7’ is the absolute temperature. 


EABEE LE 


Crystallized Gadolinium sulphate Gd (SO,),,8 HO. !) 


| | | | Limiting values | 
he Ate : in kilogauss | 
E 7.108 „.T.10 oF ite Hana Bath 
| used. 
ZE == = = ee = en ZEE = > = a 
990.3 72.94 | 20880 | 5-12 _ Atmospheric. 
20.33 | 4039 120 | 3.5—9 | | 
| J ieee! Liquid 
| 17.01 | 1229 | 20910 | 3.5— 7.5 { hydrogen | 
| 43.93 | 1468 | 20460 | ; | | 
| | | | 
| 2 | | : 


1) Prof. G. Urnsain to whom we are greatly indebted has kindly placed this 
substance at our disposal as well as the Dysprosium oxide (table III) and some 
others of the group of rare earths which have not yet been studied. 
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TABLE ME 


(MERCK’s very pure “for analysis”) 


| 
| Crystallized ferrous sulphate (powdered) 


in kilogauss _ Bath 


| | | Limiting vaiues | | | 
T | 2405 | 2710 | of the fields 
| Ke used. 
ae = aS a os. We 
289.6 4A .46 | 12010 | 9—16 Atmospheric. 
77.45 | 154.5 | 44970 544 | Liquid 
64.24 | 186.4 | 411950 : | | nitrogen 
20.33 | 555.4 | 44270 | 5—9 |I 
18.73 589.7 41050 : 
B SA fl | Liquid 
17.01 641.6 | 10920 - 
| hydrogen 
15.47 695.5 10720 | ; 
| 13.93 757.2 | 10540 | { 
TABLE IM. 


Dysprosium oxyde Dy:0, !). 


| | | Limiting values | 

| By ne NE ans! in kilogauss 

7 jie | 2740 NOT Ee ede Bath 

| | | | used. 

| zr i a a a See nn 
| 288 229. 2 | 66140 — | 7.5—44.5 | Atmospheric. 
| 170 374.6 | 63670 | — 5.55.5 | Liquid 

| 432.79 | 445.7] 59200 | — 5.5-A4.5 ethylene 
| 20.95 | 1915 | 38790 | 8620 25-35. | 

| 45.95 | 2173 | — | 8680 4 | Eldee 
| 43.93 | 9334 | — | 8745 4 | 


| H | 


| | | | | | 


The magnetisation coefficient at ordinary temperature is 7.5 pCt. 
lower than that determined in Paris by Miss. Feyris; this can 
probably be ascribed to the fact that we were unable to heat the sub- 
stance to very high temperature immediately before the experiments; 


1) Cf. table I note I. 
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we hope to repeat this experiment later under more favourable cir- 
cumstances. 


A BLO: IV. 


Electrolytic bismuth (powder) supplied 
by HARTMANN and Braun and formerly 
used by E. VAN EVERDINGEN !) 


| Limiting values | 


7406 in Kilogauss 
T A0 of the fields 
| | used. 
9911 — 4.972 | 
| 20 32 ess 2) A 
| 5 49.5418 
17.01 REE hy 
13.93 ee 5 NE 
| 


§ 3. Deductions. Paramagnetic substances. The order of sequence 
of the three paramagnetic substances has been purposely chosen. It 
is a striking fact that even down to 17° K. gadolinium sulphate 
remains in perfect agreement with Curim’s law. It first begins to 
show a slight deviation in the direction of too small a susceptibility 
in the neighbourhood of the melting point of hydrogen. On the 
other hand the susceptibility of ferrous sulphate is inversely propor- 
tional to Z down to 64° K. In a bath of hydrogen boiling under 
atmospheric pressure a deviation in the direction of a decrease is 
quite clearly noticeable, and this deviation increases rapidly as the 
freezing point of hydrogen is approached. And finally dysprosium 
oxide even between ordinary temperature and 170° K. shows a 
deviation of 4°/, which gradually increases so far that in liquid 


hydrogen the susceptibility is only one half of nk Let us conelude 


our list by the addition of oxygen, remembering that this substance 
as well as ferrous sulphate and in all probability the two rare earths, 
too, follow Curiz’s law at ordinary temperatures, and we can only 
conclude that probably the susceptibility of substances which obey 
Curim’s law at ordinary temperatures will, in general, if the tempe- 
rature be sufficiently lowered, increase more rapidly than they should 


c eae 
in accordance with the 7 formula, but that the individual tempera- 


1) Cf. Suppl. NC. 2 to Nos. 61—72. 
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tures at which the deviations become appreciable differ considerably 
for the different substances. It is noteworthy that, in the case of 
gadolinium sulphate, this temperature lies very low, and is probably 
only 15° K. 

Concerning the behaviour of these substances at temperatures 
below that at which this deviation becomes appreciable, Zguid oxygen 
can, in the first place, give us some information. In fact in this case 


3 
another well defined law, viz. ZT has been found to obtain over a 


pretty wide range of temperatures (90° K. to 63° K.). At the lowest 
five temperatures reached the magnetisation coefficient of ferrous 
sulphate increases somewhat more rapidly than would be in 
accurate agreement with this law, but it undoubtedly approximates 
to it. At the four hydrogen temperatures at which measurements 
were made dysprosium oxide follows the same law as liquid oxygen. 
Taking all this into account we are only justified in assuming that 
for all substances there exists a certain range of temperatures differing 
greatly for the different substances, for which this law to a high 
degree of approximation governs the dependence of susceptibility on 
temperature. 


In the neighbourhood of 15° K. solid oxygen did not follow the wr 
law, but deviated still more strongly from Curtm’s law, and even 
showed a tendency to attain a constant value; further experiments 
which have not yet been completed, confirm this result. As none of 
the three other substances have yet exhibited this phenomenon it still 
remains an open question if it is characteristic of oxygen only, or 
if one only needs to lower the temperature sufficiently to be able 
to invoke its appearance as a general property of all paramagnetic 
substances. 

On the occasion of our research upon oxygen we remarked con- 
cerning the theoretical explanation of the increasing deviation with 
falling temperature that it might, amongst other causes, be due to 
association amongst the oxygen molecules. Some experiments which 
are still incomplete upon mixtures containing equal quantities of 
oxygen and nitrogen seem to exclude this explanation, but these 
experiments must be continued further to be quite conclusive. From 
the experiments which have already been concluded, however, we 
have sufficient reason for not reverting to this explanation in § 1. 

We must further note that with none of the paramagnetic sub- 
stances investigated we have been able to observe a decreasing 
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susceptibility with increasing field, that is a commencement of 
saturation *). | 

Bismuth. It has been shown by Curie and later confirmed by 
Horpa that for bismuth between ordinary temperature and the 
melting point the temperature coefficient of the magnetisation may 
well be represented by the formula 


WU Aa (1 — a (t — 20)) 

The fact that at ordinary temperature we obtained an absolute 
value of the susceptibility which is somewhat smaller may be due 
to the presence of a small quantity of free iron which, on account 
of the intensity of the fields used, wilt have no influence upon the 
relative results; indeed, for various kinds of commercial bismuth 
which were not so pure as ours, Curie found the same dependence 
upon temperature. The values which we obtained with our specimen 
may quite well therefore serve as the basis of deductions regarding 
relative values. With « == 0,00105, the mean of the values obtained 
by Curie with samples which were not perfectly pure, extrapolating 
to 20°.3 K. we should obtain yo203— —1.64.10-*, which is a 
value somewhat greater than that given by experiment. It would 
therefore appear that the linear change of the magnetisation of bis- 
muth does not go on as the temperature falls, and this result is also 
in agreement with the experiments of FLeminc and Dewar, who only 
went as far as liquid air. The two values which we obtained in 
hydrogen boiling under reduced pressure seem to indicate that when 
the temperature sinks as low as this, the susceptibility becomes pretty 
well independent of the temperature; if the law of change were still 
linear at these temperatures then between 20.°3 K. and 13.°9 K. one 
should have to observe an increase of 0.7 °/,, while what was actu- 
ally observed was rather a decrease. 

Hydrogen. With a view to the determination of the corrections 
to be applied we made a measurement of the suspectibility of liquid 
hydrogen, the result of which probably deviates less than 10 °/, from 
the true value. This determination is rendered extremely difficult by 
the smallness of the density and of the volume-susceptibility of the 


1) With regard to the difference that was found between the constants for the 
formula mn for solid and for liquid oxygen (Comm. No. 116, April 1910, § 9), 
wel 
it may be remarked that crystallisation phenomena can influence them. The investi- 
gation of the problems referring to this point will be seen to be further compli- 
cated when we remark that on freezing oxygen transparentsolid oxygen is first formed 
which, at lower temperatures, is transformed into an opaque mass. 
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hydrogen. We found for the volume susceptibility A = — 0.186 106 
and, taking Dewar’s value for the density of liquid hydrogen 0.07 
we find »—=—2,7.10—°. Within the limits of experimental error 
this value agrees with that calculated by PascaL *) 4 = — 3,0.10—° 
from the organic compounds. As we do not propose to repeat this 
determination for the present we think that there is sufficient reason 
for us to communicate this result here. 


Physiology. — “The permeability of blood-corpuscles in physto- 
logical conditions, especially to alkali and earth-alkali metals”. 
By G. GruNs. 


Messrs HamsvreeR and Bupanxovic reproach me in their communi- 
cation in the meeting of February 25, 1911, that in my criticism (Proc. 
of Oct. 29, 1910, p.489) I should not have taken account of the 
fact, that, after the addition of water or NaCl, the original volume 
was used again for the analyses. This accusation is unjustified. 
Messrs. H. and B. said in their communication of June 25, 1910, 
p. 259: “To accomplish this in an efficient manner, a certain quan- 
tity of blood was -centrifugalized, the serum was partly removed and 
mired with the necessary amount of NaCl, or water; then it was 
added to the rest of the blood and well intved with it” 

This seemed to me perfectly clear and rational. Relying on it I have 
calculated the dilution by the water on the entire quantity of blood. 
Now Messrs H. and B. say, that they retained so much from the 
serum mixed with water or with NaCl that, after the mixture with 
the residue, the original volume was obtained. Consequently they 
followed another method than the one they described. I therefore 
complied with their request and repeated my calculations with this 
new statement. 

In the experiments with water we must now not calculate the 
quantity of a component of the blood that the mixture must contain 
by multiplying the total quantity by the fraction indicating to what 
proportion the entire quantity was diluted; but we must subtract 
1/11 of the quantity contained in the serum from that total quantity. 
For only from the serum something is taken off, and there after 
to 10 parts of the serum that is still present, L part of water 
has been added, as follows likewise from the example given on 
p. 220. | 


1) P. PAscAL Ann. chim, et phys. (8) t. XIX p. 5; 1910. 
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As the addition of 0,2 °/, of NaCl to a serum does not yet increase 
the volume by 0,1 "/, the neglect of it can cause at the utmost a 
difference of 1 in the third decimal. As for the experiments with 
addition of NaCl, consequently the result does not change by the 
new calculation. 

As for the experiments with addition of water, with KCl the 
difference is reduced from 0,118 G. to 0,0596 G. With NaCl it mounts 
however from 0,292 G. to 0,447 G. and with Cl from 8,5 on 10 ¢M® 
1/10 Norm. AgCl-solution. 

I ask myself, if the gentlemen have themselves made the caleu- 
lations they required me to do. 


Geology. — “Some considerations on the geology of Java’. By 
Prof. K. Martin. 


(This communication will not be published in these Proceedings). 


(June 23, 1911). 
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Physics. — “On the influence of electric waves upon platinum 
mirrors. (Coherer action)” By Dr.J. Cray. (Communicated by 
Prof. H. KAMERLINGH ONN#s). 


(Communicated in the meeting of December 24, 1910). 


In the present paper I give the results of some of my experiments 
undertaken with a view to solving a difficulty regarding coherer 
action on platinum mirrors which, to the best of my knowledge, 
has not yet been cleared up. Various observers’) have noticed that 
electric waves falling upon a platinum mirror cause an increase of 
its electrical resistance. This was diffieult to reconcile with LopGr’s *) 
assumption that electric oscillations render the metallic particles of 
a coherer better able to conduct electricity. 

It appeared to me that the influence of electric oscillations depended 
a great deal upon circumstances. I had several platinum mirrors 
constructed, which were not all raised to the same temperature, so 
that the platinum layer was not of the same firmness in every 
case. Mirrors N°. 1 and 2 (see Table) were heated to about 300°, 
and 3, 4, and 5 to about 400°. N°. 6 was a tube platinised on the 
immer side so that the platinum could not be firmly fused into the 
glass. N°. 7 was a tube platinised on the outside by being kept for 
a long time at red heat; from it platinum couid not be removed 
even with a sharp instrument. 

From the table the influence of electric waves upon the various 
mirrors ean be seen; in 1 and 2 it is greatest, in 3, 4, and 5 it is 
much less, in 6 it is again great, while in 7 it vanishes completely. 
From this it appears that the magnitude of the change depends upon 
the condition of the platinum deposit, and points, therefore, to a 
mechanical action. Particularly with 1 and 2, tapping after a change 
had a strongly recuperative effect on the resistance. With N°. 2 a 
change of 3 ohms was observed to be occasioned even by a hissing 
noise. 

It was also ascertained that at large distances from the source of 
the oscillations (the spark of an induction coil) the waves occasioned 
a reduction of the resistance, at sborter distances, on the other hand, 
they brought about an increase. It seems to me that the latter effect 
may be regarded as analogous to the action of an electrostatic field 


1) Ascuxinass. Verh. d. Phys Gesellsch. Berlin. 1894 and Wied. Ann. 67. BRANLY 
La Lumière Electrique 40. 1891. Haca. Wied. Ann. 56. 1895. Mizuno Phil. Mag. 
40. 1895. D. v. Gurk. Diss. Groningen. 1896. Wied. Ann. 66. 1898. 


2) Loper. The Work of Hertz and his Successors. 1894, 
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upon a powder such as gypsum. As long as it is weak the electro- 
static field leads to well defined continuous lines of force, but as 
the field becomes stronger the directive forces become too powerful 
and the powder particles are heaped together and the lines of force 
ave broken. In the present instance the effect is probably the same. 
In a weak field the particles are well disposed for conduction, but 
as the field becomes stronger this disposition of the particles is 
altered in many places. The inversion of the effect of the waves 
should thus take place at shorter and shorter distances the firmer 
the binding of the platinum to the glass. This, too, was observed 
with these mirrors. 

With tube N°. 7 not the slightest change was observed even when 
it was brought to within 1 em. of the spark. 

These phenomena, therefore, support in a different way Loper’s 
assumption as to the mechanical influences of electric waves. 

I take this opportunity of thanking the Director and Professors 
of the Delft Physical Laboratory for their kindness in granting me 
facilities for experimental work. 


Crystallography. — “On the orientation of crystal sections with 
the help of the traces of two planes and the optic extinction’. 
By J.Scumurznr. (Communicated by Prof. C. E. A. Wicumany). 


(Communicated in the meeting of May 27, 1911). 


In the problem of the orientation of erystal-sections the given 
direction of the trace of a plane can be replaced by the direction *) 
of the optie extinction. 

With optically uni-axial crystals the extinction, with regard to the 
trace of a plane supposed 1 on the optic axis, is always straigut, 
so that the problem is reduced here entirely to that of the orientation 
with the help of the traces of three planes. 

With optically bi-axial crystals the solution of the problem becomes 
less simple. Be in fig. 1 the projection plane 7’ applied 1 on the 
bisectrix O of the optic axes A and B, be further the crystal-plane 
V, given by the azimuth u, = CRP and the height r, = Po, of 
its pole v,, V, by the coordinates u, = CRQ, vr, = Qv, of its pole 
v,, the secant-plane S by the coordinates @= Ch, o= Rs of the 


kn 


pole s, then the angles h, = “ FOG and h, = 7 DOG, which are 


1) Proc. Royal Acad. Amst. 1911, 720. 
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Bigeal. 


included by the traces of the planes WV, and V, with the fictive 
trace S: T (= OG) in the slide, will be given by: 
cos Otg vp, — sin G cos (Q — u‚) 


Oh == = sit ae ha ee re 
ec sin (0 — U‚) ©) 


j cos 6 tg vp, — sin 6 cos (@ — U.) 

cot h, = ee 9 

2 7 . . . . . a 
sin (9 — u) ik 


whilst the optie extinction y= /“ HOG, with regard to the trace 
S: 7, can be found from the relation: 


1 — sin? V cos’ 9 — (1 — sin? V sin? 9) sin® o 


got By 
il sin 20 sin 6 sin? V 
in which V represents half the axis-angle (= 4 — AB). 

In the slide one can only measure the angle « between the traces 
of the planes V, and V,, and likewise the extinction-angle 3 with 
regard to one of these traces e.g. of V,. If one introduces for 
h, and y the values h, =f, +a, y=h,+ 8, then in the equations 
(1), (2) (3) besides @ and o only /, appears as unknown, which can 
be eliminated. Trying to solve the two equations by algebraic-gonio- 
metric methods in order to find v and 6, one however meets with 
unsurmountable difficulties, so that one has to recur to a graphical 
method. 

The latter may be demonstrated by a concrete case. 

In tig. 2 the partial projection of an oligoclase-crystal of Bamin 
is represented. A and 4 are the loci of the optic axes, a and ¢ those 
of the obtuse resp. acute bisectrix (V = 46°35'15"). 

Be £ a plane, applied L on the bisectrix 20; if now one measures 
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the azimuth (u) along the great circle cR, beginning from the point c, 
and calling positive a direction contrary to the hands of a clock 


Fig. 2. 


whilst the height (vp) is measured from the circle ch, the direction 
towards the pole a being positive, then the planes J/(010) and P (001) 
are given by the coordinates of their poles 

MN ht 72 ei 16! 


Plo.) a, = 86°45 83 11°58. 
Be further in a slide the angle between the traces of P and M 
equal to a=h,—h,= —101°45’ whilst the optic extinction, with 


regard to the trace of J/, amounts to an angle 8 = y — h, = 13°50’, 
In order to determine now the direction of the slide-plane S(@,6) 
one combines in the first place the /-diagrams for P and M, the 
diagram for M being removed over an angle jf, — u, = 86°13’ 
with regard to that for P (ef. Pl. IL, I}. Then in the upper octant to the 
left (PI. 1) the curve 7,4, represents the geometrical place of all poles of 
secant-planes, in which the traces of P and Jf include an angle of 
—101°45’=h, —h,. This curve is found by interpolation between 
the curves 6,4, and 2,7, which, as appears from the shape of the 
h,- and h-eurves indicated in the figure, represent the G. P. of the poles 


of the secant-planes, in which a=h,—h,=— 100° resp. — 110°. 
Now the curve (FA) occurs only in 4 octants i.e. — if we call the 


oetant just spoken of the Ist — in the octants I, HI, VI, and VIII. If one 
regards the left-octant below on Pl. I (oct. V), then here a= h, — h, 
should have the value «2 — 101°45’ = 78°15’; from the figure it 
appears, however, that the 0, 10, 20... ete. curves of P(,) do not 
intersect with the — 70, — 60, — 50... etc. -curves of M(v,), so 
that here the curve (PA) does not appear. The same holds good for 
the octants II, IV, and VII. 
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Now one places on the horizontal OO the values of 4, and /, 
which correspond to the secant-planes, the poles of which lie in the 
curve (FA), as ordinate downward, in the way as has been done 
on PI. II for the points # (cf. /,) and H (ef. L). From the points 
(7) and (L) result the curves (JA) and (LM), indicating the mode 
of change of the angles A, and /,, when the pole of S (9, 6) moves 
along the curve (TA). As h, remains < 0, and h, > 0, and conse- 
quently the curves (JK) are drawn dotted, the curves (LM) in full, 
one finds in the diagrams the value «a — h, — h,, by providing with 
a negative sign the sum of the absolute values of the ordinates of 


the points on 
los Pl il 
and (LM). If 


each point of which with an equal abscis has an ordinate surpassing 


(LK) and (LM) that correspond to a definite abscis. 
the value « = — 101°45’ is easily found from (/X) 
now one draws // to the curve (LM) a curve (NO) 


le) 


that of the correspondent point on (LM) by 18°50’, and one con- 


structs further 


wit 


with the help of the y-diagram for V = 46°35'15 


the curve (X)’) that indicates the mode of change of the extinction- 
angle with regard to the trace S: 7’, if the pole of the secant-plane 
S moves along the curve (TA), then the intersection (D) of the 
curves (NO and (XY) satisfies the condition 
(AB) — (AC) = h, —h, = a = — 101°45! 
CAD) = (ACS yes k= PS 1800; 
The point that on the curve (FA) answers to (D) is consequently 
the required pole of the secant-plane S (@, 6). 
It appears now, that the curves (VO) and (XY) cut each other 
only in 3 octants, i.e. in I, III, and VI. These poles of the secant- 
planes are given according to the figure by the coordinates 


o 0 
B: 305°50’ Di 
@: 125°40’ 42°10’ 
fb: 206°45/ — 45°30’ 


If one calculates, for the sake of control, from these coordinates 
with the help of the relations (1), (2) and (3) the values /,, h, and y 
again, then one finds 


h, 

Given: — 

E 51257’ 

Q 60°49’ 

R 42°32’ 
Consequently 

satisfactory. If 


Ji h,—h, error y y—h, error 

— —101°45’' = — — IG es) | p= 
—49°15’ —101°12’ 33’ 65°42’ 13°45’ — 5’ 
—40°56’ —101°45’ — 7441’ 13252’ 2’ 
59°48’ —102°20’ +35’ 56°13’ 13°41’ —9’ 
the result of the graphical solution may be called 
one constructs, with the help of a relation formerly 
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deduced '), the figures of the erystal-sections for the section-planes 
(P), (Q), and (LR), then one finds the sections that are represented 
in fig. 3. . 


2 (012) 


J (eo) 


Fig. 3. 


At the sections (P) and (Q) the traces of P (001) and MZ (010) 
include an obtuse angle, at (/?) its supplement a — 101°45' = 78°15’. 
Whilst between the sections (?) and (Q) on the one side, (R) on 
the other side a choice can easily be made, now the sections (/) 
and (Q), at first sight looking identical, can be distinguished again 
on account of their different double refraction. ' 


Botany. — “A few observations on some new and little known cases 
of Leguminosae with mechanically irritable leaves.” By S. H 
Koorpers, at Buitenzorg. 


(Communicated in the meeting of May 27, 1911). 


Introduetion. The observations here described were made 
from 30 January to 13 February 1911 at Buitenzorg in the Botanical 
garden, partly at older specimens, partly at young pot-plants. Although 
other occupations took too much of my time to study these cases 
in detail still I think them worth publishing, how incomplete they 
may be, for from the literature at my disposition I must conclude 
that the occurrence of mechanically irritable leaves in the species 
examined by me is either quite unknown or as yet not observed 
at Buitenzorg. 


$1. Albizzia stipulata Brntn. -— The first observation on 
movements of the leaflets (foliola) after vigorous tapping was made 


lj Proc. Royal Acad. Amst. 1911, p. 1033. 
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by my wife and myself on 30 January at half past five p.m. at a 
pot-plant of about 1 M. high. Within 5 minutes after tapping on 
the stem all the leaflets of the youngest leaf folded upwards close 
together; the narrow leaflets of the older leaves (in this species 
bipinnate) folding distinctly upwards in oblique direction. At the 
beginning of the experiment all the leaflets were nearly quite 
expanded, whereas 5 minutes after the irritation the younger leaves 
had assumed the nocturnal position. 

When we repeated the experiment next morning at 7 o’clock with 
pot-plants of the same species, all the younger leaflets showed, it is 
true, a distinct movement indicating irritation, but the older leaflets 
folded upwards only hardly perceptibly, the younger ones on 
vigorous tapping and shaking assuming almost nocturnal position. 

Be it noticed that the irritated leaflets not only perform a movement 
upwards, but also take an inclined position with regard to the secondary 
leafstalks, in such a way that the faces of the leaflets remain fairly 
parallel. 

The determination of the species of the experiment plant has 
been verified by me and found correct. 


§ 2. Poinciania regia Boser. — The hitherto unnoticed 
extreme irritability of this species, not seldom cultivated on Java 
as an ornamental tree, was first observed by me with regard to 
mechanical stimulants (as shaking and tapping), which hitherto had 
remained unknown, on 1 February last at some very young pot-plants 
grown in the Buitenzorg Hortus. When on that date between 8 and 
9 a.m. I slightly tapped the stem of some of these plants all the 
leaflets made within few minutes very obvious movements indicating 
irritation, whereas in the non-irritated plants all the leaves (in this 
species bipinnate, with narrow leaflets) remained in the normal 
expanded day position. 

After the plants bad been left some hours, the leaffets had, at least 
outwardly, quite recovered from the irritation. At the hand of some 
simple irritation experiments with a young pot-plant of Poinciania 
I will try a to describe the quick and very peculiar complex move- 
ments performed by the leaflets. 

The experiment plant is about 25 em. high and has 5 quite expanded 
leaves. They are bipinnate and (in this young specimen) have from 
5—7T pinnae. The pinnae bear from 7—12 pairs of oval, unhaired 
leaflets, of irregular width, very short-stalked, oblique at the base, 


rounded or crenate at the top, the topmost dark green, those at the 
base pale green, and about 1 em. long. The common petiole has a 
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length of from 3—6 em. The petiolules are ‘/, millimeter long, rather 
thin, nearly without hairs, with small articulations. The leafstalk 
and the common rachis are nearly bare or very short-haired. Both 
are, also after irritation, almost horizontal. By day in non-irritated 
state all the leaflets are always in such a position that the midrib 
of each leaflet is standing almost vertically on the secondary rachis, 
the blade being normally and horizontally expanded. Hence, in 
unirritated diurnal condition all the leaflets are lying nearly in the 
horizontal plane. 

As to the movements provoked on 4 and 5 February in the above 
experiment plant of Poimeiania regia by mechanical agency (shaking 
and tapping) I refer to Plates 1 and 2 and further to the following 
observations. 


Explanation on the plates of Poinciania: regia 


Plate 1. The foresaid plant in non-irritated state photographed at 
9.40 a.m. on 5 February 1911. 

Plate 2. The plant figured on Plate 1, 5 minutes later (9.45 a. m.) 
after irritation by vigorous shaking. The exterior of the plant has 
quite changed within 5 minutes in consequence of the mechanical 
irritation, and this is most obvious when the plant is considered from 
above. By the stimulation the leaflets have in the first place 
performed a rotation around their longitudinal axis with the result 
that the left half of each leaflet is turned obliquely downwards, 
the right one obliquely upwards. Secondly the leaflets make 
simultaneously another irritation movement. Of all the leaflets, namely, 
the tops move almost at the same time, or at least in very quick 
succession, sideways in horizontal direction so that, owing to this 
second movement the midrib of the leaflets, which primitively was 
at right angles with the secondary petiole, now is at acute angles 
with it. After this complex movement, performed within 5 minutes, 
all the leaflets are standing obliquely upright, clog-wheellike, whilst 
in consequence of the inclined position of their midrib the two leaflets 
of each pair have taken the shape of the letter V and have their 
faces almost parallel. 


Further observations on the above planteow 
Poinciania regia photographed on 
5 Pebrmar y, 


5 February, 430 p.m. — The plant has outwardly quite reco- 
vered from the stimulation (of 9.40 a.m.) and all the leaflets are 
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again horizontally expanded, the midrib of each leaflet being at right 
angles with the secondary rachis. 

5 February, 8.45 p.m. — The plant is standing out of doors at 
a sheltered place. No rain. No wind. Since about 2 hours there has been 
a thunderstorm. All the leaflets have taken the so characteristic noc- 
turnal position. They all have, namely, by night their tops directed 
vertically downwards, the upper surfaces of each pair pressed 
together, the leaflets on the same side of the secondary rachis being 
imbricated. Hereby the midrib of the leaflets stands vertically or 
more or less inclined on the secondary petiole, the latter being placed 
with all its leaflets in a nearly vertical plane. A comparison of the 
nocturnal position of Poinctania regia with that assumed within 3 
minutes by the strongly irritated leaflets, proves that in the latter 
case the movement amounts about to the half of that performed in 
from 1—1'/, hour at the passage from day to night position. 

7 February, 1 p. m. — Cloudy. No wind. — All the leaflets are 
in non-irritated day position, quite expanded. About 3 minutes after our 
slightly tapping with a lead-pencil on the leafstalk and the common 
rachis of the topmost leaf, all the leaflets of the irritated leaf had 
taken the before described “‘irritation position”, apparently, however, 
the irritation had not been transmitted to the other leaves. At least 
after a quarter of an hour the latter did not yet show irritation 
movements and all the leaflets were quite outspread whereas, still 
then, all the leaflets of the irritated leaf were in the described highly 
interesting “irritation position”. 

7 February, + p. m. — It has become dark since '/, hour. The 
leaves are nearly in the nocturnal position. Only in the topmost 
leaves each pair of leaflets has its upper surfaces closely pressed 
against each other. In the other somewhat older leaves the leaflets 
are almost, but not closely, pressed together. It further appears that 
the closing of the leaflets takes place acropetally at the secondary 
rachis. 

11 February. 2 p. m. The experiment plant in non-irritated 
condition (now with its leaves quite outspread) is cautiously, without 
shaking, placed in a shut cupboard. 

Idem, 4 p. m. —- All the leaves have the peculiar appearance 
of the “irritation position’, but not one shows the “nocturnal posi- 
tion’. This was neither the case at another date by day after the 
plant had been left 5 hours in the dark room. In the latter case 
also all the leaves had the peculiar clog-wheel appearance, charac- 
teristic of the “irritation position’, with obliquely rising V shape- 
placed leatlets, whilst yet in not one leaf the downward turned 
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leaflets were pressed together, as takes place in from 1—1'/, hour 
at the periodical passage from day to night position. 


Idem, 4'/, p. m. — The plant is cautiously transported from the 
dark room into the full light without. 
Idem, 5 p. m. — The three topmost youngest leaves have quite 


recovered from the stimulation and are again fully expanded. Only 
the two at the base are partly restored. 

Finally be it mentioned that a simple “burning experiment’, to 
which another Poinciania regia was submitted, proved that the 
irritation caused by burning one or two leaflets with a match was 
not transmitted to the neighbouring leaflets, notwithstanding this 
species was very sensitive to mechanical stimulation (shaking). 

Further it may be noticed that the non-artificially irritated control 
plant which was continually kept at a sheltered place, showed all 
the day cuite expanded leaves. The determination of the species of 
this biologically highly interesting plant I have verified and found 
right. 


§ 8. Calliandra spec. — A very young pot-plant grown 
in the Buitenzorg Hortus under the garden-name of Calliandra 
hamata (evidently erroneous for haematocephala Hassk.) was subjected 
to an irritation experiment on 5 February 7.30 a. m. by vigorously 
tapping on the stem with a lead-pencil. 

Within about 3 minutes the leaflets of the topmost (youngest) 
leaf had closed, the other leaves only indistinctly reacting on the 
stimulation, whereas in all the non-irritated plants all the leaves 
(also the youngest) were then almost fully expanded. 


§ 4. Calliandra portoriëensis Benra. — A shrub 
about 3 M. high with bipinnate leaves and narrow leaflets, grown 
in the Hortus Bogor. in garden-bed XV. J. (A. XIV) Number 6, 
under the said name found correct by me. 

When on 2 February at 5°/, p. m. I made an experiment with 
it by -vigorous shaking, all the leaves were still in fully expanded 
day position. Directly after the shaking the leaflets of the irritated 
branches folded upwards and assumed closely pressed together the 
nocturnal position typical for that species. Meanwhile the leaves of 
the non-shaken branches remained expanded. When repeating this 
experiment some days consecutively about ‘/,—1 hour before sunset 
I obtained the same results. However, the experiment plant showed 
in the forenoon at 7 o'clock, also when vigorously shaken, only 
relatively feeble irritation movements, whilst in that case the nocturnal 


S. H. KOORDERS. “New cases of mechanically irritable leaves’. 
Plate I. 


“ 
a 
Es 
“ 
‘ 
“o 
$ 


| Ge 


Poinciana regia Bojer. — The young plant not irritated in day position, at 
9—10 a. m. 5 Februar 1911. 
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Poinciana regia Bojer. — The same plant after 5 minutes, in irritation- 
position by shaking. 
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position was not taken by a single leaf. Of this species there are 
two specimens more in the Hortus Bog. under Number 1 and 
Number 1A in garden-bed I H. 


§ 5. Adenanthera microsperma Trysm. & Binn. — Tree 
grown under this name in Hortus Bogor. in garden-bed IB, Number 
49. On 5 February at 9 a.m. I found that the leaves (in this species 
bipinnate), at least the younger ones, performed rather distinet but 
only feeble irritation movements after vigorous shaking of the branches. 
These movements reminded of those typical for Potneiania, but in 
Adenanthera the movement is much slighter. The determination of 
the species has been verified by me and, in as much as the material 
at hand allowed, found correct. 


§ 6. Tetrapleura Thonningii Berra. — A young tree 
about 1 M. high, grown under the said name in the Hortus under 
Number 14 in garden-bed L.G. The leaves are bipinnate and remind 
of Adenanthera. At 7 a.m. on 5 February, the plant was vigorously 
shaken. Within few minutes the younger leaves which before, like the 
older ones, were quite expanded, plainly showed irritation movements 
similar to the Poinciania type, but much less vivid. 


§7. Schrankia hamata Hs. & Ber. — Undershrub kept in 
the Buitenzorg Hortus under that name, which was verified and 
found right, in garden-bed A XXV of the Leguminosae herbs division, 
under Number 2, with bipinnate leaves and very narrow leaflets. 
Not only in the forenoon but also in the afternoon, all the branches 
when mechanically irritated (by shaking) reacted almost as quickly 
as Mimosa pudica. 

Buitenzorg, February 12, 1911. 


Mathematics. — “On the structure of perfect sets of points” (second 
communication ')). By Dr. L. E. J. Brouwer. (Communicated 
by Prof. Korrewee). 


(Communicated in the meeting of April 28, 1911). 
os I 
A further extension of Cantor’s fundamental theorem. 


The proof of Canror’s fundamental theorem and of its Schoentflies 
extension, given in § 2 of the first communication, holds also for 
the following property : 


1) For the first communication see these Proceedings, Vol. XII, p. 785, 
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Turorem 1. A well-ordered set of points in Spx each point of which 
possesses a finite distance from the set formed by all the following 
points, is denumerable. 

Out of this is obtained in the following form a generalization of 
Cantor’s fundamental theorem, probabiy the widest one of which it 
is capable: 

When a closed set of points is replaced by a closed set contained 
in it, we shall say that the first set is lopped. 

A fundamental series of closed sets of points will be called a 
lopping series, if each following set is contained in the preceding 
one. The greatest common part of the terms of such a series is a 
closed set, which we shall eall the U/miting set of the lopping series. 

By an inductible property of closed sets of points we shall under- 
stand a property which, when possessed by each term of a lopping 
series, holds also for the limiting set of that series. 

From theorem 1 now follows : 

Turorem 2. Let u be a closed set of points of Spy possessing the 
inductible property «; we can reduce it by a denumerable number of 
loppings of a definite kind 3 to a closed set of points u; possessing 
still the property «, but losing it by any new lopping of kind B. 

This theorem can be specialized in many directions. 

If we choose as property « the simple property of being closed, 
and as lopping of kind 3 the destruction of an isolated point resp. 
of an isolated piece, then Cantor’s fundamental theorem resp. its 
Schoenflies extension appears. 

An other special case is obtained in the following way : 

After Zorerti?: a continuum C is called irreductible between P and 
Q, if the pair of points (P,Q) belongs to C, but to no other conti- 
nuum contained in (C, and Janiszewskt*) and Mazurkrewicz") have 
proved the following theorem : 

Let C be an arbitrary continuum and P and QQ two of its points, 
then in C is contained a continuum irreductible between P and Q. 

This property appears likewise as a special case of theorem 2, 
namely by choosing as property « the property of containing Pand 
(Q and being continuous, and as lopping of kind > the most general 
lopping. 

§ 2. 
The structure of closed sets of pieces. 
In §3 of the first communication it has been proved that all perfect 


1) Annales de I’Ecole Normale, 1909, p. 485. 
2) Comptes Rendus, t. 15i, p. 198. 
3) ibid., p. 296. 
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sets of pieces possess the same geometric type of order, namely the 
common type of order of linear, perfect, punctual sets of points. An 
analogous theorem exists for closed sets of pieces. 

In $ 3 of the first communication the set of pieces u, taken there 
as perfect, was broken up into two such closed sets u, and «,, that 
S(t) <A (wu) and (u, u) 2 du); then each u, into two such closed 
sets ajo and yaya, that d (unr) S d(an) and a(uno, vie) 2 J (uy); and so on. 
In this way the u‚’s converged for indefinite accrescence of the rows 
of indices / uniformly to the pieces of «, and we could construct a 
continuous one-one correspondence between the pieces of u and a, 
nowhere dense perfect set of real numbers between O and 1, where 
for each of those numbers the row of figures in the numerical system 
of base 8 was identical to the row of indices of the corresponding 
piece of u. 

If, however, wu is a closed, not perfect set of pieces, then the 
breaking up of an arbitrary uw, into #‚o and u, can take place in 
the same way with the only exception that a u 


Z consisting Of a 


single piece also appears as gt, 9, Whilstu,, falls out. Then too the 
u,’s converge for indefinite accrescence of the rows of indices / 
uniformly to the pieces of u, and we can construct a continuous 
one-one correspondence between the pieces of « and a nowhere 
dense closed set of real numbers between 0 and 1, where for each 
of those numbers the row of figures in the numerical system of 
base 3 is identical to the row of indices of the corresponding 
piece "OL, pL. 

So we have proved: 

Turorem 3. Hach closed set of pieces in Sp, possesses the geometric 
type of order of a linear, closed, punctual set of points. 


§ 3. 
The division of the plane into more than two regions 
with a common boundary. 


1\ 


On a former occasion) I constructed a division of the plane 
into three regions with a common boundary, and I communicated 
at the same time that by a suitable modification of the method 
followed there a division into an arbitrary finite number, and even 
into an infinite number of regions with a common boundary can be 
obtained. That modified method I shall now explain. 


1) Compare “Zur Analysis Situs”, Mathem. Annalen, Vol. 68, p. 422 —434, 
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Our starting-point is figure 2 (Plate I) explained l.c. p. 423 and 
424 of Vol. 68 of the Mathem. Annalen, which figure in the following 
will be called the primitive figure. 

We first simplify the primitive figure by leaving out the red band, 
and by reducing the breadth of the black bands to zero. These 
contracted black bands we shall call “supporting threads’, and we 
draw each of them through the middle of the white band determined 
by all the preceding supporting threads, as is executed here in figure 1 
for the first four supporting threads (this figure is to be looked at 
in the position indicated by the subscription: Fig. 1). 

The rectangular circumference of figure 1 we shall indicate by /;, 
the circumference together with its inner domain by /. The circum- 
ference together with the supporting threads we shall call the skeleton 
of the figure. Two arbitrary points of the skeleton possess the pro- 
perty of being contained in a perfect coherent part of the skeleton. 

We now consider a horizontal section 7 of figure 1 cutting all the 
vertical line segments of the supporting threads, and we determine 
the points of / by their abscis, i.e. their distance from the left endpoint 
of 7. The length of / we choose as unity of length. 

Then the abscis of the point of intersection of 7 with the first 


1 
supporting thread is a the abscissae of the points of intersection of 


: 1 3 
/ with the second supporting thread are z and Fi those with the 


eae © and and so on. 

So the set of points determined on / by the system of supporting 
threads possesses as their abscissae the set of dual fractions between 
O and 1. 

Two points of / will be called directly coherent, if they are con- 
tained in a perfect coherent part of F having no point in common 
with the skeleton. Two points directly coherent with a third point 
are also directly coherent with each other. The points directly cohe- 
rent with a given point form a set which will be called a cohe- 
rence thread. 

The abscissae of the points of intersection of / with a coherence 
thread form a set of numbers to be called a directly coherent set of 
nunbers. Two abscissae then and only then belong to the same 
directly coherent set of numbers, if either their sum or their diffe- 
rence is a dual fraction. 

The set of coherence threads possesses the power of infinity of 
the continuum. 


third supporting thread are 


10 
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Of this figure 1 we shall now construct a generalization ; in the 
white band determined by the first 2 supporting threads we shall 
namely draw the (2+ 1)" supporting thread not through the middle; 
thereby each supporting thread segment gets an arbitrary distance 
from “the corresponding white band edge segments; however we 
take care firstly that the new supporting thread penetrates into each 
segment of the corresponding white band, and secondly that each 
vartical supporting thread segment cuts the line /. 

In the more general figure it may happen that some segments of 
coherence threads have expanded to bands, so that for this figure 
we shall replace the name of coherence threads by coherence strips. 

And if each point of / which can be joined to the skeleton by 
a line segment meeting the skeleton only in its endpoint, is added to 
the skeleton, then also in the skeleton, just as in the coherence threads, 
certain segments may expand to bands, so that for the new skeleton 
we shall replace the name of supporting threads by supporting strips. 

In the more general figure we assign to the points and inter- 
vals in which / is cut by the z® supporting strip as their coor- 

2k+1 


on 
a 


dinates the same numbers which in figure 1 appeared as the 


abscissae of the corresponding points of intersection of / with the 
zh supporting thread, and each point or interval determined on / 
by a coherence strip gets as its coordinate the number corresponding 
to the Schnitt determined in the coordinates belonging to the supporting 
strips. Then along / the coordinate is a nowhere decreasing continuous 
function of the abscis, and like the abscis it has the initial value O 
and the endvalue 1. 

Now for a moment we abstract from the figure, and set apart a 
finite or a denumerable infinite system of directly coherent sets of 
numbers. The numbers belonging to these sets we shall call special 
numbers and we determine a coordinate function of the just now 
described kind possessing each special numerical value over a certain 
interval of abscissae, but each other numerical value (0 and 1 included) 
only for a single abscis. 

Our aim is to construct the generalized figure 1 in such a way 
that the coherence strips corresponding to the special directly coherent 
sets of numbers get everywhere a finite breadth, whilst all segments 
of the other coherence strips and of the skeleton get a breadth zero. 
Starting from the coordinate function just now constructed on l we 
succeed in this in the following manner: 

The first supporting thread we construct through the point of / with 
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coordinate Di and each pair of points resp. intervals of / with mean 


] : 
coordinate 5 Wwe join within & and round about the first supporting 


thread by threads resp. bands twice rectangularly bent and not 
meeting each other, thereby taking care that the horizontal segments 
of these threads and bands determine an everywhere dense set of 
points and intervals on the perpendicular let down from the endpoint 
of the first supporting thread on the horizontal upper limit of /. 
The second supporting thread we construct in such a way through 


1 3 ; 
the points of / with coordinates zand that it does not eross the 


threads and bands already constructed, and each pair of points resp. 
1 ; 3 
intervals of 7 with coordinates ee and with mean coordinate 
we join within # and round about the second supporting thread by 
threads resp. bands twice rectangularly bent and not meeting each 
other, thereby taking care that the horizontal segments of these 
threads and bands determine an everywhere dense set of points and 
intervals on the perpendicular let down from the endpoint of the 
second supporting thread on the baseline of /. . 
The third supporting thread we construct in such a way through 


7 
the points of 7 with coordinates ecers and = that it does not cross 


the threads and bands already constructed, and each pair of points 


1 
resp. intervals of 7 with coordinates between Fi and 3 and with mean 


coordinate g We join within & and round about the third supporting 


thread by threads resp. bands twice rectangularly bent and not 
meeting each other, thereby taking care that the horizontal segments 
of these threads and bands determine an everywhere dense set of 
points and intervals on the perpendicular let down from the endpoint 
of the third supporting thread on the baseline of #. 

Continuing in this way we secure that the ‘special’ coberence 
strips get everywhere a finite breadth and that the other coherence 
strips and the skeleton get everywhere a breadth zero. The inner 
domains of the special coherence strips form together a set of points 
everywhere dense in /, and all these inner domains have the same 
boundary. 

_ If we choose the coordinate function on / in such a way that it 
10* 
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possesses not only each special numerical value but also the value 
of each dual fraction not identical to O or 1 over a certain interval 
of abscissae, then the just now described construction of the gene- 
ralized figure 1 can be repeated without modification with the only 
difference that the supporting threads are replaced by supporting 
bands. These supporting bands determine together with the rest region 
of F a region G possessing the same boundary g as the inner 
domains of the coherence bands. 

So this continuum g divides the plane into regions with a common 
boundary ; whether the number of these regions is finite or infinite, 
depends on the choice of the special directly coherent sets of numbers. 

Let us call two points contained in a perfect coherent part of a 
not identical to g, directly coherent in g, and let us call the set 
formed by the points directly coherent in g with a given point, a 
nerve of g, then the skeleton of the figure and likewise each cohe- 
rence thread furnishes one nerve of g, and each coherence band 
furnishes two nerves of g. 

If we choose only one special directly coherent set of numbers, 
then our construction furnishes a closed curve (in the sense of 
ScHOENFLIES) which can be divided into two improper ares of curve 
but not into two proper ones, in which category is included the 
primitive figure from which we started. 


§ 4. 

The impossibility of a linear arrangement of the points of an 

irreductible continuum. 

By Zorwrri lately a method has been explained of arranging the 
points of an irreductible continuum linearly, analogously to those 
of a line segment’). 

His method is however inapplicable to several continua constructed 
in the article “Zur Analysis Situs’ cited above. 

This having been pointed out to him, Zorert: has based a method 
of more restricted aim on the following theorem *): 

“Given an irreductible continuum C and a point c of C, then C 
can be divided in one definite manner into three sets of points C,, C, 
and FP, possessing the following properties: C, and C, are coherent 
and have c as their only common point; T consists of the common 
limiting points of C, and C,. Both sets of points C, + Tand C, + P 


are irreductible continua.” 


1) Annales de l'Ecole Normale, 1909, p. 485—497. 
2) Comptes Rendus, t. 151, p. 202. 
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From this theorem would follow that, if not all the points of C, yet 
a considerable part of them would be capable of linear arrangement, 
and that it would be possible to crumble Cin the same way as a 
line segment into an indefinitely large number of linearly arranged 
“partial arcs’, two arbitrary ones of which then and only then 
cohere, if in that linear order they succeed each other immediately. 

But neither this theorem can be maintained, if we try to apply 
it to our primitive figure. 

If namely we choose this closed curve as the irreductible continuum 
C, then either C, + I or C,-+ I must be identical to C, and either 
C, or C, reduces to the single point c, so that the division of C 
becomes illusory. 

It is a priori certain that all attempts to arrange the points of 
such a continuum linearly by repeated crumblings must fail, the 
crumbling being practicable only for a single system of directly 
coherent points, and therefore the linear arrangement being restricted 
in any case to points of a single nerve. 

And even of this we are not sure for the most general irreductible 
continuum. For, in a system of points directly coherent in C again 
may he contained an irreductible continuum C’ breaking up into 
a set of the power of infinity of the continuum of systems of points 
directly coherent in C’. And so on. 


$ 5. 
A generalization of JORDAN'’s theorem. 


JorDAN’s theorem runs that a continuous one-one image of a circle 
is a closed curve, i.e. divides the plane into two regions of which 
it is the common boundary. 

The extension lying at hand that a continuous one-one image of 
a closed curve is again a closed curve, has not yet been proved. 
However, for a special kind of closed curves a partial result can 
be arrived at, as we shall explain in the following. 

Let C be an arbitrary closed curve, and let us represent by 
cn: the cyclic type of order of its points accessible from its inner 
region. A Schnitt s arbitrarily given in cy; determines two “Schnitt- 
continua’ ot and o,, to which vx; converges on the left resp. on 
the right of s. The points common to o; and 6, form a closed set of 
points o, to be called “the juncture belonging to the Schnitt s” 

Lemma. Jn the inner region of C we can construct an arc of 
curve which abroad from its ends ús sumple, and of which one end 
reduces to a single point of the inner region of C and the other is 
contained in the juncture 0, 
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Proor. Let M be a point taken arbitrarily in the inner region 
of C, and let a,,a,,4,,.... be a fundamental series of indefinitely 
decreasing arcs of simple curve lying abroad from their endpoints 
in the inner region of C, whilst the endpoints belong to gy, and 
are separated by the Schnitt s. In this series is contained a series 
VERO OEREN converging to a single point P of 6, and in which 
each 6, is separated from M by C+ 6,-;. We can then join M 
and Z by an arc of simple curve z cutting an infinite number of 
the 5, in the order of their indices each in one point and passing 
there from their side turned to M to their side turned to s. The 
b, intersected in this way form a series d,,d,,d,,..... Let z, be 
the part of z enclosed between d, and d,4:, D, the point of inter- 
section of z and d,, A, resp. bn the left resp. right endpoint of 
di, Gn resp. w, the are of curve determined on C by the Schnitte 
corresponding to A, and A,4, resp. to B, and 6,41, on resp. t, the 
part of the inner region of C cut off by the arc of simple curve 
ADD tr Ayan resp. B, De Deer Bas, “Up Tesp. vq. the partes 
gn resp. w, lying in t, resp. @,. We then can join D, and D,+; by 
an arc of simple curve ¢, lying entirely in the part of the inner 
region of C enclosed between d, and d,4, and moving away from 
2d u, Hv, no farther than a certain maximum distance ¢, inde- 
finitely decreasing for indefinitely increasing n. ,These ares ¢, form 
together an are of curve possessing the properties required. 

Tuvorrm +. Jf the closed curve C is divided by the Schnitte s, 
and s, of m, into two proper (Ge. not identical to C) arcs of curve 
C, and C,, then the points common to C, and C, form a non-coherent 
set of points C,,. 

Proor. Let 6, resp. 6, be the juncture belonging to s, resp. s,, 
then according to the lemma just now proved we can draw from 
a point M taken arbitrarily in the inner region of C’ to ends e, and 
e, contained in 0, resp. 6, two ares of curve which abroad from 
Wee ends are simple, do not meet each other, and lie entirely in 
the inner region of C. These arcs of curve we represent by Fr, and 
F, (see the schema in fig. 2), and the largest perfect coherent part 
of C,,, containing e, resp. ¢,, by p, resp. p,. Let Q, resp. Q, be a 
point of cx; belonging to C, but not to C,, resp. to C, but not to 
GC. Then from M to Q, and Q, we can draw paths w, and w, 
aa abroad from their ends lie entirely in the inner region of C, 
and meet neither each other nor fF, or F,. In the inner region of 
C these paths w, and w, are separated by fr, and r, 

About Q, as centre we describe a small circle x, which together 
with its inner region has no point in common with C,-+ Ff, + F,, 
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and we draw a path w', joining the infinite with a point Q’, of x,, 
and abroad from Q', lying entirely in the outer region of C as well 


a 


Fig. 2. 


as in the outer region of z,. Then w', forms together with some 
parts of w, and of the radius Q, Q', of x, a path J, joining M with 
the infinite, and abroad from M not meeting C, + r, + F,. 

In the same way we can construct a path /, joining J/ with the 
infinite, coinciding for a certain initial part with a part of w,, and 
abroad from M not meeting C, + Ff, + F,. 

As in the vicinity of M the arcs Fr, and Ff, are separated by w, 
and w,, in the complete plane e, and e, are separated by 7, + /, 
(whether 2, and /, meet each other abroad from M/ or not). 

So, since /,-++/, contains no point of C,,, also p, and p, are 
separated in the complete plane by /,-+ /,. Hence p, and p, cannot 
be identical, and C,, cannot be a continuum. 


As furthermore two finite continua whose common points form a 
non-coherent set determine more than one region in the plane’), 
from theorem + ensues immediately : 

Trrorem 5. A continuous one-one image of a closed curve divisible 
into two proper arcs of curve determines in the plane more than 
one region. 


1) This may be proved by breaking up the boundary of a region determined 
by the common points of these continua into two closed sels ¢, and cj possessing 
a finite distance from each other, and then applying the reasoning of Mathem. 
Annalen, Vol. 68, p. 430. 
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Mathematics. — “The surfaces of revolution or quadratic cylinders 
of non-Euchdean space’. By Prof. J. A. Barrav. (Com- 
municated by Prof. J. CARDINAAL). 


(Communicated in the meeting of April 28, 1911). 


In hyperbolic space each quadratic surface whose inter- 
section with the absolute quadratic surface @ degenerates into two 
conics (casuquo still farther) is surface of revolution as well as 
cylinder, in such vespect that the line of intersection of the planes 
of the products of degeneration is cylinder axis, its reciprocal polar 
line with respect to 2 avis of revolution. 

In one consideration the surface is generated as locus of a conic 
revolving round one of its axes *); in the other as locus of an invariable 
conic, of which one of the centres describes a right line, to which its 
plane always remains perpendicular, while its points describe plane 
curves. It is clear, that by assuming this definition of cylinder, that 
one as cone with vertex at infinite distance, which coincides with 
it in Euclidean geometry, is abandoned. 

Now according to the axis of revolution being metrically real (i. e. 
having a real part within 2) and therefore the cylinder axis ideal, or 
the reverse, it will be more natural to regard the surface as surface 
of revolution than as cylinder (classes A and B), whilst a transition 
class C is formed by the cases in which both axes are conjugated 
tangents to 2. 

If the surface is projectively real (i. e. metrically real or ideal) 
then the planes of the degenerations are (projectively) either real or 
conjugated complex; both axes are thus in any case projectively real. 
Each plane through the cylinder axis cuts the surface along a 
conic in double contact with 2, that is along a circle after hyper- 
bolical measure. 

If this intersection is metrically real, then it is a (finite) circle, a 
limiting circle (or circular parabola) or a line of distance, according 
to the surface being ranged in class A, C or B*). So we have a 
first system of circular sections for each surface. 

But the general quadratic surface possesses four systems of 
circular sections, namely the tangential planes to the four focal 
cones (cones in the pencil determined by 2 and the surface). 
Of these four systems two are absorbed in our case by the above- 


1) Comp. Srory: On non-Euclidean Properties of Conics (Amer. Journal of 
Mathematics, vol V, p. 358). His terminology is followed here. 
2) Some surfaces fall in more than one class. 
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mentioned first system, so in general two are still to be expected, 
which can however be ideal or imaginary (in which case ‘we shall 
not describe them) or they can coincide. 

We shall now give an enumeration of the possible types of these 
surfaces, including the cones of revolution, excluding however the 
purely ideal forms.) 


A. SURFACES OF REVOLUTION PROPER. 
Cylinder axis ideal (or indetinite), first system of (finite) circles. 


I. Both planes of degeneration metrically real. 

1. Cone of revolution with real vertex and real aais. 

2. Cone of revolution with ideal vertex and real axis. 

Has a gorge-circle with centre in the vertex of 1 and a system 
of distance lines in tangential planes to cone 1. 

3. Hyperboloid of revolution first kind. 

Two-sheeted, non rectilinear *) surface falling between 1 and the 
planes of degeneration. Divides space (inside @) into one outer 
domain (in the ordinary projective sense) and two inner domains. 

4. Hyperboloid of revolution second kind. 

Two-sheeted, non rectilinear surface falling outside the planes of 
degeneration. One inner domain, two outer domains. 

5. Hyperboloid of revolution third kind. 

One-sheeted, rectilinear surface between 1 and 2. Is generated by 
revolution of a real right line around a real axis. Has a gorge-circle 
and a system of distance lines in tangential planes to 1. 

6. Hyperboloid of revolution fourth kind. 

One-sheeted, non rectilinear surface, outside 2. Has a gorge-circle 
and two systems of distance lines, resp. in tangential planes to 
1 and 2. 

i Cie plane of deceneration metrically real 
one. toe hind 2-6, gin 2). 

7. Limiting cone of revolution (vertex in &, real axis). 

8. Hyperbolic paraboloid of revolution first kind. 

One-sheeted, non rectilinear surface between 7 and D,. Right lines 
out of P (within 7) intersect first the surface, then D,. 

9. Hyperbolic paraboloid of revolution second kind. 

One-sheeted, non rectilinear surface outside D,. Right lines out of P 
(inside 7) intersect first D, then the surface. 


1) Of course already well known forms are again included in the place where 
they fit in this classification. 
2) i.e. without real right lines. 
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10. Hyperbolic paraboloid: of revolution third kind. 

One-sheeted. non rectilinear surface outside 7. Has a system of 
distance lines in tangential planes to 7. 

Ul. One plane of degeneration metrically real, 
one ideal. 

11. Semi-hyperboloid of revolution. 

One-sheeted, non rectilinear surface. 

IV. Both planes of degeneration ideal. 

12. Elongated ellipsoid of revolution. 

Closed surface. 

V. Planes of degeneration conjugate imaginary. 

13. Flattened ellipsoid of revolution. 

Closed surface. 

VI. One plane of degeneration ideal, one touching 2. 

14. Elliptic paraboloid of revolution. 

One-sheeted, non rectilinear surface. 

VII. Both planes of degeneration touching &. 

15. Circular cylinder. 

One-sheeted, non rectilinear surface. The curve of intersection with 
Q is degenerated into a skew quadrilateral, the surface belongs also 
to B. Both axes are equivalent, the ideal one bears a pencil of sections 
along finite circles, the real one along distance lines. 

VIL Planes of degeneration ideal, coinciding. 

16. Sphere. 

Closed surface, oo? systems of finite circles. 

IX. Planes of degeneration touching” &, coins 
ciding. 

17. Limiting-sphere. 

One-sheeted, non rectilinear surface, also belonging to C; mw systems 
of circles, amongst which o' systems of limiting circles. 

X. Planes of degeneration real, coinciding. 

18. Surface of distance. 

Locus of points at fixed distance on either side of a plane. Two- 
sheeted, non rectilinear surface ; one inner domain, two outer domains. 
Belongs also to B and C; ow’ systems of circles, as well as of distance 
lines, a! systems of limiting circles. 


B. CyYLINDER-SURFACES PROPER. 
Axis of revolution ideal (or indefinite), first systems of distance lines. 
The surfaces 15 and 18. 
XI. Planes of degeneration real. 
19. Cone of revolution with ideal vertex and ideal axis. 
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Two-sheeted surface, one inner domain, two outer domains; cylinder 
with directrix degenerated into two right lines. 

In the pencil formed with @ is a second cone of the same type. 

20. Hyperbolic cylinder first kind. ’ 

Two-sheeted, non rectilinear surface. One inner domain, two outer 
domains. Possesses a second system of distance lines in tangential 
planes to one of the cones 19. 

21. Hyperbolic cylinder second kind. 

Two-sheeted rectilinear surface. Is generated by revolution of a 
real right line about an ideal axis. 

XII. Planes of degeneration conjugate imaginary, 
but not touching 2 (compare VII). 

22. Elliptic cylinder. 

One-sheeted, non rectilinear surface. In the pencil with @ is an 
ideal cone, whose tangential planes cut the surface along a system 
of finite circles. These planes make equal angles (on either side) 
with the plane of the orbit of the great axis of the directing ellipse.*) 


C. Transition Crass. 
Axes touch &, first system of limiting circles. 


The surfaces 17 and 18. 

XIII. Planes of degeneration real. 

23. Cone of revolution with ideal vertex, axis touching 2. 

24. Limiting hyperbolic paraboloid of revolution, first kind. 

One-sheeted, rectilinear surface lying between 23 and the planes 
of degeneration. Js generated by revolution of a real right line about 
an axis touching &. 

25. Limiting hyperbolic paraboloid of revolution second kind. 

One-sheeted, non rectilinear surface outside 23. Has a system of 
distance lines in tangential planes to 23. 

26. Limiting hyperbolic paraboloid of revolution third kind. 

Two-sheeted, non rectilinear surface inside 23, yet outside the planes 
of degeneration. One inner domain, two outer domains. 

XIV. One plane of degeneration real, one touching Q. 

27. Limiting semi-circular paraboloid of revolution. 

One-sheeted, non rectilinear surface. 

XV. Planes of degeneration conjugate imaginary. 

28. Limiting elliptic paraboloid of revolution. 

One-sheeted, non rectilinear surface. 


1) In Euclidean geometry this quadratic system degenerates into two linear 
systems (pencils of parallel planes). 
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In elliptie space the same considerations hold, but 2 is 
imaginary, in consequence of which the number of cases remains 
more limited. 

In the first place space is now finite —so each surface is closed. 
Then both axes are always real, so that each surface of revolution 
is as naturally a cylinder. 

Finally there exists only one real type of conic by means of which 
the surface can be generated: the ellipse. It bas three centres (of which 
one is in the inner domain) and three axes (of which one is in the 
outer domain). There is also but one type of circle. 

The surfaces possess — if nothing further is said — only the 
first system of circular sections. 

We can now distinguish : 


I. Planes of degeneration real, differing. 

1. Flattened ellipsoid of revolution. 

Non rectilinear. Is generated by revolution of the ellipse about that 
axis cutting it, which measured in the inner domain is the shortest. 


Il. Planes of degeneration real, coinciding. 

2. Sphere. 

Non rectilinear. Locus of points at fixed distance of given point, 
likewise of given plane; o systems of circular sections. 

Ill. Planes of degeneration imaginary,nottouching 2. 

3. Cone of revolution. 

4. Elongated ellipsoid of revolution. 

Non rectilinear, is generated by revolution of the ellipse about the 
longest axis in the inner domain. 

5. Elliptic cylinder. 

Rectilinear surface, is generated by revolution of the eilipse about 
the outer axis; likewise by revolution of a right line about an other 
right line, to which it is not a Clifford parallel. The tangential 
planes to the cone (of type 3) beionging to the pencil formed with 
2 form a (quadratic) second system of circular sections. 

The surface has a gorge and an equator, lying in mutually 
perpendicular surfaces. 

IV. Planes of degeneration imaginary, touching @. 

6. Circular cylinder. 

7. Rectilinear surface. Both axes are equivalent, the surface is 
generated in two ways by revolution of a circle around the outer 
axis, likewise in two ways by revolution of a line about an axis 
to which it is a Clifford parallel. It possesses two systems of circles 
(in pencils of planes through both axes). The circles of each system 
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are equal; the surface is in two ways locus of points with fixed 
distance to a given right line (each of the axes). If those two 


JT Er ven : 
— each, the surface divides elliptic space into 


4 


two congruent parts’). 


distances are equal, 


Botany. — “On the distribution of the seeds of certain species of 
Dischidia by means of a species of ant: Iridomyrmex myr- 
mecodiae Emery.” By Dr. W. Docters van LEEUWEN and 
Mrs. J. Docters VAN Lrsuwen—Reynvaan. (Communicated by 
Prof. F. A. F. C. Went). 


SCHIMPER®) in his well-known work on American epiphytes, has 
arranged these plants in a number of groups according to the methods 
by which their seeds are distributed. Obviously it is necessary for 
these plants, that their seeds should ultimately reach the places, in 
which the adult plants generally grow. The seeds of epiphytes may 
be distributed through the agency of fructivorous animals, and through 
that of the wind. The representatives of the first group are characterized 
by the possession of edible portions of the fruit or seed. Various 
members of this group are known among the orders Rubiaceae, 
Melastomaceae, Artocarpeae, ete. The wind may distribute the seeds 
if they are very light, as is the case with Orchids for instance; the 
spores of epiphytic Lycopodiaceae and Filicinae are also carried 
from tree to tree by air-currents. Other plants have seeds provided 
with a floating mechanism such as representatives of Gesneraceac 
and Asclepiadaceae. 

Among well known epiphytes belonging to the last named order 
are various species of Dischidia, of which D. Rafjlesiana has already 
been dealt with in several works. Since our arrival in Java, we 
have had repeated opportunities of observing this plant, both in its 
natural habitat and in our garden. Not only D. Rafjlesiana but 
also D. collyris and still more D. nummularia are especially abun- 
dant in the immediate neighbourhood of our present abode. On the 


1) Likewise we find elliptic space S2n+1 of an odd number of dimensions 
divided into two congruent parts by the quadratic Q2„ containing the points at fixed 


ys 
distance = 7 from a given plane Sn as well as from its reciprocal polar Sn with 


respect to Oos. 
2) A. F. W. Scumper. Die epiphytische Vegetation Amerikas. Bot. Mitt, a. d. 
Tropen, Jena 1888. 
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hills in the vicinity of Semarang, i.e. on the last off-shoots of the 
Oengaran mountain, the numerous Mangifera’s and Tectona’s are 
often completely draped with these epiphytes. They are also found 
in thousands in the teak wouds of Mankang, Djerakah, Tempoeran 
and Kedoeng Djattie. As long as three years ago when we first 
found these plants in the wild state, in the forest of Tempoeran, 
we noticed that trees over-grown by these Dischidia species, were 
full of a small davk-coloured species of ant. At the slightest touch 
the insects swarm over the trunk and the plants growing on it, and, 
in spite of their small size they can bite very unpleasantly. Since 
then we have noticed, that in numerous places, where the Dischidia’s 
occur abundantly, the same species of ant also inhabits the trees in 
large numbers. In the neighbourhood of Kediri, a small town at a 
distance of a day’s journey from Semarang, one of us also saw 
these plants in large numbers in the tops of the shade-trees of a 
coffee plantation. Attention was drawn to their presence by the faet 
that on a certain spot the coffee trees were badly attacked by a 
small species of ant, which destroyed the bark and built channels 
within it, so that a large number of coffee trees died off. It was 
found to be the species of ant already mentioned in the title. That 
there was a connexion between the life of the three above-mentioned 
species of Dischidia and the species of ant had been clear to us 
for a long time, but we were only able to discover the nature of 
this connexion in the last two rain monsoons. 

Some time ago there appeared a paper by Ripiey on symbiosis 
between plants and ants, in which this investigator states that there 
can be no question of a true symbiosis between ants and Dischidia 
Rafjflesiana. Possibly his opinion might have been different, had he 
known the connexion which exists between these ants and the seed- 
lings, although we consider that as yet there is not sufficient evidence 
to assume the existence of symbiosis. We propose to publish our 
own results on this point in a detailed paper, but as the time we 
have at our disposal for research, is limited and the portion of the 
work mentioned in the title of the present paper, forms a rounded 
off whole, we here give a brief survey of the facts we have observed. 

The seeds of Dischidia Rafjlesiana and nummularia agree comple- 
tely as to shape (we are not yet acquainted with those of D. collyris), 
but those of D. Rafjlesiana are about 1'/, times as large as those 
of D. nummularia. Both have at one end a fine pappus of long 
white hairs. The seeds are compressed laterally and have on their 
narrow side and opposite the pappus, a thin white crest, which 
contrasts strongly with the testa, which is dark brown or almost 
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black. This crest is broadest at one extremity of the seed ; it gradually 
gets narrower towards the opposite end and ceases completely about 
half way. The crest is composed of thinwalled cells containing oil 
and protein; it is clearly shown in the drawing of the seed of 
D. Rafflesiana published by Scumprr (Pl. 6 fig. 6). 

When walking on a quiet sunny day under the Mangifera’s, 
which are sometimes completely draped with the grey strands of 
D. nummularia, one sees, when the seeds are ripe, the white pappus 
floating in the currents of air. If the seeds come into contact with 
a tree, they attach themselves more or less firmly, but can also be 
carried on again. At first sight one would therefore imagine, that 
these plants are disseminated by the wind alone. In our own garden 
and in that of the High School, in which a large number of trees 
are grown, we have carried on germination experiments with the 
seeds. They were stuck by means of a little water to the trunks 
of various trees and were regularly watered during the first few 
days. The seeds germinate extremely rapidly; the seedling attaches 
itself by the lower end of the hypocoty! and after a few days the 
cotyledons already appear. (Later we hope to describe the germination 
in detail). If the seedlings are now left on the trees without being 
taken case of, ie. if they are not watered regularly, they soon begin 
to languish, although they are able to support much drought. The 
cotyledons keep crumpling up and become again turgid after a 
shower of rain. Although the past monsoon was very damp, not a 
single one of all the seeds, which were sown, survived. They all 
died off after a few weeks of drought. 

SCHIMPER writes that the seeds themselves may get down deep 
into the fissures of the trunk, but we have never observed anything 
of the kind; on the contrary the hairs of the pappus completely 
prevent the penetration of the seed itself into the fissures of the 
bark. It is further known that these plants, and especially D. Ra/- 
flesiana prefer to grow on trees with slight foliage or high up in 
the crown, so that they are exposed to the intense rays of the sun. 
It seemed to us worth while therefore to investigate in what manner 
the distribution and germination of the seeds really takes place. 

After many abortive journeys through the habitats known to us, 
we saw the first young seedlings appear on the trees at the begin- 
ning of the wet season. They all, without exception, came up from 
deep down out of the fissures in the bark. Moreover we now saw 
them arise in all sorts of places out of the channels of the /rido- 
myrmez-ant, already well known to us. The seedlings were found 
most numerous in those places where the ants build their very 
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primitive nests. Besides building between the branches and the roots 
and in the pitcher leaves of Dischidia Rafflesiana, these inseets 
make their nests from enlargements of the tunnels, which diverticula 
are built with the same bitten-off particles of bark as the tunnels 
themselves. They prefer to make these enlargements on the lower 
side of a lateral branch, where such a branch emanates from a 
thicker one, but also on the lower side of the point, where two 
thinner twigs come off together. It would of course have been very 
peculiar, if the seeds had become attached in larger numbers just 
at these places and had afterwards been covered by the ants. By 
these discoveries the problem was solved and later journeys and 
observations confirmed us more and more in our view. 

When this fact has once been noticed, it takes very little trouble 
to collect a few hundreds of seedlings or more within a short time. 
Although germination takes place very rapidly, the further growth 
is, at least in the beginning, very slow. In the teak forest of 
Tempoeran we found very good evidence that we had not been 
mistaken. Among thousands of pitcher leaves of D. Rafjlesiana we 
found a single specimen which had a narrow slit in its wall. This 
pitcher was inhabited by a large number of ants, which had divided 
its lumen into various chambers and passages. The peculiar thing 
was that from this slit there issued the two cotyledons of a seedling 
of D. nummularia, while the hypocotyl axis was long drawn out 
and grew out from the innermost part of the ant passages. 

The ants often live in large numbers on the small trees of 
Protium javanicum, which have been planted along the village 
roads and owing to continual pruning have assumed the aspect of 
pollard-willows. The widened, often half mouldered portions appear 
to be excellent nesting-places for the ants. Duschidia’s indeed grow 
on these small trees in large numbers. We do not know why, but 
in various places one finds numerous ants on one side of the road 
and none or hardly any, on the other side. Without exception there 
were in such cases numerous Dischidia’s on one side of the road 
and few on the other. It is indeed in these places that the dissemi- 
nation by ants is readily observed. We were moreover able to take 
a large number of photographs which will be reproduced in the 
more detailed publication. 

This point in the investigation was reached very rapidly but the 
principal evidence was still wanting. We had never directly observed 
the ants dragging away the seeds. Experiments made in our garden 
were unsuccessful, for the Jiridomyrmex was always driven away 
by other species of ants. But after a long and abortive search we 


were able to make more successful observations in the actual habitat 
of the plant. 

It was on the morning of a sunny day, with a very gentle breeze. 
All around us we saw the light seeds floating in the wind. Whenever 
a seed stuck to a tree at a spot, where there were ants, the latter 
soon came running up from all sides in large numbers. The small 
ants are not able to take hold of the seed itself. They pull it by 
the hairs of the pappus. Among these hairs there are two kinds: 
a large number of long ones which break off easily, and a smaller 
number of short ones, which are less fragile. First the long fragile 
hairs are pulled off by the ants seizing them with their jaws and 
pulling in all directions. Then the seed is dragged away by a small 
number of ants and is seen to disappear among the leaves and 
stems of the Dischidia’s already present. If no Dischidia’s are near, 
the seeds are drawn into the fissures of the bark and are then 
carried further. Since the ants make their tunnels in the upper, as 
well as in the lower parts of trees, the seedlings also are found 
growing in all sorts of places. The beautiful young seedlings of 
D. Rafjlesiana are found everywhere. At first they grow slowly, 
but as soon as they have become somewhat arger, long, strongly 
heliotropic, climbing stems arise, on which but few leaves are 
developed. In this way the plant soon grows up to the higher parts 
of the tree, where, as is well known, it lives by preference. D. num- 
mularia and D. collyris however also grow with equal luxuriance 
in the shade. 

In trees which are grown over in this way, the ants prefer to 
build their nests in between the Diéschidia’s. The roots of these plants 
then spread through the walls of the passages and nests, and some- 
times form thick networks. 

We thus arrive at the following conclusions: 

1. that the seedlings which simply germinate on the trees without 
further intervention have a languishing existence. 


2. that the healthy seedlings are to be found in the passages or 
nests of a certain species of ant. 
3. that these ants drag away the seeds. 


+. that the distribution of D. Rafjlesiana and nummularia (and 
also of D. collyris, in which species we have not yet, however, 
observed the dragging away of the seeds) corresponds with the 
distribution of a species of ant. In the environs of Kediri, Semarang, 
Djerakah, Mangkang, Kedoeng Djattie, Tempoeran, Pekalongan and 
Koeripan this species is /ridomyrmex myrmecodiae Emery. It is of 
ki 
Proceedings Royal Acad. Amsterdam. Vol. XIV. 


( 158 ) 


course quite possible that in other places a different species of ant 
takes over the function of /ridomyrmex. 

The ants have been determined by professor Forrer, through the 
intervention of Mr. Jacospson; professor Foren further states, that 
this species of ant inhabits in large numbers the tubers of Myrme- 
codia and Hydnophytum, a fact which we ourselves could observe 
in plants from Tjilatjap and Buitenzorg. Another species of Dischidia, 
namely D. sagittata Decaisne, which we found in large numbers on 
Hibiscus tiliaceus on the sea shore at Koeripan, germinates and grows 
on the trees in our garden more readily than the two other species. 
So far we could not find here any trace of myrmecophilous disse- 
mination. In addition to their being distributed by ants, the three 
Dischidias Rafjlesiana, collyris and nummularia agree with one 
another in a variety of other points. We hope to be able to show 


this later. 


Physics. — ‘“/sotherms of monatomic substances and of their binary 
murtures. X. The behaviour of argon with respect to the law 
of corresponding states.” (Continued). By Prof. H. KAMERLINGH 
Onnes and C. A. CROMMELIN. Comm. N°. 121° from the 


Physical Laboratory at Leiden. 


(Communicated in the meeting of May 27, 1911). 


§ 4. Comparison of argon isotherms with those obtained from the 
mean reduced equation of state, and with those for isopentane. 

Two tables which we have already published, one of them *) 
containing the individual virial coefficients for argon calculated from 
the experimental results, and the other*) the corresponding coefficients 
deduced from the mean reduced equation of state VII.1 afford, on 
comparison with each other, a means of determining the behaviour 
of argon with respect to the law of corresponding states. Of this 
behaviour, which finds expression in systematic deviations from VILA 
we have tried in Plate I to give a comprehensive representation 
which seems to us a suitable manner of giving striking expression 
to the characteristic deviation of the reduced equation of state for 
the monatomic substance argon from the reduced mean equation for 
er ee ae Ld 

1) Proc. Ac. Amsterdam, Dee. 1910. Comm. N°. 1185 Table II. 

2) Proc. Ac. Amsterdam, March 1911. Comm. NO. 120a Table [. 
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the normal substances in general and from that for isopentane in 
particular. *) 

Our previous diagram’) referred to a much smaller region of 
temperature than that embraced by the present one, for it extended 
only from /ogt=0 to +0.06, and from /og4v=—1.8 to —3.2. 
For the construction in tbe region above the critical temperature 
and in the region of unsaturated vapour of the diagram now given 
we may refer to §2 of our previous paper. In these regions percen- 
tage*) deviations of pv from the values of pr obtained from VII. 1 
are again plotted as functions of /og4» and arranged according to 
logt. In the liquid region deviations in v at any temperattire occasion 
very much larger deviations in pr, so much so that it would be 
impossible to show at the same time in a single diagram percentage 
deviations of pr in both the liquid and gaseous states. This difficulty 
has been avoided by taking Ar *} in percent of » °) calculated from 
VII. 1 in the region of small volumes") as the deviations and plotting 


1) With reference to the list of values of f published on page 1019 of our 
previous paper (IX of this series, Proc. March 1911, Comm. N°. 120a) we may 
remark that these values were obtained by substituting the vapour pressures and 
the corresponding temperatures along with 7k and pk of Proc. May 1910, Comm. 
N°. 115 in the VAN DER WAALS vapour pressure formula, and that in these values 
of f in the neighbourhood of the critical temperature errors of observation are 
magnified. To diminish the influence of observation errors upon the deduction of 
the course of f in the neighbourhood of the critical temperature the observations 
can be adjusted by means of a vapour pressure formula which is in good agree- 
ment with the real values, and from these smoothed values the value of f 
fer every temperature may be calculated. This was the treatment adopted in 
Comm. N’. 115, Proc. May 1910, and for the critical point was then deduced 

Tk (ep ae ; ‘ : f 
f= Pk an = 5.712, which by using common logarithms in the vapour pressure 
formula as was done in Comm. NY. 120a becomes 2.481; it must therefore be 
concluded that f between — 140° C. and the critical point gradually increases in 
value from 2.415 to 2.481 or in natural logarithms from 5.561 to 5.712. 

In this connection compare J. D. vaN DER WAALS, Proc. April 1911. 

*) Proc. March 1911 Comm. N°. 120a. 

3) 1°/) corresponds to 2 mm. on the diagram. 

4) Proc. June 1901, Comm. NC. 71 § 6 and Arch. Néerl. (2) 6. 874. 1901. 
Comm. NU. 74 § 4. 

5) The symbol A will always be used to represent the difference between the 
observed value of a magnitude and the corresponding value deduced from VII. 1, 
eg. AVV VM - 


. . v . . . 
6) The evaluation of , Apv having already been calculated, is made in the 


7 
tee . ad(logr) . 
following practical fashion: the quantity — —— is evaluated along the isotherms 


d (pv) 
AL 
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these as ordinates taking the corresponding line belonging to log t 
as abscissa axis. 

In one strip of the diagram going from the critical state towards 
Apr) 
„100 


higher temperatures and larger volumes the graphs of — 
pv 


Av 
and — 100 are the same. On the larger volumes side of this strip 
5 


the first method was chosen and on the smaller volumes side the 
second. It appears that in this way a comprehensive representation 
of the differences between the isotherms may be obtained for the 
whole region. *) ®). 

Only boundary curves and diameters *) obtained from experimental 
data are shown, and those which would be obtained from VII. 4 
are omitted. The reason for this is that the determination of these 
curves from VII. 1 necessitating a very prolonged calculation, has 
not yet been completed. 


either by drawing tangents or by linear interpolation between the observations or 
by calculation from VII. 1; of the three methods the last is to be preferred. It is 
now assumed that the VIL 1. isotherms are practically parallel to the experimental 
isotherms — indeed, the last method is based upon this hypothesis — and we 
may, therefore, write 


d (log v) = A (log v) 


d (pv) A (pr) 
(see note 5 on page 159). This assumplion is correct to sufficient approximation 
and is legitimate at all events where it is only a question of giving expression to 
systematic changes in the differences, so that rigorously care has to he taken only 
that they are always subjected to the same perfectly definite treatiaent. The above 


d (log v Av 
Ay Ji VAN (pv) = log (: + = 
d (pr) v 


A EAC) : 
from which — is easily obtained. 
Ü 


now becomes 


1) Since observations upon argon in the region of great densities are not yet 
available we shall no further discuss the exact shape of this strip. 

2) In our choice and development of this manner of presenting the results we 
have gratefully availed ourselves of the experience gained by Mrs. VAN RHEEDT- 
ORTLAND, née SILLEVIS in earlier calculations and constructions. 

3) For abscissae of points on the diameters we have taken values of the quantity 


log in which volumes are expressed in the theoretical normal 


volume as unit. 
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The boundary curve for argon has been lengthened on the liquid 
side by means of Bary and Donnan’s observations in the neighbour- 
hood of the boiling point. 

We mentioned in our former paper that the introduction of the 

3 Pk 

quantity Av = 7) enabled us to leave entirely ont of account the 
value of the eritical volume deduced for isopentane from the diameter 
: ; Op dp 
law *), and for argon from the equation (GE) = (5). The same 
v.k. ( coux.k. 
principle has been also utilised in drawing the whole of the accom- 
panying diagram with the exception of the eritical points themselves 
(marked % on the diagram) which here appear as points of contact 
between the experimental boundary curves and the critical tempe- 
rature axis. 

From the diagram it is quite evident that the various differences 
between argon and ordinary normal substances, in particular isopentane 
are systematically connected over the whole region, and that we 
must ascribe the appearance of this difference graph to a definite 
cause common to the various deviations. We may obviously look 
for this cause in the hypothesis that the monatomic argon molecule 
is less compressible than the poly-atomie isopentane molecule. This 
circumstance is clearly shown at the smaller volumes. Along the 
whole of the liquid branch of the boundary curve the argon volume 


: PUK = : = . 
1) The quantity > =o (see Proc. June 1901 Comm. No. 71) which was used 
k 
; CY ae tue 
in our former paper is connected with the quantity AK,—=—— by the simple re- 
Pkök 

R AN 

lation A = Ke . The property that —— is from the point of view of the law of 
4 PY 


corresponding states an invariant was first utilised in Proc. Sept. 1900 Comm. 
N°. 59a, while in Arch. néerl. (2) 5. 644. 1900 Comm. N°. 65 it was first applied 
to mixtures. In Arch. néerl. (2). 5. 665. 1950 (Comm. N’. 66 and Proc. Jan. 1904 
it appeared as C, along with the quantities C, C, C; which had been introduced 
before, and which, from the point of view of the law of corresponding states, are 
alse invariants. In Proc. March 1911, Comm. 1204 and Proc. Febr. 1911, Comin. 
N°. 117 Ky, is written for C, to prevent confusion with the coefficient C of the 
general equation of state, and in future this change will be continued. 

Comp. also Pu. A. Guve, Ann. d. Chim, e. d. phys. (6), 21, 211, 1890 and Arch. 
d. Sc. phys. e. nat. (3), 23, 204, 1890. 

2) As Plate IL of this paper we print an improved block of the diameter graph 
(see Proc. Dee. 1910, Comm. N’. 118a, and CG. A. GROMMELIN, Diss. Leiden 1910) 
as certain inaccuracies appeared unnoticed in the original block. 


(162 ) 


is greater than the isopentane volume, and this is in agreement with 
the values which we found for A, and ay viz. 


K, (argon) = 3.28 while 
K, (isopentane) = 3.73 ; 
ay (argon) = 0.9027 while 


am (isopentane) = 0.8923 *). 


The most obvious explanation of these larger values for argon is to 
ascribe them to the absence in argon of the usual compressibility of the 
molecules of normal substances.*) Indeed, taking for the moment the van 


Rv ' 
per Waats isotherms 4=— that is to say, a constant (i.e. independent 


8b 
of the temperature) displacement of /og 40 means that 5 is increased 
or decreased in a definite ratio. Looked at from this point of view 
the accompanying diagram gives immediate experimental expression 
to the fact that the argon molecule is less compressible than the 
molecule of an ordinary normal substance. From this it is probable 
that the differences between the values of A, and of ay must also 
be ascribed to the same cause. 

The question still remains if we are here dealing with an actual 


1) It is worth noting the appearance of the vapour branch for argon which, in 
this diagram, almost coincides with that for isopentane. If we imagine a reduced 
GrBBs surface on tie one hand for argon, on the other for isopentane, then for 
argon the liquid crest is displaced towards the side of larger volumes, aud in the 
vapour region the surfaces take a different form on account of the deviations of 
the isotherms. The two causes, therefore, in conjunction with a raising of the 
liquid crest must so operate that a coincidence of the vapour branches of the 
boundary curves is obtained. 

2) As will be shown in an article by H. Kamervinan Onnes and W. H. Keesom 
on the equation of state and its graphical treatment which will shortly appear in 
the Encyclopaedie der mathematischen Wissenschaften, differences between 
the surfaces of state for various substances such as have here been found to 
exist between argon and isopentane may also be brought about by a difference 
in the distribution round the molecule of the mean attraction potential, for 
example, by a difference in the ratio between the halving distances (i.e. distances 
over which the potential is diminished by half) to the radius of the molecule 
supposed spherical with which, according to the latest considerations put forward 
by van per Waats, should be connected a varying degree of apparent association. 
On the other hand such a difference in distribution of the attraction potential could 
depend on a difference in the molecular shape; it might, for instance, be that 
with spheroidal molecules either prelate or oblate the possibility of elcser racking 
may give rise to an overlapping of more concentrated parts of the corresponding 
fields of force, which would conduce to the development of a greater attraction 
virial (and consequently also to a higher value of the critical temperature.) 

Cf. also Proc. March 1911, Comm. N”. 119. 
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smaller molecular compressibility, or with phenomena which would 
result from appreciable deviations from true spheres in the shape of 
the molecules, which couid therefore, at higher densities, be packed 
more closely than would be possible with spheres, of which the 
radius is equal to the average radius, which is to be ascribed to the 
molecules in the gaseous state. For isopentane, then, a prolate molecule 
might be assumed. But since carbon dioxide also belongs to the 
substances under consideration which agree well with VII.1, and as 
it is not necessary to assume for it a molecule which is either 
particularly prolate or particularly oblate, the diagram seems to show 
that in this case it is really molecular incompressibility which deter- 
mines the behaviour of argon. 


Physics. — “/sotherms of monatomic substances and of their binary 
mixtures. NI, Remarks upon the critical temperature of neon 
and upon the melting point of oxygen.” By Prof. H. Kamerrixcn 
Onnes and C. A. CROMMELIN. Comm. N°. 121¢ from the physical 
Laboratory at Leiden. 


bi 


(Communicated in the meeting of May 27. 1911). 


For some time past we have been busy with an investigation of 
the equation of state for neon in which a place of importance is 
taken by the isotherms for the temperatures which are repeatedly 
used with liquid oxygen in our cryostat, viz. —182° C. to —217° C. 
It is obvious that for the purpose of this branch of the investigation 
one should be able to take advantage of a knowledge of the critical 
temperature. 

Before, therefore, proceeding to determine a series of isotherms 
which would be specially arranged with a view to the deduction of 
the critical temperature from these isotherms — which is the obvious 
method of obtaining a reliable estimate when the direct determination 
cannot be made with a bath of liquid oxygen — we have first 
ascertained if the critical temperature of neon lies above or below 
the melting point of oxygen. Such an investigation is necessary because 
the critical temperature of neon is not yet definitely known, and the 
estimates which have been made of it differ widely. TRAVvERS, SENTER 
and JacquERop'), who start with the assumption that the critical 
temperature of neon must lie below — 213°C. obtain the value 
— 223° C., while A. O. Rankine found a short time ago from two 


1) M. W. TRAveERS, G. SENTER and A. JAcquEROD, Phil. Trans. A. 200, 105, 1902 
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different methods the two values — 210°.4 C.1) and — 212°.0C. ®) 

For the melting point of oxygen EsTREICHER") gives — 227°C. 
Relying upon these data, therefore, one should be able to determine 
the critical constants for neon by using a cryostat containing oxygen 
cooled by means of liquid hydrogen to the neighbourhood of its 
melting point. Indeed, if Rankinn’s estimates are correct we should 
be able to attain the desired temperature by means of oxygen boiling 
under greatly reduced pressure, by means of which temperatures are 
usually obtained down to about + — 217°C. 

Experiment has shown that both deductions are incorrect. 

A cryostat *) consisting of a partly silvered vacuum glass and 
containing not only the piezometer reservoir full of neon but also a 
platinum resistance thermometer and a valved stirrer was filled with 
liquid oxygen and was connected to a BurckHarpr vacuum pump of 
great capacity. To minimise as far as possible heat exchange with 
the surroundings this cryostat was surrounded by a vacuum glass 
containing liquid air. 

When the pressure in the cryostat had been diminished to 1 mm. 
we noticed that the liquid oxygen was covered with a crust of solid 
oxygen. A small increase in the pressure caused the solid oxygen to 
distribute itself throughout the liquid in the form of small transparent 
pieces (erystals?). As long as these pieces were kept in continual 
motion in the liquid by means of the stirrer a constant temperature 
of — 218°.4 C. was observed. Gradual compression of the neon to 
60 atm. did not give rise to any trace of liquid in the neon piezo- 
meter nor did a gradual expansion from 60 atm. to atmospheric 
pressure. From this we may conclude that the critical temperature 


of neon lies at least some degrees below — 218°C., and that there- 
fore the determination of the critical temperature had, in the meantime, 
better be made from the isotherms below — 200° C. 


The result obtained for the melting point of oxygen is surprising. 
The difference between our value’) and that given by ESsTREICHER 
can, however, be simply explained from the description of his expert- 
ment given by Esrreicner in which he himself moreover declares 
that it is quite possible that his result lies somewhat too low. In 
his experiment half of the helium thermometer reservoir was in oxygen 


1) A. O. Rankine, Proc. R. S. A. 84. p. 190. 

2) A. O. RANKINE. Phil. Mag. Jan. 1911. 

3) T. EsrRreicHER. Bull. A. Se. Cracovie. Dec. 1903. 

t) Proc. Febr. March 4903. Comm. N’. 83. 

5) We hope to shortly communicate the results of a determination more accurate 
than this preliminary measurement. 
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frozen solid over liquid hydrogen. It is quite probable that the tem- 
perature of that solid phase lay much lower than the true melting 
point of oxygen. 

We gratefully acknowledge our indebtedness to Mr. G. Horsr. who 
was kind enough to undertake the measurement and calculation of 
the above temperatures. 


Physiology. — “On different vagus effects upon the heart investigated 
Dy means of electrocardiography.” By W. Einruover and 
J. H. Wieringa. 


A number of electrocardiograms give evidence, that different effects 
on the heart action can be obtained by vagus stimulation in dogs. 
Not only the frequeney of the heart beats is diminished by stimulation of 
a vagus nerve, but at the same time the auricle contractions are 
weakened and often modified. 

There can be produced a partial block, i.e. that not every auricle 
contraction is followed by a ventricle one, as in normal circumstances. 
but that two or more auricle contractions precede a single ventricle 
systole. 

There can appear a complete block, auricies and ventricles beating 
in their own rhythm. 

The conduction through the right branch of the auriculo-ventricular 
bundie can be impeded, effecting an atypical systole. In these circum- 
stances the ventricle electrogram shows the shape of the atypical 
electrograms, which are produced by stimulation of the left branch of 
the bundle. 

It also happens, that the conduction through the left branch of 
the bundle is impeded, atypical electrocardiograms being recorded 
of the opposite form. 

There finally can be produced impediments that either affect one 
of the branches of the bundle partially or that are not purely isolated 
in that branch. In these cases there appear ventricle electrograms, 
the shape of which differs from those described. 

The different effects of vagus stimulation are explained in the 
simplest way by assuming, that there are various knots of fibres in 
the trunk of that nerve, some of which being connected with the 
auricles, some others with the node of Ascuorr-TAWARA and again 
others with each branch of the bundle. If some fibres react more 
strongly than other fibres upon a stimulus, the heart action wil! 
be modified in a special way, every knot of fibres producing its 
own peculiar effect. 
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It is perhaps also possible to explain the phenomena in an other 
way. It might be assumed, that only one knot of similar fibres con- 
nects the heart with the bulb. If the heart were expesed to no 
other influences, the stimulation of these fibres would always have 
the same effect, i.e. a decrease of the frequency of the heart beats 
or a standstill of the heart. But we have to take into consideration, 
that as a matter of fact in normal conditions there are still other 
influences which affect the heart, e. g. those, which are brought 
about by the accelerator nerves. And the variations in the excitatory 
state of these nerves might perhaps produce all the differences in 
the effects of vagus stimulation. 

This explanation, which in our opinion is a less probable one, 
can be tested, if our experiments are repeated with this difference, 
that previously the nn. accelerantes are sectioned. 

The detailed account of our investigation will be published elsewhere. 


Microbiology. — “Vhermo-tolerant lipase’. By Dr. N. li. SOANGEN. 
(Communicated by Prof. 5. HOOGEWERFF). 


. 


Thermo-tolerant lipase means in this communication a fat-splitting 
enzyme able to resist a temperature of 100°C. during 5 minutes 
without being decomposed. 

Thermo-tolerant lipase is secreted by the microbes of the group 
of. B. fluorescens lique faciens, to which in this relation are also 
reckoned B. punctatum, B. pyocyneum and B. liquefaciéns albus. 
The enzyme is not formed by the group of B. lipolyticum, B. stutzeri, 
B. jluorescens non-liquefaciëns, neither by Oidium lactis, Aspergillus 
niger, Penicillium glaucum, and Cladosporium butyrt, all of which 
secrete a fat-splitting enzyme which decomposes already at 80° C. 

The most convenient medium for the above melting bacteria is 
broth with 3 °/, peptone, the cultivation being successfully effected 
in Ertenmeyer flasks under aërobie conditions at + 23°C. 

When such a medium is inoculated with one of the said melting 
bacteria the microbes will after six days’ cultivation have secreted 
a considerable quantity of lipase so that the culture liquid in a 
fatted tube at 30° C. shows the lipase reaction already after 1 hour. 

The following investigations are made with cultures aged 6—10 
days. 


Experiments on the decomposition of the microbic lipase by influences 
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of temperature proved that the fat-splitting enzyme of the group of 
the melting fluorescents is able to resist very high temperatures. 

The quantity of lipase which is still active after heating at a given 
temperature and for a fixed time can be quantitatively estimated 
by titration of the fatty acids splitted off from the fat by this lipase. 

By means of fatted tubes the quantity of lipase still active in the 
culture can be computed by comparison with more or less heated 
preparations as the degree of decoloration of the fat in the tubes 
corresponds with the vigour of the lipase preparations, provided 
their alkalinity be the same. 

The first experiments on the decomposition of the lipase by the 
action of high temperatures were made at 
ducted as follows. 


ad 


15° C. and were con- 


In a water-bath of 75°C. sterile test-tubes were placed filled with 
LO cM® of a culture containing lipase. The niveau in the tubes was 
about 3 eM. below that of the water-bath. 

After 2 minutes the liquid in the tubes has adopted the tempera- 
ture of the water-bath, so that from that moment the heating is 
reckoned to begin. The heating of the culture liquid in the series 
of test-tubes lasted respectively 10, 20, 30, 40, 50 and 60 minutes; 
the contents were then, after quickly cooling, poured over into a 
fatted tube which was subsequently kept at 30°C. for 24 hours. 

When comparing the intensity of the decoloration of the fat in 
the tubes we could state that the lipase was only slightly decom- 
posed. Even heating of an hour at 75° C. caused but a slight decrease 
of activity of the lipase. Analogous experiments at 84°—85° C. 
showed that after an hour’s heating a considerable portion of the 
lipase had still remained active; after 40 minutes, however, a 
distinct decrease of the action of the enzyme could be stated. 

These facts show already that the lipase of the group of B. /fuor- 
escens liquefaciéns resists higher temperatures than other enzymes, 
such as diastase, catalase, urease, trypsine, etc, all of whieh are 
decomposed after being heated during 30 minutes at 75° C. 

The following experiments will prove that the enzyme of the 
melting fluorescents resists still considerably higher temperatures. 

Heating of the lipase from 96°— 97° 

On 13 May 1911 a series of tubes with culture liquid were placed 
in a water-bath at 96°—97°. After a fixed time they were quickly 
cooled and the liquid was poured into fatted tubes. After 24 hours 
at 30° the action on the fat was stated. 
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Decoloration of the fatted tubes 
on 14 May: 


N 1 after 10 minutes white; a little less than 00. 
ay Barre, | oO white; less than 1. 

Ero Yt 0 ve white; much less than 1. 

ln ee e white; slightly attacked. 
te tee WBO * hardly perceptibly attacked. 
en lb eneen OO ~ unchanged. 

,, 00 was not heated white 

, 0 boiled 1 minute. white like OO. 


Analogous experiments made on 15, 20, and 24 May gave similar 
results. 

It is clear that the enzyme resists heating from 96°—97° during 
10 minutes, just as short boiling, without being perceptibly decomposed. 

It is remarkable that the action of the enzyme of the boiled culture 
is often more intense than that of the non-boiled ; this must probably 
be ascribed to the fact that after ebullition the diffusion of the lipase 
from the dead bacterial bodies proceeds more readily, which is in 
accordance with the observation that the precipitate of boiled cultures 
splits more vigorously than the clear liquid above it. 

The following experiments were made with boiled lipase on 1 May. 

Four ERLENMEYER flasks of 100 cM® capacity were each provided 
with 1 gram of fat, 10 eM?'/,N natrium carbonate solution and 
0.6 eM* calcium chlorid, just strong enough to convert all the natrium 
carbonate. By boiling the contents of the flasks, then quickly cooling it 
while shaking, the fat is very finely dispersed through the liquid; 
the calcium carbonate is for the greater part enclosed in the particles 
of fat. 

Now 60 cM® of a non-heated culture were added to flasks N. 0 
and N. 1; to N. 2 60 cM’ of a culture boiled during one minute, 
and to N. 3 the same quantity of a culture boiled 5 minutes. 

N. 0 used 41 cM?’ '/,, N acid for the neutralisation. 

N. 1, 2, and 3, placed for 24 hours at 37° were titrated on 2 May 
and gave the results expressed in the following figures. 


Number of eM? */,, N acid for the Splitted fat. 
neutralisation of the cultures. 
N. 0. On 1 May 41 
| 2 May 30 + 1/, gram 
Din, ee nt ke eer ae 
Si tes 34 = "Wa ” 
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Consequently the lipase is not decomposed when boiled one minute; 
this is the case after 5 minutes’ boiling. 

It is noteworthy that the quantity of fat splitted by non-heated 
and by boiled cultures is the same, from which fact it may be 
inferred that the microbes of the group of melting fluorescents produce 
only one lipase, namely thermo-tolerant lipase. 


Determination of the velocity of the decomposition of lipase by 
heating at 99°— 100° C. 


These experiments were effected just in the same way as those 
with boiled lipase on 1 May. 


Quantity of fatty Decoloration 
7 June 1911 acid formed, expressed of the 
ENE Te NT fatted tubes 
N. 00. Non-heated lipase 25 white 
, 0. Heated 1 minute 24 white 
Seales | os + Somos 22 white 
el : ze nl 19 less white than 1 
BVA oh NEE 5 best 42 much less white than 1 
ee a percent) Kn 5) still distinctly decoloured 
ark Oe i aa) ae 0 perceptibly attacked 
Karan 50 el) NS 0 unchanged. 


Consequently thermo-tolerant lipase resists heating at 99°—100° C. 
during 5 minutes without losing a considerable part of its activity. 
If the heating is prolonged the velocity of the decomposition increases 
very much so that after 25 minutes’ heating the enzyme is quite 
destroyed. ; 


Influence of acids on the fat-splitting by thermo-tolerant lipase. 


From a series of investigations conducted in the same way as 
those with ordinary lipase described in a previous communication, 
followed that thermo-tolerant lipase is still more sensible to acids 
than the former. Already in a medium of */,,, N acid the enzyme 
splits hardly any fat, whereas ordinary lipase splits still feebly in 
a*/., N acid liquid. 

Neutralisation of an acidified thermo-tolerant lipase culture renders 
the enzyme again active; but when the thermo-tolerant lipase is 
boiled in a very feebly acid medium the enzyme is quite destroyed, 
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It is very peculiar that finely divided non-volatile acids, e. g. 
stearic acid, render the lipase already inactive in a culture liquid. 
If thus we add finely divided stearic acid to a boiled fluorescens 
liquefaciéns culture it splits no more fat. When we now filtrate the 
fatty acid, the filtrate contains very little or no lipase, but it is 
bound to the, fatty acid on the filter and can again become active 
by neutralisation of the acid. 

Lipase can thus be almost quantitatively removed from a liquid 
by means of finely divided fatty acid. 

The lipase is not, however, bound to the fatty acid if the liquid 
which contains it reacts feebly acid. If then the fatty acid is filtrated 
off, the filtrate contains the lipase, which after neutralisation of the 
former again becomes active. 


From this investigation follows that the group of the melting 
fluorescents secrete a fat-splitting enzyme which tolerates heating 
from 99°—100° C. for 5 minutes, or a minute’s boiling without 
being perceptibly decomposed. This enzyme is called thermo-tolerant 
lipase. 

It is by this property distinguished from the enzymes known ull 
now and likewise from the lipase formed by the group of B. lipo- 
lyticum, B. stutzeri, B. fluorescens non liquefaciéns, and from that 
of the moulds: Oidium lactis, Penicillium glaucum, Aspergillus niger 
and Cladosporium butyri. 

The properties of the lipase of the latter micro-organisms and those 
of the thermo-tolerant lipase exhibit for the rest a great similarity 
as is shown by the way of diffusion through agar and gelatin media, 
and by the behaviour of both enzymes towards soluble acids and 
non-volatile fatty acids. 


Chemistry. — “On retrogressive melting-point lines.” (Second Com- 
munication) By Prof. A. Smirs. (Communicated by Prof. J. D. 
VAN DER WAALS.) 
(Communicated in the meeting of May 27, 1911). 


Introduction. 

In my first paper on this subject*) 1 started the discussion of 
retrogressive melting-point lines in the system H,O—Na,SO,, which 
discussion will now be completed, and improved in a single point. 

To reach a stricter accuracy in my reasoning I will now derive 


1) These Proc. Sept. (1909) p. 227. 
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the equation of the melting-point ‘line at varying vapour pressure 
from the differential equations drawn up by van per Waars for 
two-phase equilibria in a binary system, 

If we combine the following two equations: 


eG 
ver dp En (ws = vy) 5 7 ) day + Yo dT ofc tet! Sma 
RPT 
and 
O5 


Le. if we seek the intersection of the two liquid surfaces, we get 
an equation for the three phase equilibrium S+ L+G. If as 
; 4 i aor) De, vk dp ’ 
here, we want to find the equation of —-, we eliminate —, which 

dt dt 
quantity for the equilibrium between liquid and vapour in the case 
under consideration is equal to that for the equilibrium between 
solid and liquid. 
So from the equations (1) and (2) follows: 


Ol 
de, 1 Wier gn ge 
i end (oe) (ese) OL — (eg )Psr 
00?) / pr 


If finally instead of the decrease of entropy we write the develop- 
ment of heat divided by the absolute temperature, we get the 
equation which will be applied in the further discussion. 

As we wish to apply this equation up to temperatures at which 
critical phenomena appear, it deserves recommendation to write vp 
and wy instead of Vr and w,, SO that the equation takes the 
following form: 


re VE Phn 
a, dt, 1 OL: Psf fte 


de ( 025 \ (vs —w,) hp (ye) 
\ Ow 2 P TT 


) vsp “) 


Now with regard to the sign of the quantities v,, and w‚s, we 
must refer to the relation indicated by the equation: 


Og; . 
Waf = 7 L ica) | af HK. (Caple <4) ce, we ye 144) 


in which (& 7), denotes the loss of energy that takes place when 
1 gr. mol. of the solid phase is dissolved in an infinitely large 


quantity of the coexisting fluid phase, the volume remainmg constant. 

It may be said of this quantity that it is negative as a rule, and 
so, that during the process mentioned no loss of energy, but increase 
of energy takes place, and that this negative value is generally so 
great, that it far exceeds the first term of the second member of 
equation (4), which is generally negative, but which can also be 
positive, so that ay is negative. 

Yet this is not a/ways the case. In the first place an exothermal 
chemical reaction may take place during the solution of the solid 
phase in consequence of which the energy at constant volume does 
not increase, but decrease, so that (Ep), becomes positive, and when 
this term exceeds the negative value of the first term, wp is positive. 

As the reaction is here an exothermal one, the chemical equilibrium 
will be shifted in the endothermal direction witb rise of temperature, 
in consequence of which (ep), will become less strongly positive, and 
can finally become negative again. A consequence of this it will be that 
Wy passes through zero at rise of temperature, after which it becomes 
negative again. 

In the second place, as vaN DER Waars Sr. 


) showed, it may be 


Ve 


‘ 
derived from the course of the isobars ( ) that the line vri 
Uv P 


gets outside the connodal line in the neighbourhood of the plaitpoint 
(L=G-+S). As now this quantity is negative outside the locus 
vss—= 0, whereas it has a positive value inside it till the line 


—— == 0 is reached, where it increases up te oo and becomes again 


negative inside this latter locus, we can predict that in the neigh- 
bourhood of the mentioned plaitpoint the quantity v. can assume 
rather high positive values i the stable region. 

def . , 

In this case the term E +- CNE will begin to preponderate, 
and this too may bring about that the quantity w‚j becomes zero, 
and then negative, but this reversal of sign is confined to the critical 
neighbourhood, whereas the reversal discussed in the first place is only 
possible, when the phenomenon of solution is accompanied by an 
exothermal chemical reaction. 


Let us once more consider after this introduction how to explam 
the phenomena observed for the system H,O — Na,SQ,. 


1) These Proc. Oct. 1903, p. 230, Nov. 1903, p. 357. 
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If we begin with the melting-point line of Na,SO,.10H,O, we 
observe that the quantity vsr, which stands here instead of vj, is 


Wie. tf. 
negative, whereas w, and vg are positive, and as wer Vgi > WglVsf, 
the numerator of equation (8) is positive. 
In the denominator «,—a, is negative, but in spite of this the 
denominator is positive because of the great value of v,/. 


Numerator and denominator are positive, and (; ; ) is positive 
al /pTr 


da, me 
in the stable region, so that DEE is positive. 
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At the transition temperature of the hydrate Na, SO,.10H,O 
intersection takes place of the melting-point line of this hydrate and 
that of the anhydrous salt and now the remarkable fact occurs, that 
the melting point line of the anhydrous salt is a retrogressive one. 

If we now for the present fix our attention on the temperature of 
the transition point, the hydrate and the anhydrous salt are in equi- 
librium with the same solution and with the same vapour; so wf 
refers to the same fluid phase for these two solid substances, and 
now it is the question whether this quantity wss can have another 
sien for the anhydrous salt than for the hydrate. 

It is natural to assume that the solution in equilibrium with the 
solid hydrate, contains hydrated molecules, and when this is so, the 
quantity ws; may greatly deviate for the anhydride from that for 
the hydrate, for then as was said before, (és), can become positive 
in consequence of the chemical reaction, on account of which zy tov 
can assume a positive value. 

In this case the numerator is negative, whereas the denominator 


Meh re 
has remained positive, in consequence of which ae has become 
ad 


negative. 

So the fact that the melting point line of the anhydrous salt is at 
first really retrogressive is an indirect proof for the presence of 
hydrated molecules in the solution discussed here. 

Now we see further that the melting-point line of the anhydride 
bends again to the right at higher temperature, and so it takes a 
course to the right. 

This too, might be anticipated, as was set forth in the intro- 
duction, for at rise of temperature the hydration will decrease, 
and with it (er), will become smaller and smaller positive, pass 
through zero, and finally assume again a negative value. SO wf 
too will pass through -zero, and become negative again, and a 
consequence of this will be that for a certain negative value of we; the 


dx| : 
numerator becomes zero, and so also 7 re so that the melting-point 
line gets a vertical tangent. 


day . i: 
Above this temperature Te is again positive, and it would have 


5 . dx) 
been possible that as far as the sign of 7 7 was concerned, no 


more change had occurred up to the melting point of Na, SO. It 
however, like here, we are dealing with a system of the type of 
ether—anthraquinone, we must get the case already mentioned in 
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the introduction, and the melting point line must approach the plait 
(G@= L) with rise of temperature. But we know that v,. passes 
through zero at this approach and becomes greater and greater 
positive, which has the consequence that also w‚r can pass through 
zero, after which it continually increases in positive value. 

Now it follows from equation (4) that a, becomes zero for a 
positive value of usr. So if vse =O, wey has still a negative value: 
so at that moment numerator and denominator are still positive. 
This is also still the case when vsy is positive and w,, still negative, 
but on approach to the piaitpoint v‚f continually increases in positive 
value, in consequence of which w‚p also becomes positive, and then 
for a certain positive value of v,¢ and corresponding positive value 
of w‚s, the numerator will become = zero, in consequence of which 
the melting point line gets a vertical tangent for the second time. 

Above this point w,¢.vgz begins to exceed more and more the 
first term wr . Vs, the denominator becoming smaller, so that 
aoe becomes larger and larger negative, and the melting point line 
‘becomes more retrograde, till the plaitpoint has been reached, at 
which numerator and denominator become —0O. But as then also 


arg ) 
dw, pr 


dx| 


‘ih will be: ===. 


Y 


It is of importance to point out here, that the positive sign of 
wer at the critical end-point p also follows from the circumstance 
that for a critical end-point, for which: 


WL VgL 
— and =H) 
CUL Ug—L], 
follows from equations (1) and (2), 
7 GPA, be _ Wsf 
hE & * 


or in words, that the line for the equilibrium between solid-fluid at 
constant x eee the three-phase line just in the plaitpoint p. 


As now 7 Dn is positive in this point, while v‚f is also positive, 
ap 
it follows from this that also w‚f must have a positive value in the 


12% 
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point p. [ mentioned this here because for the 
P same reason wesp is generally negative at the 
ee second critical end-point g. 
/ So when no other complications had made 
their appearance, the melting-point line of 
Na,SO, would have had a shape as has been 
| given schematically in fig. 2. 
j The found melting-point line, however, de- 
viates from this, for before the point /, has 
R been reached the rhombic modification of Na,SO, 
has changed into the monoclinic one, in conse- 
quence of which a very interesting part of the 
melting-point line disappears and already below 
2 the point R, a new melting point line joins 
lig. 2. the first; the new line immediately runs back, 
which proves that wsvgz 18 already stronger positive than wy,zy sy for 
the new modification. 
If we now proceed to discuss the second critical end-point q, 


(7) =1(Z) ae 
al] ene SERGE er 


we see at once that if — as is the case for ether-anthraquinone — the 


where also: 


‚(dp ; ‘ : 
expression 7 = in q is negative, wer will have to be negative, 
ar Shee 
because vr is undoubtedly positive in that point. So it follows from 
sf si 
this cireumstance, which is the normal one in my opinion, that the 
positive value of vy in the point q does not suffice to make also 
wp positive; so the locus wg = O seems already to have retreated 
inside the liquid branch of the connodal line at g. 

So somewhat above the point g the numerator of the second 
member of equation (3) is positive, the denominator also being 
positive, so: 

pal By 
—— == positive 
dl 

Rise of temperature does not bring about any change in this; 

when the temperature falls to the second critical end-point q 


pe ae 
——— = JCCOMEs = — COT 
aT 


So if also the point g had lain on the ascending branch of the 


dp *. 
three-phase line, so that in this case Pe would have been positive 
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in q, Wsf and wy would still have had the same sign as for p, but 
it will never occur that ws has such a large positive value there 
that in consequence of this the numerator will become negative. 

So the second part of the melting- 
point line must always have a shape 
as is schematically represented in fig. 3. 

This second branch of the melting- 
point line, which has been determined 
for the system ether-anthraquinone, could 
not be investigated for the system H,Q— 
Na,SO discussed here for want of 
suitable material. 

I hope to discuss the course of the 
melting-point lines under constant pres- 
sure in a following communication. 


Fig. 3. 
Amsterdam, May, 1911. 
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Chemistry. — “On retrogressive vapour-lines’. (First communication). 
By Prof A. Smits. (Communicated by Prof. J. D. van per W aars). 


In connection with the discussion of the 7r-projection of the liquid 
line of the three-phase region of a system that belongs to the type 
ether-anthraquinone we shall now proceed to the discussion of the 
vapour line corresponding to it. 

We may arrive at the equation of this vapour line by combination 
of the following two differential equations : 


075 Id Al 
Usq dp = (@s — dy) (a) des ze Vsg GLAS, a eS) (1) 
®g 
and 
0: 
neder (a) JT ae Ft AE 
Dg 


in which we come to the following expression for the said vapour- 
line: 


de, Dn 1! Wig + Usf — Waf + Vlg 4 
dr af 05 ) (vs — &q) Ce ns (vr — aq) Usf ee. 
da’, PT 


if we, namely, write vp and w‚r instead of Dsg and Wey. 
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In order to be able to apply this equation, we must know the 
sign of the different quantities in the point where the line solid- fluid 
intersects the vapour branch of the border-line, both for the same 
value of z. 

If we apply the equation 


dy ’s 
T P zee w, if 
d Ts r Usf 


to the line for solid-fluid ‘Fig. 1) and the analogous relation : 


d Wic 
(ee 
at ly zr Vv lq 


to the vapour-branch of the border-line (Fig. 2) as far as the plait- 
point A, the quantities wy, vr, Wer and vj, have the sign indicated 
in the figs. (1) and (2) in different places. 


= 
Fig. 1. Fig. 2. 

Let us suppose we begin with a temperature far removed from 
a plaitpoint. Then the liquid branch of the border-line will be inter- 
sected by the upmost branch of the line solid-fluid, and the vapour 
branch of the border-line will be intersected by the downmost 
branch of the curve for solid-fluid. 


The first intersection, now, yields a point of the already discussed 
melting-point line under the vapour pressure, the second intersection 
on the other hand indicates a point of the vapour-line to which our 
equation (3) refers. 

So, as this latter intersection takes place between the lower branches 
of the two lines, the quantities mentioned above all have the negative 
sign in the point of intersection. 

If we write down the second term of the righthand member of 
equation (3) once more separately with the signs over resp. under 
the different quantities, we get: 


Wilg . Usf =e Wsf . Vlg 


(a ed Zj) Vlg ae (a! =z Zy) Usf 
Ee + 


Dn re a 
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If we bear in mind that wer. vig > wig - vse, and that 


we come to the conclusion that: 


If we now proceed to greater values of zr, the situation of the 
two PT-lines changes in this way that the points of intersection on 
the liquid and the vapour branch of the border line shift to higher 
temperature and higher pressure, at least when we are on the 
ascending part of the three-phase region, whereas the said points move 
to lower pressure at higher temperature, when the /7-section passes 
through the descending part of the three-phase region. 

If the three-phase region approaches the plaitpoint curve till it 
finally meets it, this means for the (P7’),-sections this that the second 
point of intersection changes its place in such a way that it finally 
coincides with the critical point A. The vapour coexisting with the 
liquid phase and the solid substance has then become a critical 
phase or in other words the concentration corresponding with this 
section is that of a critical end-point. 

If we now suppose that the concentration approaches that of the 
critical end-point, we shall have to take the fact into account that 
the locus for v‚;=— 0 enters the stable region so that for a certain 
concentration vs; is equal to zero exactly on the vapour branch 
of the connodal line. 

Then the line for solid-fluid just possesses a vertical tangent in 
the second point of intersection, while this is not yet the case for 
the vapour-branch of the border-line liquid-vapour. 

At this moment the first term of the numerator and the last of 
the denominator becomes zero, but as the sign was already before- 
hand determined by the other terms, this does not bring about any 


dx 
change in the sign of Mee which remains positive aceordingly 


If we advance still further in the direction of the concentration 
of the critical end-point, v‚s is already positive *) in the vapour point 
G, as Fig. 3 indicates, and so we get the following value: 

== a == — 

Wiq Usf — Wsf « Ul 2 
Soy hae made a RR eRe Sie Oo) 
(as;—a,) Vlg sn (z l —wq) Usf 

ial zkt 


1) Fig. 3 points to a double retrograde phenomenon, which has really been 
observed for the system ether-anthraquinone. 
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from which appears that now too numerator and denominator are 


dig 
== pos. 


7 


negative, so 7’ 
q 


Now it is clear that when we proceed further in the same direction 
with our concentration, the point of intersection G will coincide with 
the point where the vapour branch of the border-line possesses a 
vertical tangent, so where vj,,—=0. At this moment, too, numerator 
de, 
aL 

Beyond this concentration vj, will have become positive, in conse- 
quence of which, however, the fraction considered here, viz. 

cate =) 
Wig Usf —— Wsf « Vla 


(rs) vlg — (1 — #9) Usf 
sir a, at a as 5 


and denominator are negative, so 7 is positive. 


ee 


will certainly not change its sign in the neighbourhood, because now 
the first member of the numerator and the second of the denominator 
predominate now. 

Now we know that comparatively far below the first critical end- 
point p the positive value of v.¢ becomes so great, that soon we 
passes through zero, and becomes also positive. 

Then we get the following value 

aes an 
Wig Usf — Wsf + Vlg 


(es) Vlg — (#1 — ©) Vof 
IE a sE 


ee oes MH 


from which it appears that numerator and denominator have remained 
negative and the vapour line has kept the same direction. 

If wy is positive in the point G, this means that the maximum 
pressure point of the line solid-fluid has now also got into the stable 
region, as fig. 4 indicates. 
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The following change which now will take place consists in the 
quantity wi, passing through zero, because the point G will have 


P 


Fig. 4. 


to pass the point where the vapour branch of the border-line has 
its maximum pressure. 
So beyond this point all the quantities of the fraction which then 
govern the vapour line, are positive, so 
TA eae 


Wig . Vsf Tare Wsf- Vlg 


(&s—4y) Vig — (@l — &) vof 
= a ai st 
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but the sign of numerator and denominator is negative, because the 
second member of the numerator and the second member of the 
denominator predominate, and this remains the same up to the 
critical end-point p, so that in the point where G and K have 
coincided : 


So the vapour-line of the first part of the three-phase region need 
not possess a vertical tangent. 


If we now proceed to the vapour branch of the second part of 
the three-phase region, it is noteworthy that the order in which the 
quantities wer and wy become zero in the point G is the reversed 
one of that which exists for the vapour branch of the first part of 
the three-phase region. Even by a graphical way it is easy to see that 
now first wi, and then w,y passes through zero. 

It is further worthy of note that in the critical end-point 


T oP — 7 (F ) == wf : 
dil SLG dil f/x Usf 


: dp 
When now, as for ether-anthraquinone, ae of the three-phase line 
a 


is negative in g, it appears from the above relation that, v,- undoubt- 
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edly having a positive value, the quantity w.r must be negative in 
that point. 

From this it follows again, what also graphically appears a necessity, 
that in this case wer does not pass through zero once, but twice, 
before the critical end-point q is reached, and I will at once add 
that this also follows from the course of the determined (?7’.;),-lines, 
as will appear from the following communication, 

In this way we come to the conclusion that the locus w= 0 
gets outside the plait only on the vapour side of the latter. 


So on the vapour branch of the second half of the three-phase 

region state (6) is succeeded by state (Ga): 
+ +. — + 

Wily . U, f anc Wsf - U lg 


(es) vig — (er — #9) vaf 
+ + + "+ 


teile) 


In this change the numerator has passed through zero and has 


° . “ dz, é . 
changed its sign (has become pos.), so that now T— is negative. 


C 
“Now on approach of the plait the point is indeed reached where 
.¢== 0 and then becomes positive, so that we then get state (8), 
but the second member of the numerator can never predominate, 


because the positive value of w,¢ remains too small for this ; moreover, 
as we remarked just now, for ether-anthraquinone we meet here 
with the case that w‚p soon passes through zero again, so that this 
quantity has become negative again before the second critical end- 
point g is reached. 

In the immediate neighbourhood of this point the signs are as 


da 
indicated in (6) and so 7 a will be — oo in the point g. 
CL 


So the projection of the liquid and the vapour lines of the interrupted 
three-phase region will have a shape as has been indicated in the 
figures 2 and 3 of the preceding communication “On retrogressive 
melting-point &nes”…*) 

In the case that the plaitpoint eurve only takes a part out of the 
ascending branch of the three-phase line, this projection cannot 
undergo any essential modifications for the reasons mentioned above. 
It is true that wz, is then positive in the critical end-point q, but 
this can never give rise to a change of the sign of the numerator. 


Amsterdam, June 1911. Anorg. Chem. Laboratory 
of the University. 


1) These Proc. p. 170. 
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Chemistry. — “On the course of the PT-lines for constant con- 
centration in the system ether-anthraquinone.”” By Prof. A. Smrrs 
and J. P. TrrvB. (Communicated by Prof. J. D. vaN per W aars). 


Already in 1908) Van per Waats indicated by means of PT- 
sections for constant concentrations how in the neighbourhood of 
the critical end-points p and q the meeting of the lines for solid-jluid, 
and liquid-vapour would have to take place. 

Theory, however, was in this respect far in advance of experiment, 
so that a perfectly unexpected peculiarity found afterwards by one 
of us (S.), in consequence of which the said lines must partly have 
another position with respect to each other than van per Waats 
had supposed, could not be taken into account in these considerations, 
and for this reason it was very desirable to investigate this point 
more closely experimentally. 

The just-mentioned peculiarity consists in this that for some mix- 
tures lying on the ether-side of the critical end-point p, far above 
the critical temperature, which was of course observed here for 
unsaturate solutions, three-phase equilibrium (S+ LG) appeared again. 

This behaviour points to the fact that the line solid-fluid for a 
concentration on the left of the first critical end-point does not meet 
the border-line liquid-vapour twice, as VAN DER WAALS supposed, but 
four times, so that the P7-figure for this concentration becomes 
about as indicated in fig. 2, which is of course preceded by contact 
on the right, as drawn in fig. 1, which contact of course takes place 
for the vapour most rich in ether of the second part of the three- 
phase region. 

Since in the case that the critical phenomenon is observed for 
an unsaturate solution, the plaitpoint A’ lies between the liquid point 
L and the vapour point G, we see that the peculiar phenomenon 
discussed here is in connection with the enormously large difference 
which must exist for this system between the plaitpoint temperature 
and the maximum temperature. 

As one of us (S.) has set forth in his first communication?) on 
the (?7),-lines for solid-fluid by means of the formula: 


Op 
: Ws 
ry) dp ease Ov" 
Hol ap 
or 


1) These Proc. Oct. 1908, p. 230; Nov. 1903, p. 357. 
2) These Proc. May 1906, p. 9. 
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these lines possess two horizontal and two vertical tangents in normal 
cases, and with regard to fig. 1 we may now observe that as we 
have assumed to be near the concentration of a critical end-point, 
vs is positive not only on the connodal line, but also far outside 
it, so that the liquid branch starting from JZ, and the vapour branch 
starting from G possess vertical tangents in the stable region. 

If we now go to greater concentrations of anthraquinone, the 
border curve moves more to the right with respect to the line solid- 
fluid, ie. towards higher temperature. Moreover both curves move 
upwards, so towards higher pressure, but the left-side branch of 
the line solid-fluid moves quickest in this respect, so that the left- 


hand meeting changes into contact at a certain concentration, after 
which this contact is quite broken off. 

Before this takes place, however, the discussed critical end-point 
appears, for the plaitpoint moves to the right, and when this at 
last has coincided with the point G, the end-point of the first three- 
phase pressure line (Fig. 1), this implies that the liquid- and vapour 
phase coexisting with solid anthraquinone, have become identical. 

This case, which is indicated by fig. 2, presents also this peculiarity 
that the three-phase line HL and the line for solid-fluid DEM, GG, 
touch in K, for as VAN DER Waars proved: 


dp dT 
1E = TS 
dT sLG dpsf) x 


holds for this point. 
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For greater concentrations of anthraquinone the plaitpoint lies on 
the metastable branch of the border curve, so that not a single 
critical phenomenon is to be observed in stable state. 

When we have arrived at that concentration for which contact 
takes place on the left, we have the case that at a certain temperature, 
with compression of the three-phase system (SHL), the solid 
substance and the vapour disappear simultaneously, while this was 
the case at two different temperatures with smaller concentrations. 

It is of importance to point out here that this contact does not 
take place in the point where w‚j= 0, but where this quantity has 
a positive value. (See the communications on retrogressive melting 
point lines *)). 

If we take a greater concentration of anthraquinone, the line for 
solid-fluid has got detached from the border line on the left, and 
as we now proceed to still greater anthraquinone concentrations, the 
plaitpoint A’ approaches the point G,, and finally coincides with it. 

If this takes place, the second critical end-point q has been reached, 
which case is indicated by fig. 3. 


is 


If now with our concentration we pass the point g, the plaitpoint 
K will lie on the right of the line for sold-fluid, and again critical 
phenomena are observed for unsaturate solutions. 


The following figure 4 shows what the investigation of the system 
ether-anthraquinone has yielded on this point. 

In this fig. 4 we see the two parts of the three-phase line and 
further the P7-sections of the surfaces solid-fluid for different 
constant values of z, (mol. °/, anthraquinone), while for some very 
slight anthraquinone concentrations also the section of the liguid- 
vapour surface is indicated, which however is rather indistinct in 
consequence of its being so small. 

If we begin with the P7*sections corresponding to the very slight 


1) These Proc. p. 170 and p. 189. 


(186 ) 


anthraquinone concentrations of 0.1 and 0.2 mol. °/,, it is note- 
worthy that, whereas the point where the border line for liquid- 
vapour possesses a vertical tangent, so where Vig = 0, still lies in 
the stable region, the line for solid-fluid under the three-phase line 
already sbows a maximum pressure and a maximum temperature 
in the stable region, from which follows that we find here a double 
retrograde phenomenon. 

At the same temperature retrograde condensation and retrograde 
solidification may namely be successively observed with increase or 
decrease of volume, (See fig. 3 of the communication “On retro- 
gressive vapour lines” in the Proceedings of this Meeting p. 180). 

At the concentration 0.5 mol. ‘/, the retrograde condensation has 
just disappeared, but the retrograde solidification under the three- 
phase line continues to exist. This phenomenon of retrograde solidi- 
fication must also exist above the three-phase line, but the point 
where the upmost branch of the line solid-jluid possesses a vertical 
tangent lies at such high pressures that up to now no retrograde 
solidification has been found above the three-phase line. 

If we now consider the (PT), section corresponding to the con- 
centration 0.9 mol. °/,, 1. e. the concentration of the first critical 
end-point, we notice that the line for solid-jluid passes for the 
second time through the border line with this concentration, and 
that in such a way that the upper section takes place at about 46 
atmospheres, from which follows that the same phenomenon must 
be found already for smaller anthraquinone concentrations, as was 
found indeed. 

A consequence of this second meeting is this that the righthand 
branch of the line for solid-fluid no longer runs on uninterruptedly, 
but is stopped by the three-phase line, where it becomes metastable 
resp. unstable, as was already shown schematically in fig. 2, after 
which it appears again in the stable region at lower pressure. 

For the concentration 1.8 mo/. °/, the first branch of the three- 
phase line is still cut, and the line for solid-fluid just shows still 
a pressure maximum in the stable region, but it is so faint, that 
we may be justified in saying that this is the greatest anthraquinone 
concentration, at which this pressure-maximum still occurs in the 
stable region. 

So up to this moment the meeting of the solid-fluid line with the 
three-phase lines has taken place in the points where w‚f is neg., 
but for greater concentrations this is changed. 

If we now consider the concentration 1.9 mol. °/,, we observe that 
he line for solid-fluid has already got detached from the first branch 
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of the three-phase line, so that now the pressure-minimum has got 
into the stable region; the pressure-marimum, on the other hand, 
has disappeared, and now the meeting with the three-phase line takes 
place in a point where wp is positive, from which follows that 
wsf has passed through zero on the three-phase line; and if we now 
consider that this holds for an anthraquinone concentration which is 
smaller than that corresponding to the second critical end-point q, 
it follows from this that the reversal of sign of wy takes place on 
the vapour-branch of the second three-phase region. 

If we then proceed to the concentration 2.6 mol. °/,, we see that 
the line for solid-fluid has mainly the same shape as that of the 
concentration 1,9 mol. °/,, but it has moved pretty much upwards 
and to the right, the presswre-mazimum having become less deep. 

For the following concentration of 3,6 mol. °/, the latter takes place 
in a far greater degree, and for 4,2 mol. °/, the minimum is only 
just present, and for 5,7 mol. °, it has quite disappeared. So we 
see from this that the meeting with the three-phase line for this 
concentration takes place in a point where w‚f is negative, so that 
we come to the conclusion that the quantity wsr has passed through 
zero for the second time, and us the concentration of the second 
eritical end-point has not been reached as yet, it follows from this 
that all this takes place on the vapour branch of the second part of 
the three-phase region. 

That this is a necessity is at once to be seen when we consider 
that the line for solid-liquid possesses horizontal tangents in two 
points, so two places where w‚j= 0, which will lie inside the connodal 
line for systems without critical end-points, but which here have got 
outside it for a series of concentrations lying between p and q. 

Now we know that for the concentration of the second critical 


end-point g: 
a ap —T (F ) = ali 
aT SLG dT sf + Vas 


being negative for the system ether-anthraquinone, 


dp 
dT sig 
Wss will also be negative in the point g. 

We know further that this point g must lie on the upper branch 
of the line solid-liquid, from which follows that before we have 
reached the second critical end-point, first the maximum, and then 
the minimum will have entered the metastable resp. unstable region, 
in consequence of which w‚p must twice pass through zero on the 
vapour branch of the border line. 


and 7’ 
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We may also express this as follows: the locus for w.~—= 0 gets 
outside the connodal line only on the vapour side. 

If the plaitpoint curve had only cut a portion out of the 
ascending part of the three-phase line, w,.~ would still have been 
positive in g, and the locus w‚j==0 would run quite round the 
connodal line near the plait. 
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Fig. 4. 

If we return to fig. 4, we see that when we exceed the concen- 
tration 5,7 mol. °/,, the line for solid-jluid sinks more and more into 
the metastable and unstable region so that the portion remaining in 
the stable region becomes steeper and steeper, and when at last the 
concentration of the second critical end-point has been reached the 
three-phase line and the line for solid-fluid touch each other in the 
point g. As is to be seen from the figure, this concentration lies 
between 9,4 and 13 mol. °/,. 

When the concentration of anthraquinone becomes still greater, 
the upper branch of the line for solid-fluid will even have to change 
its direction entirely, for this branch must possess a point where 
the tangent is vertical, and this point must move to smaller pressures 


for greater anthraquinone concentrations, till at last it will enter 
the metastable region, at which moment the liquid branch of the 


line solid-fluid runs to the right from the beginning. 

Before this moment has been reached, and so when the point 
where v.¢—=O0 still lies in the stable region, the phenomenon of 
retrograde solidification above the threephase line, must wake its 
appearance, which has not been found as yet, and will soon be the 
subject of an investigation. 

Amsterdam, June 1911. Anorg. Chem. Lab. of the University. 
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Chemistry. — “On retrogressive melting-point lines.” By Prof. 
A. Smits and J. P. Trevs. (Third communication). (Commu- 
nicated by Prof. J. D. van prR Waats). 


It has appeared from the preceding communication on the (P?7’),- 
lines for the equilibrium solid-fluid that in the system ether-anthra- 
quinone not only the locus for v‚j= 0, but also that for w= 0 
enters the stable region in the neighbourhood of the plait, which 
involves the phenomenon already predicted by one of us (Surrs), 
that when the melting-point lines under constant pressure are deter- 


mined, a point where (F = 0 can occur twice. 
aT’) p 


From vaN DER Waars’ differential equation 


pd 


0° | 
er) ug der + sf dT 
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follows for constant pressure: 


Usf dp = (#5 


da = Usf 
We i (a, 


or 


Now it follows from this relation that when in the stable region 
two lines for solid-fluid touch a plane for constant pressure projected 
in the P,7,X-figure of the system ether-anthraquinone, which contact 
must take place in its maximum for the line for small anthraquinone- 
concentrations, and in its minimum for that for greater concentra- 
tions, the melting-point line will have to possess two remarkable 
points, because in the said points of contact 2. must be = 0, so 


da 
| = 0, and so the tangent must be vertical. 
Q P 


Now it follows from the shape of the found (P7'f)-lines that the 
melting-point line will not present this particularity for all pressures, 
but that this phenomenon remains restricted to a certain region of 
pressure, outside which only the lower, resp. the upper point will 
still possess a vertical tangent in the stable region for some time, 
while for greater, resp. smaller pressure it will vanish from the 
stable region. 

In the annexed 7-a-fig. the projection of the liquid and the vapour 
line of the two parts of the interrupted three-phase region, and 
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further some 7'‚r-sections corresponding to different constant pressures 
have been indicated. 

When we consider the melting-point line for the pressure of 45 
atmospheres (in the figure the pressure has been given for every 
melting-point line), we observe that this melting-point line really 
possesses two vertical tangents, and that it runs strongly back 
between the two points where the tangent is vertical. Below the 
first, and above the second point the direction of the melting-point 
line is normal, however, so at higher temperature it runs to the 
side of the component with the highest melting point. 

It is easy to prove that this is in perfect harmony with the theory, 
for below and above the points where wy is zero, w.¢ must be 
negative (this follows from the intersection of the (P7'y),-lines with 


de \ . EA 
the plane for constant pressure), so (hat rz) is positive. Between 
a > 


the said points, on the other hand, wf is positive, from which 
follows that 7( ) is negative. 

di 

If we now proceed to higher pressures, we see that at 50 and 

52.8 atms. the melting-point line has still the same shape in the 

main; two points may, namely, be indicated where the tangent is 

vertical, but in concentration these points lie further apart than for 


d v 


lower pressure. 

At 54,3 atms. the melting-point line presents this peculiarity that 
the upper point, where the tangent is vertical, lies exactly on the 
vapour line of the three-phase region, from which accordingly follows 
that there wy = 0. 

The melting-point line under the pressure of 59 atms. shows that 
the vapour line of the three-phase region is already met at a place 
where ws is positive, so that the melting-point line now possesses only 
one vertical tangent. 

At the pressure of 61 atms. the melting-point line no longer pos- 
sesses a vertical tangent in the stable region, for where it meets the 
vapour branch of the three-phase region, w.f is negative. So it appears 
from this too, that the quantity w‚f on the vapour branch passes 
from negative through zero, and becomes positive, after which it 
soon passes through zero for the second time and assumes again a 
negative value. As was already set forth in the communication on 
the (P7\y),-lines, this is to be ascribed to this that the locus for 
wy 0 gets outside the vapour branch on its approach of the plait, 
but not outside the liquid branch. 
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At the pressure of 61,5 atms. the melting-point line runs strongly 
to the mght, because w‚f is pretty strongly negative here. 

Finally it is still worthy of note that there are two pressures for 
whieh the melting-point line presents another, not yet mentioned, 
peculiarity; they are the pressures of the two critical end-points 
p and g. 

The melting-point line corresponding to the pressure of the first 
critical end-point p (89,7 atms.) touches the continuous liquid-vapour 
branch of the first part of the three-phase region in p, and the melting- 
point line for the pressure of the second critical end-point g (62 atms.) 
touches the continuous liquid-vapour line of the second part of the 


2° 


three-phase region in q. In these points (55) = 0), from. which it 
LT 


follows that the melting-point line must possess an horizontal tangent 
there, which VAN DER Waars SR. *) already pointed out. So the 
melting-point line at the pressure of the critical end-point p not only 
possesses two vertical tangents, but moreover a point of inflection 
with horizontal tangent. 

The melting-point line at the pressure of the second critical end- 
point g, however, only possesses a point of inflection with horizontal 


1) These Proc. June 1905, p. 193. 
13* 


( 192 ) 


tangent, but no vertical tangents, but it may still be remarked of 
this melting-point line that it is the first that pursues its course 
undisturbed up to the melting-point of anthraquinone. The melting- 
point lines corresponding to higher pressures also proceed uninter- 
ruptedly from the eutectic point to the melting-point of anthraquinone, 
but they present a point of inflection as sole peculiarity. 
Amsterdam, June 1911. eee SE sass 
of the University. 


Chemistry. — “On the system water-phenol.” By Prof. A. Smits 


and J. Maarsr. (Communicated by Prof. A. F. HOrLEMAN.) 


Though the system water-phenol has already several times been 
the subject of investigation, and already many peculiarities of the 
mutual conduct of these substances have been revealed, it yet seemed 
worth while once more to take this system in hand, and determine 
the melting-point figure, the more so as we had come across a 
hydrate of phenol that had drawn Canvert’s') attention already long 
before, but had not been met with by Paterno and AMPOrA®) in 
their determination of the melting-point line of phenol in ‘the system 
water-phenol. 

In his paper entitled Ueber ein krystallisirtes Hydrat? des 
Phenols’ Catvert writes as follows: “Schüttelt man 4 Theile Phenol 
mit 1 Theil Wasser gut dureh einander und kiihlt man das Ge- 
menge auf 4° ab, so bedeeken sich die Wande des Gefässes mit 
feinen sechsseitigen rhombischen Prismen. — Dieser neue Körper löst 
sich in Wasser, Alkohol und Aether und sehimilzt bei 16°. Die 
Analyse der zwischen Fliesspapier abgepressten Krystalle führte zur 
Formel C,H,O, + HO” *). 

After all CaLvert, however, seems not. to have been perfectly 
convinced of the existence of this hydrate, for in the title he placed a 
note of interrogation after the word Hydrat. — Now it will appear from 
what follows, that Canvert really had come across a hydrate of phenol 
and that Paterno and Ampona have quite overlooked this compound 
in consequence of the circumstance that the formation of this hydrate 
very often does not take place, so that very easily metastable states 


1) Zeitschr. f. Chemie 7, 530 (1865). 

2) Gazz. Chim. ital. 27, 523 (1897). 

3 Rinxes (Thesis for the doctorate Amsterdam 1910 and Re. 30) has availed 
himself of this circumstance for the preparation of perfectly pure plrenol, as the 
homologues of phenol do not give hydrates, as far as we know. 
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make their appearance here, It is therefore not improbable that 
Canvert’s doubt finds its origin in this circumstance. 

In the adjoined 7'N-figure the lines z yd, and +, e, represent the 
two parts of the melting-point line of phenol in the system water- 
phenol, which are separated by the region of non-miscibility. 

Now the most remarkable thing in the sysiem mentioned is this 
that notwithstanding this part gd, appeared to be metastable, we 
can just as easily determine this part as the part zy, because as a 
rule it is exactly points of solidification of the part gd, that are 
observed when water-phenol mixtures of concentrations corresponding 
to this line are cooled without any precaution. 

So this must be the reason that Parrrno and Ampora found 
exactly this line, or rather that they only got deposited solid phenol. 
The melting-point curve they found, agrees, indeed, with the curve 
zgd, with regard to its shape, but on the whole they found lower 
temperatures; at some places the difference is even 1°. 

It is clear from the fig. that for concentrations lying between the 
points d, and 5, at a certain temperature solid phenol must deposit 
from the two layer system, whereas the aqueous liquid layer must 
be formed at the same temperature for concentrations lying between 
n and d,. — On cooling the conversion L, — L, + Syrenoi takes 
place on the line nd,b,, so that at last the liquid layer Z,, which 
is richer in phenol, has quite disappeared. So long as the three 
phases are present the temperature remains constant, and this explains 
the fact that Paterno and Amrora have found'a somewhat oscillating 
temperature of solidification of + 1,74° in a certain range of concen- 
tration. The temperature of the three-phase equilibrium L,+ LS enol 
was accurately determined by us by means of the resistance thermo- 
meter, and found at 1,7°. 

As it was expected that the eutectic point lying under it, where 
ice, solid phenol, and hquid coexist, would differ little in temperature 
from the just mentioned three-phase equilibrium, this point too was 
determined with the resistance thermometer, when the temperature 
of 1,2° was found. 

As was already observed before, the melting-point line of phenol 
is only stable up to the point y, for it appeared in our investigation 
that in the stable state not the continuation g d,, but the melting- 
point line g fd is found with a maximum in /, which maximum 
corresponds to the concentration (C, H,OH),.H,O. In this case, 
where mixed crystals play no part, this points to the fact that in 
stable state a compound of the concentration mentioned above occurs, 
which, as appeared to us, was easy to obtain by sudden cooling of 
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the liquid mixtures in a bath of solid carbon-dioxyde and alcohol. 

When the solid compound had once been obtained in this way, 
the different points of the stable melting-point line were determined 
by seeding the undercooled mixtures with solid hydrate, and by 
determining the temperature, in which the last trace of solid substance 
vanishes by slow heating. 

Instead of the metastable three-phase equilibrium between two 
liquid layers and solid phenol discussed just now, we now likewise 
get such a three-phase equilibrium in stable state, but now between 
two liquid layers and solid hydrate. For this stable three-phase 
equilibrium indicated by the points /d) the temperature 12,2° was found. 

If we now go to lower temperature, we get the continuation of 
the melting-point line of the compound which lies very much to the 
side of the component, water, and ends in the eutectec point for 
ice, liquid and solid hydrate, the temperature of which appeared to 
lie at — 1.0°. 

In conclusion we may still mention that to get perfect certainty 
that the top of the melting-point line of the hydrate really lies in 
the stable region it must be examined if there exists a eutectic point 
of solid hydrate, liquid, and solid phenol, which in this case must 
lie below the highest melting-point observed on the melting-point 
line of the hydrate. This question was settled beyond all doubt by 
the following procedure: we started from a mixture lying in concen- 
tration between g and /; this mixture was entirely melted, then 
undercooled by cooling to + 15°, and then seeded with a con- 
glomerate of the solid compound and the solid phenol. Then the 
temperature rose to 15°.8 and remained constant there for a consi- 
derable time, from which follows that the top of the melting-point 
line of the hydrate really still lies just in the stable region, as has 
been indicated in the 7--figure. 

Anorg. Chem. Laboratory of the University. 

Amsterdam, June 1911. 


Chemistry. — “On the system hydrogensulphide-water.” By Dr. 
F. EB. C. Scuerrer. (Communicated by Prof. A. F. Horieman.) 


1. In a previous communication ') I already mentioned the prin- 
cipal part of the results of my investigation on the system hydrogen 
sulphide-water in the neighbourhood of the quadruple point hydrate- 
two liquid layers-gas. From the determination of the ?-7-projection 
of the four three-phase lines the behaviour of the said system could 


1) These Proc. Jan. 1911. 
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already be examined in main lines. By the aid of these determina- 
tions I have already schematically given the shape of the P-r-section 
through the spacial figure for about 20°, which is reproduced in 
figure 1. From the slight differences in pressure between the tension- 
line of the liquid hydrogensulphide on one side (a in Fig. 1), and 
the two three-phase lines SL,G (6) and L,L,G (c) on the other side 
it was already very probable that the concentrations of Z, for the 
two mentioned three-phase pressures would lie near the hydrogen 


a 4 | 
| 4 
36 ny! 
d 
L,+G 
HS i H.0 
Fig. 1 


sulphide side, while the gas phases corresponding to them must 
contain still less water than Z,. With regard to the situation of 
G and LL, on the three-phase line SL,G(d) we may derive from 
the relative volatility of the two components that G lies on the 
side of the first component; the situation of Z,, however, cannot 
be found from the determinations of vapour tension. 1 had already 
drawn ZL, in the P-r-section on the side of water, as some preli- 
minary experiments had already proved that the liquid coexisting 
with hydrate on S/,G(d) contains only little hydrogensulphide. 
To obtain further certainty I have determined the situation of the 
liquid branches on the three-phase lines SL,G (6) and SL,G(d) by 
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the aid of sealed tubes. A tube provided with a capillary was 
weighed first empty, then with water. After condensation of hydrogen 
sulphide the tube was sealed at the constriction, and the weight of 
the condensed gas was easily found by weighing of the tube with 
the melted off part. Then the tube was slowly heated in a water- 
bath, and the temperature was determined at which the last crystals 
disappeared. It will be clear that this observed temperature will lie 
on the liquid branch of the three-phase line only when the vapour 
phase disappears at the same moment as the solid substance. This 
can, of course, not be carried out in practice; it is, however, possible 
to choose the quantity of vapour small, and then the observed tem- 
perature differs in general only very little from the real one. This 
latter precaution, which will have little, if any, influence for the 
determination of the liquid points on SZ,G, must, however, be 
carefully observed for the determination of the discussed points on 
SL,G. We can easily see this in the following way. If the last 
crystals disappear, the observed temperature agrees entirely with the 
liquid point of the mixture, the quantity of vapour being neglected. 
If we now are on SZ,G, the vapour consists for the greater part 
of hydrogensulphide, the substance which is present in the mixture 
in great excess; so a neglect of the vapour space is undoubtedly 
justified, when it is small. For the line SL,G, however, the situation 
is just the reverse; the vapour which remains at the observed 
vanishing point of the solid substance, consists for the main part of 
hydrogensulphide, the substance which is present in a small quantity, 
and with appreciable vapour space the errors can reach here a 
high value. Accordingly in the first place the vapour space should 
be chosen small; to enhance the accuracy, however, I have determined 
the vapour space by calibration with water at the end of the 
determination. The quantity of hydrogensulphide in the vapour 
could then be roughly calculated by the aid of the three-phase 
pressures from the preceding communication, and the law of Boris, 
which though probably not holding strictly here, can yet be used 
in the determination of the correction which is already small. 
Moreover it appeared that after the said correction the points deter- 
mined with great gas volume, agreed satisfactorily with the obser- 
vations with small gas volume. The observed liquid points have 
been collected in the following table: 
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SLLG SL.G. 

2 (in mol.*/, ZO) “Temp. of Zr a(n mol. °/, AO temp: of 7... 
0,4 EU 99 5 D0 
0,5 6 99,25 11,4 
0,8 db 991 13,1 
1.2 26 98,8 17,2 
1,6% 29,5% 98,2 220 

981 235 
98 1 *** 23,8 
97,5 26,3 
913 26,9% 
96,9 je 
96.3% 29,4* 


The observations marked with a * refer to the four-phase equi- 
librium; those with ** have been made in the presence of a great 
quantity of vapour. 

In the determination of the first series we met with more diffi- 
culties than in the determination of the second. Whereas the dis- 
appearance of the last crystals is easy to ascertain in solutions rich 
in water, this is attended with difficulties in those rich in hydrogen- 
sulphide, as the crystals of the hydrate were hardly to be seen as 
long as they were covered by liquid hydrogensulphide. Only by 
making the liquid continually flow from one side of the tube to the 
other we could succeed in ascertaining whether the last crystals had 
disappeared. 

The determinations of SL,G can still be supplemented as follows. 
When we bear in mind that the pressure on SL,G reaches one 
atmosphere at 0,35° according to the determinations of DE ForcraNnp 
and Virrarp'), and so that at this temperature the intersection with 
the isobar section of one atmosphere through the L—G surface, 
takes place, for which sufficient data are to be found in the literature, 
it will be clear that we may add to the table for SL,G the con- 
centration of the solution of H,S in H,O, which has a pressure of 
one atmosphere at 0,35°. From Favser’s*) determinations of solu- 
bility, we derive that 4,64 volumes of HS dissolve in one volume 
of water at 0,35°, from which follows «= 99,63. The value found 
thus: «= 99,63, t= 0,35 appears to be in harmony with the other 
values. 


1) pe Forcranp and Vittarp. C.r. 106 851 (1888). 
2) Lanpott—Bornstzin. Tables 1905. p. 602. 
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So we can derive from the table that £, contains about 1,3 mol. °/, 
H,O and L, 3,4 mol. °/, H‚S at the quadruple point. So it appears 
really that non-miscibility extends almost over the full width of the 
figures of concentration. 

2. In the preceding communication uncertainty continued to prevail 
about the constitution of the hydrate. The first analysis of the hydrate 
found by Wouter in 1840 was made by pr Forcranp. In reference 
to these analyses, which first led to the formula H,S15 aq‘), after- 
wards to MS 12aq*), pe Forcranp remarks that it is difficult to 
obtain this compound in dry state; generally in the formation of 
the compound a quantity of water remains excluded from the action 
of the gas owing to its being enveloped by a layer of solid substance. 
To this difficulty, which presents itself in a perfectly analogous way 
for other gas-hydrates, it is owing that the most divergent formulae 
have been proposed for the concentration of the hydrates, which 
possess the smaller ratio of water as the investigations were repeated 
with greater care. Thus in an analysis carried out later on by pr 
Forcrand and ViLLarp the concentration H,S 7 aq appeared to be 
the most probable one *®), but of this analysis the two investigators 
state that also in this case the ratio of water is probably still too 
high. Virrarp*) comes to this conclusion on account of the great 
analogy between this hydrate and the numerous other hydrates 
examined by him, for which his extensive investigation has made 
the general formula J/.6 H,O probable. Besides in virtue of this 
analogy Virrarp thinks he has to ascribe the analogous formula 
H,S.6 H,O to the hydrate of H,S, also on account of the possibility 
of seeding a mixture of V,O and H,O with the hydrate of H,S, 
so that V,O.6 H,O is deposited. Vintarp has, however, not made 
any direct determinations to prove this constitution. 

Dr Forcranp arrives at the same conclusion by another way. 
From some regularities found empirically between caloric quantities 
and the temperature, in which the line SL,G reaches the pressure 
of one atmosphere, bE Forcranp finds a means to calculate the 
concentration of the hydrates. This calculation, which 1 shall not 
discuss any further here, has yielded the value 17,S.5,69 aq for the 
hydrate of hydrogen sulphide *), which led pr Forcranp to conclude 
to the formula H,S.6 ag. 


1) De Forcranp. GC. r. 94 967 (1882). 

2) De ForcRAND. Ann. chim. phys. (5). 28. 5 (1883), 
3) De Forcranp and Vittarp. C. r. 106. 1402 (1888). 
4) Virrarnp. Ann. chim. phys. (7) 11 289 (1897). 

5) De Forcranp. CG. r. 135. 959 (1902). 
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Though in this way the two investigators concur in considering 
the formuia H,S.6aq the most probable, neither reasoning seems 
to me to be conclusive for the given composition. In the first place 
VILLARD’s arguments can at most make the said formula probable, 
while we cannot attach absolute certainty to DE Forcranp’s calculation 
in my opinion already for the reason that an analogous calculation 
applied to the hydrate of SO, vielded the value SO, .8 H,O, whereas 
the analysis of Baknurs RoozrBooM already made 7 H,O probable, 
and Vinuarp’s later determinations, which were carried out with 
great care have proved with certainty in my opinion that the content 
of water cannot be higher than 6 molecules. 

For this reason a renewed analysis seemed desirable to me. I have 
carried it out in a way which the spacial figure naturally suggests, 
and which was already applied before for the determination of the 
composition of gas hydrates by different investigators, among others 
a single time by Baxkauis Roozesoom and repeatedly by VrrLLarp. 
In the spacial figures of the gas hydrates in general a large region 
is found where the solid hydrate occurs by the side of a gas phase, 
which practically consists entirely of the most volatile component. 
So when we first realise the state on SL,G, and then evaporate the 
liquid phase Z,, we shall retain the pure hydrate by the side of gas. 

The determinations were made in wide tubes provided with stems 
with two capillary constrictions; after the tube had been weighed 
empty and with a certain quantity of water an excess of HS was 
condensed, and the tube was fused to at the upper constriction. By 
first heating the mass to the quadruple point and then cooling it 
shaking it violently the mass was converted into hydrate‘). After the 
state SZ,G@ obtained in this way had been preserved for some days, 
the tube was cooled in carbonic acid and alcohol, and opened; then 
we either evacuated the hydrogensulphide at — 80° by means of 
the water-jet circulation pump, or removed it by boiling about 
— 13° (ice and salt). In both cases we are in the S-G-region, as 
will be clear from the ?-7-projection of the preceding paper. Three 
weighings, the last after the tube has been sealed at the lower 
constriction, yield the data required for the caleulation. 

I have carried out some thirty analyses of this kind; the values 
obtained thus oscillate round 5,3 mol. water; almost all lie between 
5,3 + 0,2 mol. water (28 observations) so that I think I may conclude 
that the formula H,S.5 H,O is the most probable. I think I am 
justified in this because the found oscillations can only be accounted 


1) In some analyses this was promoted by glass rods or small glass spheres, 
which, however, had no influence on the result. 
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for by incomplete combination of the two components, so that a 
small quantity of water escapes further action of the gas by being 
enveloped in solid hydrate. A further proof of this is furnished by 
the fact that some preliminary experiments, in which little care was 
devoted to the complete formation of the hydrate by shaking, yielded 
far more oscillating values, which were all higher than those men- 
tioned above. Se it is beyond doubt that the values found can only 
indicate a too great content of water. 

So the hydrate H,S.5 H,O differs from the many hydrates 
M.6H,O examined by Virrarp. 


3. When in conclusion we survey the results of the investigation, 
it appears that the system /,S—H,0 presents great analogy to the 
system SO,—//,0, one of the gashydrate systems investigated by 
BAKHUIS RoozrBoom. The solubility of the hydrate of SO, under the 
three-phase pressure in the condensed gas is only small, like that 
of the hydrate of #/,S, because in both cases the pressure of the 
line SL,G lies only little lower than the vapour tension line of the 
liquid, most volatile component. The other systems examined by 
BakKnuis RoozrBoom deviate more or less from this system, either in 
consequence of the fact that the concentration of ZL, on SZ,G lies 
much less on one side, or because this line shows higher pressure 
than the two components, so that the L-G-surface presents a maxi- 
mum in the isothermal sections. 


Anorg. Chem. Laboratory of the University of Amsterdam. 


Physics. — “On the inconsistency of my heat theorem and VAN DER 
Waaus’ equation at very low temperatures.” By Prof. W. 
Nernst of Berlin. (Communicated by Prof. H. A. Lorentz). 


(Communicated at the meeting of May 27, 1911.) 


Messrs. KonNnstaMM and OrnstKIN') have published a criticism on 
my theorem of heat*) in these Proceedings, which is based on clearly 
mistaken premises, and which therefore calls for a refutation. 

Everybody who has studied Thermodynamics, knows the form, 
in which He_mMuonrz and others have expressed the second theorem 
of heat: 

17 rd4 
TD 
1) These Proc. of 24 Dec. 1910. 

2) Nernst, Theoret. Chem. VI Aufl. S. 699 (1909): ef. also the literature 

mentioned in my paper, Journ. de Chim. Phys. 8 228 (1910). 
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Now the question rises how under certain conditions the two ther- 
modynamie functions U and A (variation of the total and the free 
energy) behave at low temperatures, and in the discussion of this 
question I pointed out that when gases are present in the considered 
system, we cannot reach the absolute zero of temperature without 
discontinuities making their appearance, but that when only solid and 
liquid substances occur, the following equation holds: 


. JA meh Ry 
lim == lime 0, for T' = 0. Se (2). 
aT dT ; 


The question what is the relationship between U and A for very low 
temperatures, has, moreover, already been treated by different authors’); 
hence it seemed superfluous to me to give further explanation about 
this problem itself. 

In the strange way in which they treat the problem the two 
authors write that “it may be assumed” that the meaning is that 
the limit is approached with constant volume, because otherwise 
the whole problem would be indefinite. 

It appears trom this remark that the authors do not quite under- 
stand the meaning of equation (2), and though it seems hardly 
necessary, I shall illustrate the question of the way in which 
the limit is reached by an example. Let us consider the reaction 


S(rhomb) — S (mon); 


independently of the pressure under which the two modifications 
of the sulphur are, A possesses definite values, of course variable 
with the pressure. As equation (2) if it is correct, must also hold 
for the case of compression and we come here to the conclusion 
that for low temperatures the heat of compression A — U becomes 
equal to 0*) — we need not impose any restriction on equation (2): 
only the differential quotient of A must of course in each special 
case be formed in the way that classical thermodynamics requires for 
equation (1). I can, however, not be expected to set this forth more 
fully here. 

The authors now come to the conclusion ina rather circumstantial 
way, some points of which are by no means indisputable that when 
we consider vaN DER Waars’ formula to hold for fluids down to 
any temperature however low, equation (2) cannot hold. 

This result, which, of course, 1 had known for a long time, may 
be arrived at in the following direct and exact way. 


) Van ’t Horr, BOLTZMANN Festschrift 1904 S. 233; Brönsted, Zeitschr. phys. 
Chem. 56 645 (1906). 
*) Neryst, Journ. de Chim. Phys. 8 236 (1910). 
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As « ease to which we will apply equation (2) we consider the 
expansion of a liquid from the volume v, to the volume », at constant 
temperature. When van DER Waats’ formula 


a 
(» | ze = Re wo be on 


holds for this, we get: 


en 
df 
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i ee v,—-b a a 
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while 


follows for U. These relations are of course in harmony with 
equation (1), of which one can easily convince oneself; on the other 
hand we have: 


dA vb , dU ; 7 
-= Rin —, im— = 0 (for T — 0, 


d1 v,—b DE: 


lim 


relations which are incompatible with equation (2), ie. the new 
theorem of heat. 

Now, however, it would be entirely injustifiable to consider the 
new theorem of heat refuted on this ground; it is indeed only 
experiment which has to decide this question. And as we know, 
experiment proved long ago that vaN pER Waars’ formula and even 
the general theory of corresponding states too are often in flagrant 
opposition to experiment '); it is further easy to see that especially 
at low temperatures the deviations become particularly striking. The 
new theorem of heat, on the other hand, has already been confirmed 
by a great number of examples, and in many hundreds of cases, in 
which we could not yet prove it with perfect exactness for want 
of a more accurate knowledge of specific heats at low temperatures, 
at least certain approximate results were confirmed, which I could 
derive from it. 

For the rest it is also easy to derive from molecular theory even 
without having recourse to the new theory of indivisible units of energy 
which is of course incompatible with formula (3), that this formula 
cannot possibly hold for liquids at low temperatures. For it is known 
that strongly undercooled liquids assume a rigid glassy state at low 
temperatures according to TAMMANN’s investigations, and nobody but 


1) Cf. e.g. my Theoret Chem. p. 236 and particularly Kristine Meyer, Zeitschr. 
physik. Chem. 32 1, (1900). 
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Messrs. KonnstamM and Ornstein would ever think of applying van 
per Waats’ formula to amorphous Quarz and similar substances. 
For here there is no longer present unchecked movement of the 
molecules, and this is entirely in conflict with the premises on 
which van DER Waats’ formula was derived. Indeed, the new theorem 
of beat is intended to account for the entirely different circumstances 
found here; for the rest it necessarily follows from the theory of 
indivisible units of energy *). 

Messrs. KounstamM and Ornstein therefore try to refute my theo- 
retical considerations by evidently inaccurate, nay even inadmissible 
formulae *). 

It is known that when Tarr questioned the second theorem of 
heat on the assumption of Demons, CLavsius could point out with 
perfect justice that his formulae did not refer to the question how 
heat behaved with the aid of Demons, but what it did of its 
own accord. In the same way the attention of Messrs. KouNstTamM 
and ORNSTEIN might be drawn to the fact that equation (2) does not 
hold for substances which only exist in their imagination, and that 
the real behaviour of substances at low temperatures should be 
taken into account. 

In conclusion we may point out that the formulae (2) express the 
whole of my theorem of heat, and that particularly the applications 
which I have made to gaseous systems, with which remarkably 
enough, the authors exclusively operate, consist only in a combina- 
tion of these formulae and the already known theorems of heat. 


Physics. — ‘“Murther Experiments with Liquid Helium. B.A Helium- 
Cryostat. Remarks on the preceding Communications.” By Prof. 
H. KAMERLINGH ONNEs. Comm. N°. 123¢ from the Physical 
Laboratory at Leiden. 


§ 1. Introduction. In the Jubilee volume presented in October 
1910 to J. M. van BeMMELEN a description was given of an arran- 
gement by means of which liquid helium had been successfully 
transferred from the apparatus in which it had been prepared to 
another vessel in which the measuring apparatus could be immersed 
in liquid helium. Advantage was then taken of this arrangement to 


1) NERNST, Journ. de Chim. Phys, 8 234 (1919); F. Jiirrner, Zeitschr. f. Elek- 
trochem. 17 139 (1911); O. SACKUR, Ann. d. Phys [4] 34 455 (1911). 


*) With an analogous reasoning the said authors might aiso have “refuted’’ 
Pianck’s formula of radiation, the whole theory of indivisible units of energy etc. 
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investigate how far liquid helium could be cooled before solidification, 
and to reach the lowest temperature hitherto attained. But, as was 
pointed out in that Paper, this arrangement did not appear to afford 
the requisite certainty in its action. 

Experiments upon the electrical resistance of metals at helium 
temperatures and upon the thermal properties of helium were, there- 
fore, again made (December 1910) by introducing the necessary 
apparatus into the chamber of the helium liquefier, in whieh the 
liquid formed by the expansion of the gas collected. But, as long 
as a stirrer cannot be used in the helium bath, and with this arran- 
gement its introduction would be a matter of the greatest difficulty. 
one cannot be sure of the uniformity of the temperature of the bath 
which, nevertheless, is a sine qua non for accurate temperature 
determinations. There was consequently urgent need for the con- 
struction of a eryostat*) which, although still closely connected with 
the liquefier, would yet allow the apparatus which one wished to 
place in the helium bath to be introduced and still have free and 
independent exit above. In the present paper a description is given 
of a cryostat which fulfills the necessary conditions. Witb this cryostat 
various experiments have been made including those upon the dis- 
appearance of the resistance of pure mercury (Comm. N°. 120 Proc. 
April 1911 and Comm N°. 122° Proc. May 1911). 

Now that this cryostat is available it is possible to measure the 
resistance of a mercury thread (CAL LENDAR’s bridge method, ordinary 
differential galvanometer method, method of overlapping shunts, 
measurement of fall of potential and current strength) whose four 
leads connecting with the measuring instruments are also (glass tubes 
filled with in the lower part solid) mercury up to the point at which 
ordinary temperature is reached. Moreover, the difficulties attending 
an investigation of phenomena connected with electrical conduction 
are diminished, and in this connection an investigation is proceeding 
with a view to ascertaining how far one can, in measuring all kinds 
of very small potential differences, take advantage of the increase 
of sensitivity experienced by the current carrier (e.g. fixed coil *), 
suspended coil, current circuit or string) of the galvanometer when 
brought to the temperature of liquid hydrogen. Finally, one can 
attempt to obtain baths giving temperatures between the boiling point 
of helium and the melting point of hydrogen, which must be regarded 
as of the highest importance for resistances (and perhaps for specific 


1) Cf. also Comm. NY’. 119, Proc. March 1911 A § 6. 
2) When thus cooled the resistance of a fine wire coil is diminished to that of 
a thick wire coil. 
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heats as well), and which are essential for an accurate determina- 
tion (already once unsuccessfully attempted) of the critical tempera- 
ture of helium’). 

A short description of this cryostat, therefore, is desirable. 


§ 2. Description of the apparatus. The chief difference between 
this and the apparatus described in the van BEMMELEN-Jubilee volume 
lies in the separation of the helium liquefier from the cryostat chamber 
by a valve, and in the siphoning over of the liquid helium through 
a cooled siphon. For the rest, the apparatus on the one side resembles 
the apparatus described in the vaN BEMMELEN volume, and on the 
other the liquefier with enlarged reception chamber deseribed in 
Comm. N°. 119 Proc, March 1911. Reference may be made to 
Comm. N°. 119 for a description of all that is common to the 
earlier and the later apparatus; the same letters are used to indicate 
identical parts, while, where one of the parts has been modified, the 
letters are distinguished by accents. As in Comm. N°. 119 reference 
must be made to the earlier Communication for a detailed description 
of the parts common to the helium liquefier there described and 
that given in Comm. N°. 108, while the plates given in Comm.’s 
N°. 108 and N°. 119 should be consulted along with the figure 
given with the present paper. °) 


1) For a criticism of the thermal properties of heliwm an accurate knowledge 
of this temperature is essential. In this connection we may remark that circum- 
stances other than those brought forward in S6 of Comm. N’. 1i9 (Proc. March 
1911) may influence the deviation of helium from ordinary normal substances in 
the sense opposite to that in which associated substances deviate from them. An 
increase in the elongation of the vibrators would bring the attracting particles 
closer to the surface of the atoms, and this could lead to an increased association 
at higher temperatures. But, in particular, a peculiarity in the equation of state, 
ascribed to the change of a@ and b, may just as well be brought about by the 
non-appearance of changes occurring in ordinary normal substances (and perhaps 
too im substances such as argon and oxygen whose critical temperature is not 
yet too low) which had not been allowed for in the examination of the changes 
undergone by their @ and 6. For it is the comparison of helium and ordinary 
normal substances, that is regarded. An increase in the value of 0 for helium 
would, therefore, correspond with the total or partia! absence of a diminution of 
b (compressibility) of normal substances, and similarly an increase of a with tem- 
perature for helium would correspond with the absence of av increase in a at 
temperatures down to those usually reached with ordinary normal substances. 

(Cf. too the note on the compressibility of argon atoms in Comm. NO, 1214 by 
KAMERLINGH Onnes and Crommetin, These Proc. p. 162). 

2) In the construction of this eryostal as well as of the apparatus placed in it 
during the various experiments | owe much to the skiil and ingenuity of Messrs. 
Frum and KesseLkinG, instrument maker and glass blower respectively at the 
Cryogenic Laboratory. 
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The silvered siphon tube “ah (see accompanying figure) which 
transfers the liquid helium from the vacuum glass Zu” of the liquefier 


in which it collects to the vacuum glass of the cryostat S, — the 
cryostat glass — is fused to the under part of the vacuum glass 


Ka'"'h,. The lower portion of the vacuum glass of the liquefier as well as 
the rising limb of the siphon Aah, are surrounded with liquid air 
in S, from which they are separated by a german silver case S, 
cemented and consequently immovably attached to the liquefier glass 
at JS,,. To this case the ring 5S, which carries the cryostat glass S, is 
also fixed immovably. When the cryostat glass with its rubber ring 
S, is attached to this, and the cover S, with its rubber ring S,, 
placed over the cryostat chamber, this case forms with the connecting 
tube S, and the cryostat glass iS, one closed whole. The same 
method of connecting by means of rubber rings as was used in the 
earlier cryostats was again employed with the liquefier, at S,, above 
the cemented junction S,,, and this connection was also provided with a 
safety envelope, thus ensuring an air-tight sealing of the whole 
enclosed space. A helium thermometer whose german silver reservoir 
Ni, is placed in the liquid helium space indicates the accumulation 
of liquid helium which may be transferred to the cryostat chamber; 
its steel capillary NO, passes along by the spiral A of the helium 
liquefier and is connected to a stem Nd, and a barometer tube: 
this thermometer is placed alongside the thermometers which indicate 
the level of the liquid in the hydrogen chamber of the liquefier .V 
and Na (ef. the plate of Comm. N°. 119). 

Along the upper end of the siplion uh, is laid a copper capillary 
Kal through which is flowing liquid air and which is wrapped up 
with the siphon tube in a layer of insulating material; by this 
means it is ensured that when the liquid helium flows quickly over 
it takes up but little heat. At the extremity of the siphon Zah,, 
which opens into this cryostat glass is a valve Mak, consisting of a 
stopper plate Muk, which turns about a horizontal axis and is pressed 
against the opening of the vacuum tube by means of the large- 
pitched worm gear Kak. The worm is operated from above the 
cover of the cryostat by turning the handle Lak, to which is 
attached the shaft Mak, (made partly of glass) passing through the 
stuffing box Zak, 

The stirring arrangement consists of a german silver pump Sb, 
with valved piston SO, and outlet valves Sh, ; by means of a wire 
Sb, and a soft iron cylinder Sd, inside the glass tube S5, the piston 
follows the course of a magnet Sd, which is moved up and down 
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by an electric motor’). By this means a powerful circulation is 
obtained. 

Only the upper portion of the cryostat glass is silvered. At the 
level of the inlet valve the silvering ceases, so that one is able to 
control the action of the valve and to observe the level of the liquid 
meniscus in the cryostat glass. A vertical strip on each side of the 
acuum glass 4") which contains liquid hydrogen and surrounds the 
the cryostat glass is left unsilvered so that the position of the liquid 
helium in the cryostat glass may be seen. The vacuum glass Lc 
with liquid air which protects the liquid hydrogen is treated in the 
same way. Vaporization is chiefly due to entrance of heat from 
above by conduction and by absorption of radiation by uncooled or 
insufficiently cooled portions of the apparatus (e.g. cover, resistance 
thermometer leads, ete.). “The radiation, too, which is admitted 
through the transparent parts of the walls as well as the radiation 
from above can be absorbed by objects which are in contact 
with the liquid helium (this seems to be particularly the case with 
the opaque or metal parts of the apparatus), and can give rise to 
considerable evaporation *). For many experiments the rapid evaporation 
occasions great difficulty. 

In the case represented by the accompanying figure (experiments 
of April 1911) the cryostat contains a. the helium thermometer 7%," 
(with capillary 7h,"); 6. the gold resistance thermometer 24, (an 
insulated gold wire wound on a glass cylinder); c. the mercury 
resistance $277,°). To make it possible for the mercury to solidify and 


') It is peculiarly charming to see this little pump ejecting the light liquid over 
its upper edge when the level of the liquid helium sinks a little below it. 

*) The whole of these radiation and absorption phenomena at extremely 
low temperatures lexd to the conviction that in bringing a measuring instrument 
that receives radiation to a low temperature, a wide field of investigation is made 
easily accessible. In this connection it may be mentioned that according to the 
well known formula Am 7=0.294em. deg., at the lowest helium temperatures 
Am becomes approximately 2 mm. (at the melting point of hydrogen a value of 
0.2 mm. is already realised); the heat radiation, therefore, given by the wave- 
length Am is almost identical with the actual Herrz oscillations of small wave 
length (4 mm.) realised by Lampa. We may also mention that at 4°K. at which 
temperature vibrators of wave length 0.5 mm which seem to play an important 
part in electrical resistance come to rest, Am becomes 0.7 mm. approximately. 

*) The estimate of the frequency of the resistance vibrators in mercury (which 
gave @=30, see Comm. N’. 119 B, § 3 note 6 under table, Proc. March 1911) 
was obtained by paying due attention to the fact that the situation of the chief 
points on the curve defining resistance as a function of temperature seemed to be 
determined by the melting point — a fact already commented upon in Comm. 
N°. 99e, Sept. 1907). 1 thought it clearly suitable to apply the law of corresponding 
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liquefy again without division and without injuring the glass the 
last resistance consists of a series of U-shaped glass capillaries filled 
with mereury arranged in a circle and connected by expansion 
reservoirs; there are four platinum leads for coupling it to the 
measuring instruments. 


states to metals, which has been done repeatedly since, and to regard the melting 
point as a corresponding temperature. I aiso thought that when it was a question 
of concluding from elastic phenomena, the principle of mechanical similarity could 
well be applied, as | had already done in explaining the extended validity of 
van DER Waats’s law of corresponding states. 

Metals, therefore, in corresponding states are regarded as mechanically similar 
systems the various properties of which, expressed in units depending upon length, 
mass and time, are, when in corresponding states, given by the same numerical 
values by using units which are obtained for each metal from its own funda- 
mental units [LZ], (MJ, [7]. The natural units of mass and volume are the atomic 
weight M and the atomic volume, so that [ZL] M'lsp—'/s where ¢ is the density. 
The particular unit of time for each metal is the reciprocal of the frequency here 
required, i.e. the period of the resistance vibrators. According to the dimensions 
(L2MT—2| of kinetic energy which determines temperature, we get from the cor- 
responding melting point temperatures 4; and §'s and the expression for ; 


al : EE = [Lyd "he A PAR 5 led AZ 
== o's M O2: ot “aa aa 


from which it would follow that taking the frequency for lead such that a = 54 
the frequency for mercury should be such that @=37. As comparison with 
platinum would give a value 47, we can regard the results of this method as 
only a rough approximation, and a further reduction to 30 which promised to 
give better agreement seemed quite permissible. 

| have more recently seen a formula for the frequency deduced by Linpemann 
as far back as 1910 (Physik. Zeitschr.) from more specialized assumptions, from 
which the expression just given follows at once; this is not surprising since the 
principle of similarity may be applied to his assumptions. While I wish to take 
this opportunity — as | should have done in my first paper on the subject — of referring 
to these important calculations of LINDEMANN it is perhaps fortunate that I had 
not seen them svoner, for they give a= 46 for mercury, while it was just from 
the estimate a= 30 that | was able to forecast that at some of the helium tem- 
peratures the resistance of mercury could be measured and at lower temperatures 
it would disappear, and it was this forecast that made experiments with mercury 
so particularly inviting joined with the prospect of working with a pure metal. 
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Astronomy. — “Preliminary investigation into the motion of the 
pole of the earth in 1907.” By Dr. H. J. Zwiers. (Communi- 
cated by Prof. EB. F. van DE SANDR BAKHUYZEN.) 


In 1910 1 started investigations into the motion of the momentary 
rotation-pole of the earth since the beginning of the year 1890. 
Besides the general scientific importance of such an analysis, especi- 
ally for the future explanation of the rather complicated phenomenon, 
another reason prompted these investigations, i.e. the desire to arrive 
at a safe basis for a quick reduction of some observations of 
declination with the Leyden meridian circle. For often enough 
starplaces must be reduced soon after the day of observation, 
even before anything is known about the momentary value of the 
latitude, which is one of the most important elements of reduction. 

The general results of these investigations I hope to publish before 
long. At present I desire only to communicate some preliminary 
results about a perturbation in the regular motion of the pole, which 
must have taken place in the course of 1907. 

Early in my investigations I found, that, while the motion of the 
pole up to the beginning of 1907 could be represented by simple 
formulae with tolerable accuracy, later observations showed great 
deviations. Originally only the results of the observations up to 
1908.5 were known from Prof. ALBREcHt’s different publications, 
and the lapse of time after the moment of the perturbation was too 
short to determine accurately its nature and the orbit described 
afterwards. In N°. 4414 of the Astronomische Nachrichten ALBrucur 
gave the polar co-ordinates for the period 1908.0 until 1910.0, and 
in the first days of June 1911 in Astron. Nachr. N°. 4504 a con- 
tinuation of the table of these co-ordinates was published by him, 
as far as the commencement of 1911. This enabled me to investigate 
more closely into the time and tbe probable nature of the disturbance. 

Without dealing with it in detail, I must first give here some 
results of my earlier investigations. 

It appeared, that from 1890.0 until early in 1907 the motion of the 
pole could be analysed into a yearly ellipse and an approximately 14- 
monthly circle, the motion in both being from W. to E. The polar 
co-ordinates may be thus represented by : 

Bend, den, 

y= ty HY. 
in which the indices 1 refer to the co-ordinates in the yearly ellipse, 
the indices 2 to the 14-monthly circle, while § and 4 represent the 
co-ordinates of the mean pole. 


| 


a 
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I commenced my calculations by deducing also for the period 
1890.0 to 1899.8 the value of the yearly z-term, found afterwards by 
Kimura, as far as the published observations would allow it. The 
separate results came out with considerable uncertainty, but taking 
the mean of the values, found for z for the corresponding tenth 
parts of the different years, I arrived at 10 mean values, which 
were represented as well as possible by the following sinusoid : 

z= + 000438 sin yw + 00221 cos wp 


in which pp is being counted from the beginning of the year. 
From the values of Ag, corrected for this z-term, | computed 

the rectangular polar co-ordinates .r and 7 for that period, so that I 
obtained a continuous, and homogeneously reduced series of these 
co-ordinates, from 1890.0 up to 1908.5. From this 1 deduced in 
first approximation the elements of the yearly component for three 
periods : 

a trom 1890.0 to 1897.0 

6 from 1895.5 to 1902.5 

c from 1901.0 to 1908.0 


taking each time 7 years together in order to eliminate the second 
component, whose period was thus in this first approximation sup- 
posed to be exactly 14 months. 

For these three periods | found a yearly ellipse, showing slight 
variations in size and shape, and in the position of the axes. This 
need not to be a cause of wonder, however, when we accept changes 
of mainly atmospheric nature, e. g. varying distribution of atmospheric 
pressure, accumulation of snow and ice in winter, as the chief factor 
in bringing about this component. 

A single result of this investigation deserves to be shortly men- 
tioned here. 

While for the periods a and 5 the zero-values of § and 1 proved, 
that the adopted origin of co-ordinates coincided practically exactly 
with the real mean pole, I found in this first approximation for the 
central co-ordinates in the period c: 

E—+0°"009 p= +.0".0382. 

These values indicate, that for the later years the adopted origin 
deviates sensibly from the mean pole. The observations of this period 
have all been made at the six international latitude stations, and 
have been reduced uniformly by Prof. Arsrecut in his esu/tate 
Bnd. I, IL and III. The origin of co-ordinates chosen by him, and 
adopted as “mean pole’, coincides fairly accurately with the centre 
of the orbit of the pole resulting from the observations from 1899.9 
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until the beginning of the year 1901, which were first discussed. 
ArBRRCHT's method of reduction must then for subsequent years 
always conduct to the same ‘‘mean pole” and could not give any 
answer to the question of its secular motion. Only an analysis of 
the total motion can give a criterium for this question in the con- 
stancy or otherwise of the co-ordinates of the centre found after 
subtracting the periodical components. 

From the three yearly ellipses, combined with Sand 9, | calculated 
three. series of values of §-+ 2, and 4+ y, from 0.1 to 0.1 year. 
The first series was used for the period 1890.0—1893.5, the second 
for 1899.0—1899.9 and the third for 1904.5 and following years. 
The values for the intermediate years were obtained by simple 
interpolation. Subtracting these values from « and y, l obtained a 
continuous series of values of «, and y,, which served as a first 
approximation of the second component. This series I divided in two: 

A: 1890.0 to 1899.8 1399.9 to 190870 
and first of all I deduced the length of the period from transits 
through the axes of co-ordinates. I found: 
from: A&P == 1.198. year 
fromede: Pt year. 

Provisionally I decided on adopting a general mean valve, and 
computed from A and 5 together: 

Ps = 1.188 year = 454.1) days. 

I examined the shape of the second component for three parts of 
the whole interval, and found three ellipses, which agreed inter se 
so closely, that there was no objection to taking them together in 
one mean orbit: 


wv, = + 0.128 sin w, — 0."057 cos w, 
Y, == + 0. 061 sin w, + 0. 126 cos Wp, 
in which wp, has been counted from 1890.198, and increases yearly 
with 360° : 1.188 = 303.°03. 
Taking the two periodical terms together, we find: 
— 0.'136 sin (yp, + 335.°1) 
Y, = 0."140 sin (yw, + 64.°2) 
Practically both amplitudes are equal and the phases differ 90°, 
so that the second component appears to be a circle with a radius 
of nearly 0.14. 


The co-ordinates x, and y,, computed from the above formulae, 


2 
were now used to investigate the yearly component in second 


approximation. For the present 1 shall only mention the result I 
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obtained fur the period 1904.6 to 1907,5, which period immediately 
precedes the perturbation in 1907. As co-ordinates of the mean pole 
I found: 

6 =F 0,"001 y = + 0."040 
in good accordance with those mentioned above. The elliptical co- 
ordinates became 
“== — 0."075 sin pw, — 0019 cos w, 


Va 0. OO sap 


0."053 cos yp, 
in which y, has been counted from the beginning of the year. 
This yearly component of the motion was supposed to be constant 
for the whole period 1904.0 till 1911.0 and | diminished the « and 
y resulting from the observations with these w, and y,. From the 
residual values for 5 + a, and 5 + y, [ computed, adopting for the 
length of the period the value found above: 434.1 days, two ellipses, 
1° for the period 1904.0—1907.0 and 2° for 1908.0—1911.0. I found: 
ee (12093 2, = 0."115 andi, A LOON 
y= + 0."044 ya — 0."121 sin (w, + 288.°3) 


, being counted from 1904 0 


1904.0 — 1907.0 


5 S008 wv, = 0."252 sin (W, + 286.°1 
1902.0 1911.0 ) > Ys EA ) 
( ap +0037 uv, == 0."249 sin (W, + 10.°4) 
w, being counted from 1909.0. 
Both orbits are so nearly circular, that I substituted for them the 
two following circles ; 


kt pe wv, = 0."118 sin (W, + 179.°3) 
1904 0—1907.0 A5 Ne, 
y= ON VES cosh 179. 3) 


1908.0—1911.0 | x, — 0."250 sin (W‚, + 188.°7) | 
| y, = 0."250 cos (W, + 188.°7) 
yw, being counted for both from 1907.5. 

For these formulae (3) I have not yet derived the mean error 
Observ.—Comput., but when we consider, that ALBRECHT estimates 
the mean error of each of his polar co-ordinates « and y at + 0".02, 
the results I found, justify the following two conclusions: 

1. the co-ordinates of the mean pole have remained unaltered 
since 1904.0; 

2. the computed difference in phase of 9°.4 is too slight to be 
answered for, the more so, as a somewhat smaller value of P, ') seems 
not improbable. 

Therefore I accepted for both periods : 


1) Cf. the last paragraph of this paper. 
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§—10".006 «, =<, sin (Wp, + 184°.0) 
y= +0 .040 PES 0 cos (hp, + 184°.0) 
where again ap, has been counted from 1907.5, and further: 
from 1904.0 to 1907.0: c‚, = 0".118 
frome £9050 torgii.0" ¢; = "0 2250: 
From (2) and (4) I now computed, according to (1), the theoretical 


values of ev and y, and compared them with ArBrrcur’s results from 
the observations. Table I gives the result of this comparison, the 


adopted unit being '/,,,, second of arc. 
The differences O 


C (Observation—Computation) give as mean 
error of my computed values: 


1904—1907 : mm, == = 0".0204 
1908—1911 : +0). 0237 


while, as I said before, the mean error of an observed co-ordinate 
is estimated by ALBrecuT at + O".020. 

I think, that from this I may conclude, that within the admissible 
limits of error of the observations the polar motion is represented 
by a yearly anda 14-monthly component, as expressed by the formulae 
(2) and (4). 

From this it follows: 

1. that a change in the 14-monthly motion must have taken place 
in the course of the year 1907 ; 

2. that the perturbation did not cause any appreciable change of 
phase, or displacement of the mean pole; 

3. that the change in the motion is wholly owing to a gradual, 
or more or less sudden increase of the amplitude of the 14-monthly 
motion from 0.12 to 07.25. 

In the following manner I have attempted to determine more 
precisely the very moment and the nature of the perturbation. 

From the formulae found for the period 1904—1907 I deduced 
the co-ordinates for 1907.0—1908.0, such as they ought to have 
been, had the motion of the pole remained undisturbed, and com- 
pared them with the observed positions. The numerical results of 
this comparison are contained in Table II. 

The columns O—C yield as mean error + 0".0461, which is far 
more than the accuracy of the observations allows for. Moreover a 
glance at these differences makes it clear, that although the agreement 
up to 1907.3 or 1907.4 may be satisfactory, the differences found 
afterwards are decidedly not admissible. 

Secondly I compared the observed co-ordinates with those which 
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ought to follow for 1907 according to the formulae found for 
1908—1911. Table III gives the results of this comparison. 


TABLE II. 


| | Computation O—C 
Epoch 
ea yv BE Ly 
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As mean value of the differences between observation and com- 
putation we here find + 0".0591, an even less admissible result 
from chance errors than the value, derived from Table II. Here it 
is the differences O--C from 1907.0 up to about 1907.6, that 
reach very abnormal values. From 1907.7 the agreement may be 
considered satisfactory. 

This would seem to lead up to the conclusion, that the change 
in the second component of the polar motion must have taken place 
rather rapidly, and somewhere between 1907.3 or 1907.4 and 1907.7. 
On closer examination, however, it seems to me, that the observa- 
tions do not sufficiently justify this conclusion. We may rather say, 
that the real path of the pole during the year 1907 deviates more 
and more from the former orbit (1904—1907), to approach to that 
deduced from the elements found for 1908—1911. 

Better still than by the Tables IT and III, this is shown by the 
annexed figure, which represents the observed path of the pole, and 
the two computed ones from Table IT and III. The curve drawn 
continuously shows the displacement of the pole according to the 
observations; the computed curves have been represented by dotted 
lines. The inner one results from the elements found for 1904—’07, 
the outer one from those for 1908—'11. 

It had already appeared from Table I, and the mean errors deduced 
from it, that the elements (4) represent the observations before 1907 and 
after 1908 with sufficient accuracy, and the figure shows, that the 
observations in 1907 indicate a gradual rather than a sudden transi- 
tion from one orbit to another. Thus | simply supposed, that the 
amplitude ¢c, of the 14-monthly circle gradually increased in the 
course of 1907 from 0'.118 to 07.250, and the computation on this 
basis corresponds so remarkably well with the observed co-ordinates, 
that I thought it unnecessary to extend the researches still in other 
directions. ; 

For a closer investigation moreover, it would have been necessary 
to go back to the original observations of the several stations. 
ALBRECHT’s co-ordinates have been obtained by a process of adjust- 
ment, and this turns even rather sudden changes into smooth transi- 
tions. In the first place the time for such an investigation was 
lacking, and secondly it remains to be questioned, whether the accuracy 
of the separate results would admit of a decided conclusion. 

In formula (4) I substituted therefore for the year 1907: 


es == 0" MS 4 Boye 5 107 OEREN) 


Combining the resulting values of «, and y, with the yearly com- 
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ponent, and the constant co-ordinates of the mean pole, I obtained 
the computed values of « and y of Table LV. 
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If we look at the columns O—C, and compare them with the 
corresponding ones in Tables II and III, we see, how much the 
agreement between observation and computation has been improved. 
As mean error we now find + 0".0150, which is even less than 
the uncertainty (m.e.—= + 0".02) of the co-ordinates deduced from 
observation. 

The calculated polar curve, obtained by adopting formula (5) has 
been represented in the figure by dashed lines. In judging the 
agreement it may be useful to remind, that the unit of '/,,,, second 
of are, in which the numbers of the tables are expressed, represents 
a length of 51 millimeter on the surface of the earth; the scale of 
the figure is nearly 1 : 77.5. 

Now that we may hold it proved by the foregoing comparisons 
that the observations of 1904 up to 1911 may all be represented by 
the same elements with the exception of the increased value of c,, 
the question arises, in how far the same elements also satisfy the 
- former observations. Small variations in the yearly ellipse can be | 
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easily explained by the causes mentioned above. So the question 
regards more particularly the agreement in length of period and in 
phase of the 14-monthly component. 

In the Archives Néerlandaises, Série I], Tome IL p. 479 Dr. E. F. 
VAN DE SANDE BAKHUYZEN gives asummary of deduced transits through 
the positive axis of z, i.e. through the Greenwich meridian. 

From my computations mentioned on p. 213 I have added to 
this list two new epochs, one being deduced from the observations 
of 1890.0 up to 1899.8, the other from those of 1899.9 up to 1907. 
1 compared the whole series with the elements obtained by E. F. van 
DE SANDE BAKHUYZEN : 

Epoch = J. D. 2408567 Pos Aste PA 

Representing the corrections of these elements respectively by 
u and v, we arrive at the following equations: 


1. Washington 1s* vert. 1862—67 u—14 v=— 264 p=2 
2. Pulkowa vert. c., Pol. 1863—70 u—i13 v—= 72 2 
3. Leyden, Fund. stars 1864—68 u—12 v= 0 2 
4. Leyden, Polaris 1864—74 uw—12 v=— 8 2 
5. Greenw., Trans. circle 1865—72 u—12 v—+ 41 i 
6. Pulk., vert. c., Fund. st. 1863—75 uw—10 v=-4+ 23 4 
“ePulk., werk. ce -Bo 1871—75 uwu— 8v=+2 2 
eo bulk... 45) nent 1875—82 uw— 3v=+16 2 
oy Palky. wert: 1882—91 wt 3v=4 6 + 
10. Greenw., trans. c. 1880—91 ut 38v=4 9 1 
11. Madison 1883—90 ut 5 v=—18 1 
12. Lyons 1885—938 ut 6 y=— 2 2 
13. Albrecht-Zwiers 1890—99 1 uw+10 v=— 3 6 
14. Albrecht-Zwiers 190007 u+19 v == + 30 8 


The solution of these equations by the method of least squares, 
taking the weights p into consideration, gives: 


“== EE Ei 02097 
so that the new elements become: 

Epoch = J. D. 2408580 P= 431024. 

With these elements I find the following residuals: 
i 38 days 8. + 3 days 
2. + 60 ,, DE — 8 ,, 
3. —12 „ 10. — 5 ,, 
4. — 20 ,, Er Fs as 
5. +29 ,, 12. —16 ,, 
6. +11, 115 —17 „ 
re +15 ,, 14. +15 „ 


40.15 


” 
40.20 


Dr H. J. ZWIERS. „Preliminary investigation into the motion of the pole of the earth in 1907.’ 


O——— Observed orbit 
020 


o—— ——o Computed orbit. 


@eeseeseeee@ Orbits according to 1904 -07 and 
1908 —11. 


P Mean pole 0.15 
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Although this computation of P, has only apreliminary character’, 
still L think I am free to conclude, that the agreement between the 
new and the old observations is as satisfactory as may be expected 
from the delicate nature of this research. The period we have now 
found for the so-called 14-monthly motion, corresponding with a 
yearly increase of phase of 304°.95, even brings out a closer agree- 
ment between the phases for 1907.5 as deduced from the motion 
before 1907 and after 1908. With P,—=434".1 we had found 
a difference of 9°.4; reducing the phases found for 1905.5 and for 


Ral WA 7 dup, 
1909.5 with the above mentioned value of ze to 1907.5 we obtain: 
dt 
from 1904—1907 : ipeator 1907.0. == 16514 
from 1908—1911 : ue, for) 1907.5 — 184° 89. 


This result strengthens the conclusion arrived at on p. 216, that 
the perturbation of 1907 did not cause any appreciable change of phase. 

When we try to find the cause of the decidedly rather sudden 
change in the 14-monthly motion, it seems natural to seek it in 
the influence of rapid displacements of mass caused for instance by 
voleani¢ eruptions or earthquakes. Prof. HepmMErr has already developed 
their influence in his “Möhere Geoddsie’, 1 Teil, S. 416—418, but 
the details of the observed phenomenon are not in accordance with 
his results. After his analysis a sudden displacement of mass must 
chiefly cause a change in the direction of the axis of greatest moment 
of imertia, the direction of the instantaneous axis of rotation re- 
maining unchanged. The angular distance between the two axes is 
altered, and the axis of rotation continues regularly its motion in 
a circular cone: around the new principal axis of inertia i.e. around 
the new mean pole. A phenomenon of this character would there- 
fore alter the position of the mean pole and the mean value of the 
geographical latitudes, while the analysis of the observed facts did 
on the contrary indicate an unaltered position of the mean pole, 
and a spiral displacement of the pole of rotation. 

So the eause of the phenomenon must be sought elsewhere, and 
there is another problem to be solved by the dynamical theory of 


the polar motion. 


Leyden Observatory, June 1911. 
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Geology. — “Noles on the Sopoetan-Mountains in the Minahassa.” 
(First part.) By Mr. M. Kopersere. (Communicated by Prof. 
C. E. A. WicHMANN.) 

Since the last great eruption of Sopoetan in 1835 *) great tran- 
quillity has prevailed in the so intensively volcanic central-district 
of the Minahassa, which in an area, hardly as large as the Dutch 
province of Drente, numbers at least 18 eruptive seats. Only Sopoetan 
iiself and the crater-lake Linou continued to show some activity, 
though limited to fumaroles and as for Sopoetan possibly also to 
sporadic slight ash-eruptions*). The tendency to diminution of vol- 
canism seems likewise to be indicated by a gradual declining of the 
hot springs. 

In the last years however a series of phenomena has proved a 
reanimation of volcanie activity. On 29 March 1895 at about 5.30 
p.in., according to a communication of Mr. #. GorpBrorp, (Nat. 
Tijdschr. v. N. Indië Vol. LIV p. 206), and the description of the 
SARASINs (Dr. P. and Dr. F. Sarasin “Entwurf einer geologisch-geo- 
graphischen Beschreibung der Insel Celebes” *) p. 28 —35) in the 
saddle between the Lokon and the smaller voleano Empong suddenly 
an old boeea resumed activity, and in the neighbourhood some new 
fumaroles were formed, without the least seismic motion. 

This was followed in 1901 by the formation of a new solfatara 
in the Sopoetan-mountains, under strong seismic disturbance all over 
the Minahassa, which was reported by us in the “Verslag van het 
Mijnwezen” of the first quarter of that year (appendix of the 
Javasche Courant of 16 Juli 1901 N°. 55, p. 13—14, and in the 
“Verslag over de Geologische en Mijnbouw kundige onderzoekingen 
in de residentie Menado” during the year 1901. (Jaarboek v. h. 
Mijnwezen 31° jaargang. 1902, p. 147—148). 

According to a statement by Mr. A. Limpcre of Tomohon, (Nat. 
Tijdschr. v. N.-Indié, Vol. LXV p. 125), in 1904 the Mahawoe-volcano 
showed a somewhat intensified activity. After the last eruption of 


1) Not in 1838: after Prof. Dr. A. Wicamann, (Mon. Ber. d. D. Geol. Ges. Vol. 62, 
1910, p. 592). 

2) In 1845, (Natuurk. & Geneesk. Arch. voor Nederlandsch Indië, 3. 1846 p. 603), 
and in the night of 20 to 21 and on 24 June 1890, in the report about that year 
in the Nat. Tijdschr. v. N Indië Vol. LI p. 321 brought into connection with the 
eruption of the Makian-voleano on 29 and 30 June, but probably rightly attributed 
to Sopoetan by WrcnmanN and the SARASINS. 

3) On account of this work containing an elaborate compendium of the older 
communications about the volcanoes of the Minahassa, references may conveniently 


be left out here. 
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1789 this mountain seems to have been quiet, but had restarted 
smoking a couple of years back. 

In 1906 and 1907 followed at last the eruptions in the Sopoetan- 
mountains, to be discussed afterwards. 

The new solfatara of 1901 is located in a kind of atrio between 
Sopoetan proper and the more northern Rindengan-range, evidently 
part of an older crater-edge. The further course of this edge is 
not so distinct. In general the relief of the Sopoetan-mountains is 
not easily to be understood. From the reports of the various visitors 
it is evident that they feel that they venture on uncertain ground 
whenever they have to discuss the surroundings of the Sopoetan-cone. 

Even with regard to the names of these mountains the different 
travelling-reports do not agree. This confusion is chiefly caused by 
the fact, that the natives themselves, who must decide in this respect, 
are no longer sufficiently acquainted with them, on account of the 
steadily increasing influence of Europeanisation; they sometimes 
happen to look for information in these reports, most certainly a 
surprising result of the work of civilisation, but not exactly favour- 
able to correction of former errors. Moreover names are given to 
spots, which, according to our ideas, had not the least claim 
to separate denomination, e.g. the name Kétengen for the part of 
the Rindengan-wall, where the path descends towards the Pentoe '), 
and which links it to the southern Sempoe-edge. For mount Sempoe 
the name “Kinaälidan” was also mentioned to me; this means the 
place where a tree has been rooted up’), and so originally might 
not have been the name of the whole mountain or range. What is 
indicated on the map as Sempoe is called by the Sarasms, according 
to their description, ‘“Kelelondei’” (== reversed canoe), which is some- 
what applicable to the oblong rounded profile. Their Sempoe or 
Keleloeak*) is the craggy range south of the path coming from the 
settlement Kelelondei and on the north of the old voleano Manim- 
porok. For the reasons above-mentioned [, must leave undecided 
which of the denominations are the correct ones. 

More important than this simple question of names is the exact 
conception of the group of volcanoes itself. That this is so difficult to 
get at is in the first place due to the fact, that in the rather small 
culminating area, nearly coinciding with our map, several large 


1) According to information kindly forwarded by Dr. Theol. S. Scuocu vicar 
of Tomohon. 

2) Londei is one of the manifold types of rowing: or sailing-boats, loeak the 
Indian wood-cat, the moesang or moensang of the Malays. 


15* 
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craters are lying close ‘together, partly even overlapping each other, 
and having disturbed each other’s relief. As a further cause of 
transformation erosion took place on those sides that were favourable 
to it. At last every thing is covered by the ejected coarse sand or 
erit and Japilli of the youngest, now all-dominating Sopoetan s. s. ; 
the great lines of the relief would of course not have been effaced 
by this cause only, but it has contributed to make discrimination 
very difficult; the smaller rugosities were levelled, the contrasts 
between crater-bottoms and walls became less manifest, especially 
where the latter had already tumbled down, and at last the uniform 
grey sheet of gravel, only locally interrupted by spare bluffs, renders 
it next to impossible to discern on mere eye-sight the volcanic 
formations of various kinds. 

In such cases a detailed topographical survey of the voleanic system 
is still the best means of unravelling the intricate relations, and of 
properly interpreting the geological observations. Though the survey 
of 1901, made under my superintendence, chiefly by Mr. W. van 
pun Bos, topographer to the Mining-department, remained restricted 
to the immediate neighbourhood of the newly formed solfatara, yet 
the map borrowed from this surveying allows of completing in 
some respects the opinions of former investigators. 

Koorpurs was the first to pronounce the correct view that the 
mountain-ridge north of Sopoetan s.s., the Rindengan-Tonderoekan- 
range, forms an old crater-edge. He took the Sopoetan-mass to be 
the remains of a single old voleano, his Rindengan-voleano, on which 
the Sempoe — in his summary identical with Kelelondei, — and 
the Sopoetan are secondary and consequently younger craters. It is 
less clear what he understands by Sempoe or Kelelondei. 

The Sarasins resume their observations in this way (l.c. p. 59) 
that they range Sopoetan s.s. as a chief cone Kelelondei (and Manim- 
porok). T am of opinion that by doing so, they allow too great 
independence to the monticule designated by them as Kelelondei. But 
apart from this we need no longer doubt of the existence of a large 
old edge, called by them Kelelondei-somma, of which their Sempoe 
forms a southern part, whilst the part of Koorprrs’ Rindengan- 
Tonderoekan-wall running along the brook Masem forms a northern 
and western part. 

Siarting from my own observations and the evidence afforded by 
the survey, I think IT may conelude that both representations have 
to be combined, and that in reality besides Manimporok, two old 
craters exist, as indicated on our map in dotted lines. In order to 
agree as far as possible with the former explorers the south-western 
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crater may be mentioned as Rindengan-crater, the north-eastern one 
as Sempoe-crater. 

Apparently this view does not differ much from that of the 
SARASINS as it is expressed, if not in the text, at all events on their 
map of the Minahassa (le. Taf. XI), where around the Sopoetan-cone, 
to the south-, west-, and northwest-side a wide encircling wall is 
indicated. They founded themselves for it (Le. p. 60 and 61) on the 
promontory that interrupts the cone-profile on the south-west-side 
and has been recognized by Rinne ') as a fragmentary somma. This 
induces them to admit of an old Sopoetan-crater concentric with the 
present one, and so belonging to this comparatively young volcano, 
consequently not to the old fragments of the crater-edge, which have 
doubtless been preserved in the ranges to the north of this cone. 
Indeed towards this side their older Sopoetan-edge remains open, and 
even they guess, on account of that somma, that of the three volcanoes, 
Sopoetan, Manimporok, and Kelelondei, the former might be the 
oldest. 

On my first ascent of Sopoetan in May 1899 from Tombatoe, | 
intended, after having reached the crater from the south-east, also to 
visit the mentioned somma, known as Sopoetan Putepangan. A dread- 
ful rain-shower however made the descent to degenerate into a wild 
flight of my men to the bivouac, and compelled me to give up this 
plan; later on I have neither found time for it. So L cannot adduce 
a proof for my supposition that we have not to do here with a 
prior stage in the history of the origin of Sopoetan proper, but really 
with a south-western part of the old Rindengan-edge. It is certainly 
remarkable that further round that mountain, i.e. over the greater 
part of the circumference, this presumed Sopoetan-somma cannot be 
pursued, not even by any, irregularity in the slopes, and remained 
intact exactly there where it completes in a natural way the part 
of the Rindengan-wall situated diametrically opposite, with which it 
also agrees pretty well in the estimated sea-level. In my opinion 
consequently in the southern part of the Rindengan-crater the Sopoetan- 
voleano bas originated, the eruptions of which have erected this 
voleano-cone which is to be regarded as not composite, in an un- 
interrupted series of eruptions. 


Within the Sempoe-crater also there is a mountain, — the Sempoe 
of the map, — however without a crater. On the photogram in 


Rinne’s afore-mentioned notice (Beilage-blatt VII top-figure), taken 


ES Prof. Dr. F. Rinne: Skizzen zur Geologie der Minahassa in Nord-Celebes. 
Zeitschrift d. Deutschen Geol. Gesellschaft Pl. LIL 1900, Sept. p. 8 and Beilage- 
blatt Il and UI. 
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from the south-side, this mountain lies to the right of the Walèlang 
(= Walirang). Only the greater western part is to be seen, but the 
missing eastern part corresponds almost with the other extremity. The 
shape reminds of that of the hill in the huge recent crater of Oena-Oena 
(Tomini-bay) said to have arisen during the eruption of 1898 ; 
(Verslag over de Geol. en Mijnbouwkundige onderzoekingen in de 
residentie Menado van het jaar 1900, Jaarb. v. h. Mijnwezen in N. Indië, 
30ste jaarg. 1901 page 118). Probably the central monticule, which 
in Oena-Oena is covered like the surrounding crater-landscape with 
masses of sand, at the Sempoe with gravel, is in both instances a mass 
that has moved outward, something like what was formed in 1904 in 
the crater of the volcano-island of Roeang (1. e. 88 year 1909 page 222 
v.v.) and has been stated already to have occurred also in the 
immediate neighbourhood of Sempoe in the Sopoetan-eruption of 
1906. With such a mode of formation both at Sempoe and at Oena- 
Oena the opening through which the mass has emerged must lie 
directly below the highest part of the top, in this respect differing 
from what occurred at Roeang, where the emerging mass very soon 
filled the whole crater-cup. 

Both sommas, as reconstructed on the map as far as possible 
from the present course of the walls, extend for a short distance 
over each other to a maximal breadth of about 150 M. Since these 
craters have come to rest they must have widened however by the 
tumbling down of their walls, which consist, as far as can be seen, 
of a tufaceous mass, decomposed, whitened and softened by acid 
vapours. 

This receding of the walls however cannot have been of great 
amount, as appears clearly from the boundaries of what still now 
can be recognized as true crater-bottom, indicated on the map by 
thinner striped lines. The walls of the solfatare Walelang teach us 
that there the old bottom of the crater does not consist of eruptive 
eravel, or only to a slight depth, and consequently at the end of 
the activity it did not lie lower than at the present moment, so 
that this period cannot be so long gone by. 

These considerations, for which on the map abstraction should 
be taken of the solfatare Walelang and the surrounding inflection 
of the level lines, probably dating not farther back than the beginning 
of the 19 century, may account both for the nose-shaped spurs 
projecting from the mountain-walls into the common zone of the 
bi-cireular system and for the somewhat vague features of the relief 
in the middle part of this zone. 

From the fact that of the two crater-walls, in so far as they 


are still extant, that of Rindengan notwithstanding its greater height 
has remained in better condition, and that there the contrast between 
edge and bottom is more marked than that at the Sempoe-crater, 
we may conclude that the former crater is younger, or at least has 
come to rest later than the other one. In that part of the system 
where the two craters as it were interfere the Rindengan-wall, the 
spot indicated on the map as Ketengen, is continued almost without 
interruption, and the uncertain relief is turned towards the Sempoe- 
side. The circular plain is here at the side of the solfatare still 
interrupted by a low irregular elevation. Of course the fact that on 
the whole the bottom of the Sempoe-crater lies more than 100 M. 
higher than the Rindengan-bottom may have some influence in this 
respect; but | think that the relief in the central part would show 
a quite different aspect if the former had come to rest at the same 
time as or later than Rindengan. 

The Sempoe-crater has an almost circular shape with a diameter 
of 2,8 to 3 KM. The dimensions of the Rindengan-crater cannot be 
given because the south- and west-side are made uncertain by 
Sopoetan, and the map is incomplete towards those sides. It seems 
that this crater had an elongated shape extending from NNE—SSW. 
From the map we find a minimum length of 2,8 and breadth of 
+ 1,8 KM. These are for the Indian Archipelago not excessive dimen- 
sions; but they are of sufficient importance to conclude, that the 
ejected mass, if nearly adequate to the size of these vents, must to 
a great distance prevail in the petrographical composition of the 
surrounding territory. 

Now the central part of the Minahassa consists, as far as visible, 
chiefly, and southward of the Sopoetan-mountains under the thin 
covering of Sopoetan-sands even entirely of pumice-tufa, partly in 
strata. The igneous rocks of the Minahassa-volcanoes belong chietly 
to andesite *) and their dark colour, also in the slaggy or pumiceous 
varieties, often also the presence of chrysolite point to basic com- 
position. This* is especially true for the material produced by the 
volcanoes in the historical period; (Sopoetan s.s., Batoe Angoes and 
Batoe Angoes baroe). The material of Sopoetan proper is distinguished 
from all the other igneous rocks by the constant presence of much 
chrysolite, thereby showing great affinity to basalt. The rule that if 
in different periods of the eruptivity, the magma is varying in 
composition, the youngest magma is the more basic, may not always 


1) Compare Prof, Dr. H. Biickrya: Beiträge zur Geologie von Celebes ; Sammlungen 


des Geol. Reichs-Museums in Leiden. Ser. Ll, Vol VII, part 1, page 199 —202, 
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hold, in the Sopoetan mountains it is undoubtedly confirmed. What 
I saw in the Minahassa strongly impressed me that there is a 
certain contrast between these andesitic igneous rocks and the light 
pumice-tufa, and at least for the stratified tufa it is clear that its 
deposition belongs to a now-closed period. Hence on good grounds 
we may conclude that Sopoetan proper has nothing to do with the 
deposition of these beds of tufa. In how far that external contrast 
answers fo more essential petrographic and chemical differences and 
if perhaps other voleanoes of the Minahassa may thus be shut out, 
these questions I must leave now undiscussed, the data of our Menado 
exploration still awaiting their final composition and for the present 
not being at my dispesal. 

If for valid reasons the conception of the Tondano-plateau with 
its comb-shaped eastern margin and the adjacent tufa-layers dipping 
and shelving towards the sea as a gigantic voleano, might in the 
end prove to be untenable, as I am inclined to believe, it will not 
be difficult to find any other of the neighbouring eruptive seats apt 
to be held responsible for these tufa-deposits. 

On the southern flanks of the plateau it is different. The tnfa- 
layers occur here in ground that belongs unmistakably to the common 
voleano-foot of the group Sopoetan-Manimporok. So their presence has 
here the demonstrative power that we must as yet deny to those 
of the just-mentioned Lembean-chain. Once induced to conclude 
that the older volcanoes of that group have given vent to the 
material for the pumice-tufa, in so far as this forms their own 
mantle, we may readily admit that the eruptions from these large 
craters have also spread the pumice-tufa to a great distance in the 
surrounding country. If it is confirmed that the circular walls and 
bottom of the Rindengen- and Sempoe-craters are composed of the 
like material, then a more direct proof is given of the part that 
has been assigned here to these volcanoes. 

With regard to the details of location there is an almost perfect 
congruence between the solfature of 1901 and the neighbouring 
Walelang. In both cases the solfatare lies upon the channel longi- 
tudinally eut by the brook in the valley-flat, Walelang on the brook 
Masem, the solfatare of 1901 on the Pentoe. Relating to Walelang 
we may remark that by some authors the name of Masem is like- 
wise given to the solfatare; the SARAsINs even speak of Miasem-crater ; 
this must be a mistake; the name of Musem belongs exclusively to 
the brook. Classing these solfatares with the craters may only be 
allowed for, if the so-called explosion-craters are ranged under this 
category. Indeed one may speak as well of water-volcanoes as of 
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mud-voleanoes, but then a great number of geysers belong to the 
volcanoes. Our solfatare unites the characteristics of the explosion- 
craters, the mud-craters and the geysers. A heightened rim, the sign 
of continued real eruptive action, fails however, as also at the older 
Walelang; eruptive activity took place only at the breaking out but 
not afterwards. 

Whereas the authors represent the Walelang as a lake and 
mention that it has no outlet, it may be stated that this small 
basin is in reality a rather abrupt expansion of the upper dry part 
of the Masem-ravine. On the photogram by Ruynx (o.c. Beilagebl. VI), 
this gully can be seen both upward and downward; on the down- 
wardside the solfatare is however barred by a low saddle, rising 
until + 20 M. above water-level, as it were a low dam, which in 
case of highly increased water-afilux evidently might serve as an 
overflow. it is only at some distance downward that the creek itself, 
fed by small branches, becomes water-bearing. The name of the 
brook however indicates already that in it, underground at least, 
part of the tart, acid-loaden water of the solfatare assembles. Muddy 
half-dried tongues of land, especially on the left bank, show that the 
level of the water must have been higher in former times than it 
is now, whereby the formation of the overflow may be explained. 

At the solfatare of 1901 the chasm is situated in the left bank a 
few meters apart from the brook; the basin is not open in the 
direction of the brook, but in the downward corner there is a narrow 
connection with the bed and through this the emerging mud-water 
discharged itself as a rather rapid stream into the clear water 
of the Pentoe. It was observed at Amoerang, where this mountain- 
stream reaches the coastal plain that the water suddenly turned 
muddy, and if the exaet moment had been noticed, this might have 
been of use to give some information on the initial history of the 
solfatare. 

The hot spring Roeméréga on the Pentoe downward, which gives 
evidence of being an old solfatare by at present only faint vapours, 
smelling somewhat of sulphur, is again in the immediate neighbour- 
hood of the brook-bed. 

The SarastNs mention a second solfatare also on the Sempoe-side 
northward of the central elevation and thus here also inside the 
circularwall. Whether it lies also on the bank of the brook, here 
the Masem, I do not know. That such is however the case with 
all three solfatares under discussion most surely cannot be attributed 
fo mere chance, and rather seems to indicate that the proper seat 


ot the activity of which the solfatares are the results must lie in 
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shallow depth, to be able to react so locally on the local differences 
of the surface. 

Near the solfatare of 1901 the Rindengan-atrio is interrupted bv 
a steep hill-range, on account of some groups of blocks found on 
its back, a rather conspicuous feature in the wholly gravelous or 
sandy surroundings, most likely an old covered stream of block-lava, 
having issued from or at the foot of the Sopoetan-cone and being 
moved radially onward towards the circular wall. Above (page 226) 
we have already alluded to the fact that in the immediate neigh- 
bourhood such a slow eruption was realized in 1906 and 1907. 
The considerable eruptive mass that was produced on that occasion 
is sketched on the map according to indications for which I am 
indebted to Dr. Scnocu. I intend to revert to this eruption in the 
second part of these notes. 

The solfatare lies exactly there where the hill-range in question 
ends against the Pentoe. The left-bank of the brook-channel which 
does not exceed two meters in width and in depth, can at present 
only be recognized with difficulty; that channel-wall now gradually 
passes over into the adjacent foot of the hill by the regular covering 
of mud ejected by the solfatare. This sloping mud-field had a peculiar 
parallel-striped appearance by the downward running furrows made 
in it by the rains right through to the under-lying Sopoetan-gravel. 

The solfatare itself, a pool estimated at three to four meters wide 
and at that time in a violently boiling condition, lies in a hole with 
steep walls, which must have been formed at the initial outburst, had 
enlarged itself afterwards by the tumbling down of the wall at the 
higher side, and at the time of our visit may have been about 
twelve meters wide, measured along the edge. There was no pos- 
sibility of getting down into this hole and to the sides of the hot 
pool. So the dimensions given here are but rough estimations. 

Standing on the outer edge I could not fully account for what 
realiy occurred under the dense cloud of vapours. But from the 
hardly three meter long connection of that hole, sliding off obliquely 
to the Pentoe-bed, we could observe that the boiling was attended 
by the throwing up of perpendicular jets, the height of which until 
their vanishing into the dense steam-cloud, might be estimated at 
about one meter; their formation is doubtless connected with the 
viscosity of the boiling mass, but likewise indicates the great 
pressure with which this mass was driven out, most likely through 
several narrow canals. In the nearest vicinity a smell of sul- 
phuretted hydrogen was easily, sometimes even strongly, to be 
observed. 
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For want of a direct determination of temperature we may mention 
that in a bottle of mud-water, taken from the outlet to the Pentoe 
and already cooled down by rain- and brookwater, the thermometer 
still showed 75° C. The volume-ratio of suspended solid matter of 
this mud-water amounted to 12,2 °/,. 

In a sample sent for chemical examination to the Head-office 
of the Mining-Department, were found — by the mining-engineer 
E. C. ABENDANON, (Verslag van het Mijnwezen van het 9° kwartaal 
van 1901, bijlage der Jav. Ct. van 15 Nov. 1901 N°. 91 p. 1-2) 

Aw Mud, “dred at 120? 07: 

Insoluble in HCl 89,35, 
in which SiO, 73,95 °/, (perhaps meant of the residue, then in 
reality 61,64 °/,); 

Soluble in HCI: 

He OEI or ==> 2.27 .,. 
ALO OF680. ,, == 3,40. ,, 
Cas WIT ziee de A4 1) 


95,46 °/, 


Whether the remaining 4,54 °/, has been controlled by direct deter- 
mination does not appear. This remaining part should contain especially 
the amount of alkalies and perhaps of colloidal solved silicious acid, 
to which as well as to the possible presence of free SiO, no attention 
seems to have been paid. 

B. Per 300 eM* of the water obtained: 
Al,O, 0,0265 gr. = 0,88 gr. p. L. (onght to be 0,088 gr. p. L.) 
CEO Root a= 0, ZE CSO rp Te: 
Bas) /0;6540",;#=0,96. HSO Jp 5 (Ens feality “O/9L7 on) ps ld: 

HC], HNO,, Mg and K-salts absent, strong acid reaction by free 
sulphuric acid. 

The contradictions in the figures quoted allow only of presuming 
that the water contained per liter: 

bound by Al,O, 0,253 gr. sulphuric acid 
ie ODA rt 


0,767 er. 7 Ps 
and consequently per liter 0,917 —0,767 —0,150 er. free sulphurie acid. 
Sulphuretted hydrogen could not be detected at Batavia, but at 
the spring it could be very distinctly by the comparatively rough 
1) If these figures refer to the same quantity of 2 gr. of mud used for the 
determination of Fe and Al, they need correction. 
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reaction of the blackening of silver coins. The vanishing of H‚S, 
apparently less by escaping than by change into H‚SO, has already 
been observed by HerINGa *). 

As far as the determinations go, the water may be taken to be 
mineralized only by the ordinary process i.e. lixiviation of rock by 
newly formed sulphuric acid. Most likely this would be more obvious 
if the investigator had also determined iron and especially natrium, 
instead of rather strangely restricting himself to kalium, the absence 
of which is striking but for the rest not so astonishing, as we have 
to do here chiefly with plagioklastic rock. 

Without proper analysis it is impossible to enter into a discussion 
of the questions connected with the chemical composition of the 
solfatare-material; however unwillingly I must restrict myself to hint 
at them only to indicate that they are not devoid of interest. Thus 
the composition of the mud might be of use for the solution of the 
question to which phase of voleanism the formation of the solfatare 
corresponds, to the basic Sopoetan-eruptions, or — as after-effect — 
to the Rindengan-Sempoe-activity with its more acid products. The 
high amount of silicious acid if irrefutable and original might have 
led us to look for some co-relation with the dacite found hy Rixx *) 
near the Walelang, and so possibly to the unveiling of an eruptive 
phase of still more acid material and presumably higher antiquity. 
Confirmation of the supposition just ventured about the mineralization 
of the water might on the contrary be an indication that we have 
to take the solfatare only as the result of the contact of infiltrating 
atmospherical water with hot masses containing sulphides, a pheno- 
menon of only partial volcanic nature. This conclusion would be 
supported by the circumstance that many of the stones ejected with 
the mud are rich in pyrites. 

In March 1910 the mnud-field around the spring extended over an 
area, the length of which I estimated at more than 250 M. in the 
direction along the Pentoe upwards. Downwards the coating of mud 
did not reach so far, hardly one hundred meters; on the right bank 
of the Pentoe where the Ketengen-Rindengan-wall hindered the 
extension sideways, it was however likewise restricted in the upward 

1) Jop Herinaa: “Onderzoek van eenige bronnen en modderwellen in de Minahassa.” 
Nat. Tijdschr. v. N.-Indié Dl. LIV p. 93 et seq. So his opinion that the smell of 
sulphuretted hydrogen might be locally peculiar to the atmosphere only, and the 
water itself would be free from it, is not valid for our case. 

2) Prof. Dr. F. Rivne: Beitrag zur Petrographie der Minahassa in Nord Celebes. 
Sitz. Berichte der K. Preussischen Akademie der Wissenschafte, Phys.-Math. Classe, 
1900 XXIV p. 482/488. 
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and dowuward direction. The spring has consequently a very excentric 
situation in the mudfield that has been formed by it. It was clearly 
visible on the spot that towards the higher side a big piece of 
ground had been removed by the breaking-out of the solfatare ; 
now it is remarkable that we found the chasm separated from the 
adjacent Pentoe-bed by a narrow strip of undisturbed ground, only 
interrupted by the channei evidently cut in by the escaping mud- 
water, whilst it might have been expected that the great hydraulic 
pressure would have had the greatest effect towards the weakest 
side i.e. towards the bed of the brook. Both phenomena can, in my 
opinion only be explained, if we admit that the first break-out was 
not vertical but in a diagonal and upward direction, away from the 
Pentoe, tending nearly towards the Sopoetan-axis. 

I found the last-mentioned peculiarity likewise at the Roemerega. 
This spring is situated to the right of the Pentoe, here already a 
rather strong though still small mountain-stream, only a few meters 
apart from the bed of the brook, at the foot of a wall showing 
the ravinated, superposition of the black Sopoetan sand on the greyish 
tufaceous material. The bottom of the hole, enclosed by that wall 
and the little dam at the side of the brook, is covered with luke- 
warm clear water, which again has its out-flow to the brook on 
the downward side. Of suppiv-orifiees nothing was to be seen. 

About 40M. ahead, nearly one kilometer below the new solfatare, 
the mud-stream still formed a separate central vein with a temperature 
of + 70° in the here about 1'/, M. wide and 0,1 M. deep water- 
bed of the Pentoe. That as yet no mixture had taken place may 
be considered, in my opionion, as another indication of the viscosity 
of the mud, resulting again from the presumed presence of colloidal 
free silica. The presence of sulphuretted hydrogen could be ascertained 
in the mud and also by the smell in the atmosphere. On either 
side of the bed there was a fringe about 1 M. wide of the soft, 
grey mud, apparently dating from former stronger periods in the 
eltlux, when the stream of mud may have filled the whole bed. 

Even on the edge of the new chasm, notwithstanding the violent 
boiling inside, we could not observe any spirting of the mud. This 
must have occurred during still move powerful initial activity, which 
in the very beginning must have shown a paroxysmal character. 
This hardly 5 eM. thick sheet of mud would certainly not have 
stood against such tremendous rains as one can only enjoy on the 
mountains in our tropical archipelago-climate, during the couple 
of weeks that had elapsed at the time of our visit, since the forma- 
tion of the spring. I think this entitles me to conclude that such 
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paroxysmal increase of activity must have repeatedly occurred. It 
may indeed be expected that with such newly formed springs a 
state of permanent equilibrium ensues only after a perhaps rather 
long lapse of time. It seems even that the Walelang, dating from 
before 1821*), was not yet in a state of regularized activity when 
it was visited by Rinne in 1899. This is perhaps the cause that the 
descriptions of its appearance are greatly at variance. Even now 
this solfatare had not yet quieted down. We observed some bubbling 
near the north-east corner and now and then in a little round 
puddle in the half dried up western part on the sulphur-erusted 
land-tongues. 

Notwithstanding the apparent contrast between the minute boiling 
chasm of 1901, the comparatively gently steaming but 300 by 160 M. 
measuring lake of Walelang and the lukewarm pool of Roemer. ga 
the differences are in my opinion rather of a gradual nature with 
regard to size as well as to intensity. Numerous more or less radiat- 
ing rents at the foot of the Ketengen-wall, in which the white under- 
ground and some sulphur was visible, and which gave some idea 
of the great subterranean pressure that has caused the eruption of 
the mud-stream, in the mean-time enforced the impression that with 
undiminished power the chasm would enlarge itself still considerably 
also towards this side. 

These crevices must be well distinguished from the long, narrow 
crevices, almost hair-tissures, observed in the gravel-field to the south 
of our Sempoe, and on the top of the Sopoetan-cone from the crater- 
edge to about fifteen meters down along the northern and north- 
eastern slopes. Here they follow pretty well the level lines. The 
vapours constantly issueing from this highest part of the volcano- 
mantle, now mostly rose from these crevices, which did not exist at 
the time of my former visit. South of Sempoe the direction of the 
crevices was about N. 40° East. In my opinion they are of seismic 
origin and as such likewise known from other places. The pretty 
compact coarse sand has sufficient coherence to prevent these traces 
of the effects of the earthquakes from disappearing again immediately 
after the shocks. Fresh landslips in the Sopoetan-crater proved that 
the loosening of the mass of the edge along concentrically running 
lines had gone a little further. Such slips of band-shaped, concentric 
masses from the upper edge inside the crater are not restricted to 
the latest earth-quake-period; they have also been observed by the 
SARASINS (l.c. p. 60); and have left at the north-eastern wall in a 


') Mentioned by Remywarpr, who visited this solfatare in 1821. 
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funnel-shaped widening towards the crest and a straightly descending 
striping a grand reminiscence. 

The communications about the volcanic phenomena of 1901 in 
the East-Indian Archipelago (Nat. Tijdschr. v. Ned.-Indië, vol. LXII, 
p. 170) contain two reports about Sopoetan. In one of them, dated 
14 February, by the district-officer of Tondano, the phenomenon is 
in the main correctly stated. Of a second mud-spring mentioned 
there I have however not discovered any trace on the spot, its 
existence is in fact contradicted by the other communication, issued 
by Mr. TampurG, in which only one new hole is recorded. 

This hole must have been formed before 4 February, the date of 
this latter communication. I could no longer ascertain whether, as is 
mentioned in the report, in the beginning an eruption of ash had 
taken place, which would have given to the outbreak of the solfatare 
in reality the character of a little voleanic eruption. For the rest 
it is characteristic to the nature of the phenomenon, that in the 
beginning sand and gravel may, as it were, have been blown 
up, — though we need not yet think of a real ash-eruption, — 
unless the mud immediately made its appearance at the initial 
explosion. 

The reports published about the earth-quakes, (l.c. p. 188 et seq.) 
do not give a complete picture of the seismic disturbance prevailing 
in the Minahassa from 2 February as late as March, possibly even 
in April. In February hardly a day passed without earth-quakes, 
Which especially in the first half of the month almost constantly 
were felt in swarms so as to make it rather arduous to notice the 
separate shocks. In a sense the reports may be regarded as rather 
signalling the critical days. None of the movements was of excessive 
intensity; most of them remained between degrees III and VI of 
the seale of Rosst—Foren. In the southern part of the plateau of 
Tondano a few shocks seem to have reached the intensity VII (or 
VIIl Mercalli). In the Sopoetan mountains the crevices indicate a 
greater intensity, especially in the southern Sempoe-atrio, less on 
Sopoetan itself, where the relief must have facilitated their formation. 
In the whole district no accidents have occurred, and during my 
investigation I did not hear of any damage. It was not so much 
the violence as the frequeney of the shocks, that, connected with 
the phenomena near Sopoetan, troubled the natives, and even caused 
the beginning of a panic in the southern settlements of the plateau. 
The fact of our investigation next induced the fugitives to return to 
their homes and to show themselves more or less ashamed of their 
anxiety. It was curious for us Europeans to hear by way of excuse 
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that only the valid inhabitants had fled, thus leaving the sick and 
the old to their fate. 

In my quieting report (comp. the already cited annual and 
quarterly report) was based in the main on the clearly discernible 
connection between the seismic disturbance on the one hand, the 
formation of the Pentoe-solfatare on the other hand, and on the total 
absence of any other symptom of increasing local activity. The 
Sopoetan-crater, from which in the first place an eruption could be 
apprehended, the more so as according to tradition its former eruptions 
had always been preceded by some earth-quakes, was in the same 
state of calm and feeble fumarole-activity, as I had seen it about 
two years previously. From two boceas in the southern part of the 
bottom of the crater the rising of steam seemed even to have 
somewhat diminished. As likewise the existing solfatares, and hot 
springs, in so far as we could observe, or gather from reports, 
did not show any marked change in their activity, the formation of 
the new solfatare, also taken as a hydro-thermal phenomenon, could 
be considered as entirely isolated and of a local nature. 

After it was ascertained that there was no other cause for the 
seismic disturbance, the coincidence of its beginning and maximal 
violence with the formation of the Pentoe-solfatare got a primary 
importance. The causal connection which thereby had become very 
probable was, as we have already indicated, further supported by 
the fact that the pleistoseistic region proved to agree with the nearest 
surroundings of this solfatare. At Tombatoe the earth-pulsations were 
not stronger than on the Tondano-plateau, and at Amoerang tbe intensity 
and frequency must have agreed nearly with those at Menado. It 
seems that on the whole the seismic phenomena, south and west of 
the Sopoetan-mountains, were somewhat weaker than in the north 
and the east. 


Utrecht, May 1911. 
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Physics. — “Energy and mass’. By J. D. van per Waats Jr. 
(Communicated by Prof. J. D. vaN peR Waats). 


§ 1. Introduction. In classical mechanics the mass of the bodies 
was considered to be constant and the force was defined as the time 
derivative of the momentum; im consequence of this the law of 
conservation of momentum, the law: the action is equal to the 
reaction, and the law of the uniform motion of the centre of inertia 
of an isolated system were considered to be three different ways to 
state the same law of nature. At present many physicists consider 
this not to be the case. They assume that the law of conservation 
of momentum holds good in nature. For this assumption, however, 
it is necessary to generalize the notion of momentum, so that we 
ascribe also a quantity of momentum to the electromagnetic field. 
The law action = reaction however, most physicists consider not 
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to be fulfilled. It is easy to generalize also the notion “force” in 
such a way that this law is satisfied. The only thing that is required 
for this purpose is that also the time derivative of the electromagnetic 
momentum is called “force”. 

To this the objection has been raised that we must consider the 
ether to be stagnant, and that it is therefore, meaningless to speak 
of a foree which is exerted upon it. But we speak of the momentum 
of this stagnant ether and I do not see why we cannot as well 
speak of the force which acts on it. Moreover we may avoid both 
expressions and attribute the momentum not to the ether, but to 
the electromagnetic energy, and in the same way we may take the 
force to be exerted on this energy. Thus we also attribute the entropy 
not to the vacuum or to the ether, but to the radiating energy. 

These are after all mere questions of nomenclature. More important 
is the question, whether the motion of the centre of inertia of an 
isolated system is really uniform. It is evident that we may assume 
this to be the case if we conceive the electromagnetic momentum 
to consist of a mass which is in motion. As an instance we will 
consider a stationary body with a mass Mand a ray of light which 
is absorbed by it. The ray represents a quantum of momentum which 
we will denote by mc, the radiation propagating with the velocity c. 
When the ray is absorbed, the total momentum must remain constant. 
Now we can make two different assumptions. In the first place that 
of Poincaré'), who assumed that the mass J/ obtained a velocity », 
so that M/v = me. The uniformity, however, of the centre of inertia 
required the following rather startling assumption about the mass 77: 
when the radiation is absorbed the mass m is stopped, it is however 
not annihilated, but becomes stationary at that place where the 
„energy has been absorbed. The body which has absorbed the energy 
however moves in the mean time away from that place. PorxcarÉ 
himself declares that a physical meaning cannot be ascribed to this 
theory. 

Another possible assumption was proposed by the present writer 
also in 1900 in defending his theses on the occasion of his promotion 
to the degree of doctor. This assumption consists in this, that we 
imagine the mass m to remain in the body which has absorbed the 
energy. This body would then obtain a velocity v', which is determined 
by the equation (J/ + m)v' = ime. This assumption involves a hypo- 
thesis with a very decided physical meaning, namely that the mass 


of a body depends on its energy. In 1900 however there seemed to 


1) H. Porncaré. Livre Jubilaire dédié à H. A. Lorentz p. 252 Anno 1900. 
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be little reason to doubt the constancy of the mass of the bodies. 
I therefore felt obliged to reject this hypothesis and with it the law 
of the uniformity of the motion of the centre of inertia, and the law 
action = reaction. 

The electron theory, however, has since that time given rise to 
doubts as to the constancy of the mass of the bodies, and Eirsruin *) 
has moreover shown that Lorunrz’s theory of relativity requires in 
some cases that we ascribe to the bodies a mass varying with their 
energy. It seemed therefore desirable to return to the idea rejected 
in 1900 and to ascribe a mass to the energy, and that as well with 
Poincaré for the case that the energy moves in the electromagnetic 
field?) as with Ersrem for the case that it occurs in ponderable 
bodies. Laun*) has given a general theory for this latter case. Although 
my results partially coincide with those of Lauw the following 
considerations will perhaps not be superfluous. 


§ 2. In the first place we may deduce from the formulae: 
The current of energy = © 
1 


The momentum per unit volume = 


that the mass of a quantity of energy ¢ is equal to— ¢. The velocity 
C 


2 


of this mass in the electromagnetic field may be assumed to be 
w= 7 W = 4 (€?+-5’) representing the density of the energy. I 
say it may be assumed to have that value, for we may also introduce 
another supposition namely that at a point several parts of the energy 
have different velocities. And in connection with § 5 this assumption 
has some advantages. 

So if a ray of light moves in an electrostatic field, the above value 
of w is different from c. We may however also assume that the 
light energy moves with the velocity c, and the other quantities of 
energy move with different velocities or ave stationary. It is however 
immaterial which supposition is introduced, if only care be taken 


1) A. Enystrem. Ann. d. Phys XVIII p. 639, 1905, and XXIIL p. 371, 1907. 
Compare also G. Norpsrröm and M. Arranam Phys. Zeitschr. X and XL Anno 
(1909 and 1910) and H. A. Lorentz. Versl. Kon. Akad. Amst. Juni 1911, p. 87. 
(Still to be published in these Proceedings). 

2) H. PorncarÉ le. Compare also A. Erster. Ann. d. Phys. XX p. 627. 1906 
and M. Pranck. Ann. d. Phys. XXVI p. 1. 1908 and Phys. Zeitschr. IX p. 828. 
1908. 

3) M. Lave. “Das Relativitätsprinzip.”” Viewec und Sonn. Braunschweig 1911. 
Also Ann, d. Phys. XXXV p. 524. 1911. 

AY 
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that Y Ww = CG. The momentum has then also the right amount 


—~©. In this paragraph I will assume for simplicity that at a given 


Cy 
point all electromagnetic energy has the same velocity. 

It is important to point out that ¢ is the maximum value which 
can be assumed by w. This value is reached if © and 5 are equal 
and perpendicular to one another. In all other cases w is smaller 
than c. 

Finally I point out that the essential property of mass according 
to our considerations is that mv == momentum. That moving mass 
involves a quantity of kinetic energy is not to be considered as 
essential '). It is not even generally true. When a body radiates 
energy in all directions, the energy (and therefore a part of the 
mass) which was originally in rest, is set in motion. This motion, 
however, is not connected with any kinetic energy, for the energy 
is constant. The fact that the motion of a body is accompanied with 
kinetic energy must therefore be considered as a secondary pheno- 
menon. The energy is then not only set in motion, but also augmented. 
So the energy of an electrically charged conductor is augmented 
With an amount of magnetic energy when this conductor is moved, 
and something of the same kind must happen in other cases where 
kinetic energy occurs *). 

We will now put the question: what are the forces which are 
exerted on the electromagnetic energy 7 We will start from the well 
known equation : 
d(oAV. y,) 1 0S, 
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Here AV is an element of volume, e the density of the material 


mass, v its velocity and ZS the Poynting vector. The symbol ry 
* « ~ Vv t 


indicates a partial differentiation with respect to the time with 
constant value of the coordinates, and 

‘ees Wo d d 0 

———— |e eye age Ee == 

dt OE Dre y Oy “dz 


Finally represents 


1) This has already been remarked by Lave. 

2) Far from denying the existence of th: ether, | should be inclined to account 
for all the inertia by the action of the medium. Cf. Phys. Zeitschr. p. 600. 1911. 

3) In accordance with Lave a pressure is represented by a positive, a tension 
by a negative value of p. 
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In order to introduce the forces which act on the medium energy 
we will transform the righthand member of equation (1) in such 


a way that the differential quotient with >, ne longer occurs in it, 
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Then equation (1) can be written: 
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to both members of the equation, then we get: 
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other. So we get an equation the left hand member of which may 
be interpreted to represent the force which is exerted by the tensions 
whereas the righthand member represents 


t on the volume element 4 J’, 
and o'4V, 


the increase of the momentum of the Masses o4 V 
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Thus we are led to consider the elements of fas the quantities which 
determine the tensions in the medium. In the electrostatic and in the 
purely magnetic field these expressions agree with those given by 
Max wer. But in the general case they differ from those values. In 
a plane wave for instance the tension in the direction of propagation 
becomes zero. At first sight this may seem strange. For Maxwe.. 
deduced the existence of the pressure of the radiation from his value 
of the tensions, and it appears that in putting /,, =O (wv being the 
direction of propagation) we deny the existence of that pressure. 
Yet this is not the case. For often we deduce the existence of the 
pressure of radiation from the momentum of the electromagnetic 
field without making use of the tensions. Properly speaking these 
two explanations of the pressure are contradictory; or at least one 
of them is superfluous. If both the tension and the momentum existed 
in the medium, the effect of these two causes ought to be added 
and we should find the double value for the pressure. 

This difficulty does not exist if we ascribe the above values to 
the tensions. According to them a force exerted on a body is to be 
ascribed either to a tension or to the momentum of the medium. 
And if they both exist, their effect must be added. Let us consider a 
ray of light reflected on a perfect mirror. In the ray we do not 
assume any longitudinal tension, but at the surface of the mirror the 
normal component of S is zero, and our expression for the tension 
is by no means zero, but coincides with that of Maxwerr. The effect 
of a ray of light on a mirror is therefore quite analogous to the 
effect of a jet of water on a surface by which it is thrown back. 
In the jet there need not be any pressure, but on the surface where 
the water is thrown back, a pressure does exist. ° 

The tensions ¢, which we introduced, are therefore quite analogous 
to elastic tensions in bodies; the tensions of MaxwerrL on the other 
hand are analogous to the absolute tensions, as Laver calls them, 1. e. 
of those quantities whose divergence is equal to the change in 
momentum of a stationary element of volume. This change is occasioned 
by two causes: 1s* the tensions ¢, 2°¢ the transport of momentum 
through the surfaces of the volume element. 


The result of our general considerations is this, that we — it is 
true — deny the existence of bodies with a constant mass, and that 


our assumptions differ in this respect from those of classical mechanics. 
But on the other hand the law of conservation of energy warrants 
that the total amount of mass is constant, so that the only 
difference is that we assume that the mass can be transferred with 
the energy from one body to another. Moreover we have reassumed 
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the law action = reaction and the law of the uniform motion of the 
centre of inertia. Comparing these assumptions with those of the 
older theory of electrons, where the total mass was a variable 
quantity, it appears that we by no means deviate farther from classical 
mechanics, but rather that we return to it. 


$ 3. Let us now consider a special case: a body is set in motion 
by a force &. We will assume 
dm dy dm 
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From this assumption follows: 
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or 
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Writing ((m,) for c, we find: 


Without making use of the theory of relativity we find therefore 
the well-known expression derived by Lorentz’) in his ingenious 
paper in which he drew up that theory. Perhaps we may be astonished 
to find this relation without introducing the Lorentz contraction, 
whereas Lorentz derived it for bodies which do undergo this con- 
traction. In order to explain this fact we observe that the above 
deduction is always applicable, if the foree represents the only 
change of the energy of the body. And this is the case, 1* if the 
shape of the body is invariable, 2rd if the body undergoes the Lorentz 
contraction according to the theory of relativity. For according to 
this theory the contracted form is the form of equilibrium for 
the moving body. A virtual change of form, therefore, does not 
require any work, and if a body is accelerated quasistationarily, no 
work is expended for the change of form. For an electrically charged 
body e.g. the negative work done by the electrical forces when the 
body contracts will be compensated by positive work of other forces 
(which we will call elastic forces). 


1) H. A. Lorentz. These proceedings VI, p. 809, Anno 1904. 
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This observation throws a new light on the signification of the 
well-known experiments of KaAvurmann (Bvcnerer, Hupka). These 
experiments are carried out with a purpose to investigate whether 
the electrons contract when moving. We here see however that, even 
if the accuracy of formula (2) is perfectly confirmed by experiments 
of this kind, this by no means proves the existence of the contraction. 
What really can be decided by these experiments is whether we 
have rightly attributed mass to the energy. 

In order to deduce equation (2) we have assumed that the increment 


1 
of the mass is equal to — the increment of the energy. We are 
E 


now inclined to ask whether also m, = — &, (&, =the energy of 
2 


the body when its velocity is zero). Specially we will put this 
question for electrons with surface charge. For the electromagnetic 
energy and the electromagnetic momentum we find respectively : 


€, representing the electrostatic energy of the stationary electron. 
These values do not agree with the formulae : 


g N 
5 and ©) —— ev. 
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but it does not follow that these formulae would not be satisfied if 
we had taken the total energy and the total momentum instead of 
e and ©. It is namely known that an electron has besides its electro- 
magnetic energy, still energy of another kind *) (elastic energy), in 
consequence of which its mass and its momentum must be augmented 
by a positive term. But there is another reason why ©’ must be 
diminished by a certain amount in order to find the total momentum. 
For inside the electron is an amount of momentum whose direction 
is Opposite to the direction of the motion of the electron. To prove 
this we will investigate the vector of Poyntinc when the electron 
moves in the direction of the positive N-axis. At the half of the 
electron turned towards the positive Y-axis this vector is directed 
inward, at the half directed towards — X it is directed outward ; 


LZ 


1) Comp. ia. H. A. Lorentz. The theory of electrons p. 113 and 114, where 
also the remarks of Poincaré and ABRAHAM referring to this are discussed. 
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in the electron it is zero. The continuity of the motion of the energy 
requires that in the electron the transport of energy in the direction 
— X takes place, and that therefore also an amount of momentum 
in that direction exists. This transport of energy in the electron is 
occasioned by the elastic forces. In the electron exists namely a 
tension, and this is always accompanied with a transport of energy 
opposite to the motion of the body, in the same way as a pressure 
is accompanied with a transport in the direction of the motion. 

So we see that ©’ and € must be augmented by several amounts 
which are at present unknown. It is therefore impossible to decide 


i! 
whether the equation m,—=-— &, is satisfied. It is not even certain 


0 2 0 
“ 


that this question has a real meaning. For in mechanics the energy 
is never perfectly determined, but contains an arbitrary constant. 
And though for some kinds of energy no reasonable doubt can exist 
as to the absolute amount, as for the kinetic, the electric, and the 
magnetic energy, it is by no means certain that for all kinds of 
energy we have a sufficient reason for the determination of the zero 
of energy. So we must content ourselves with observing that it is 
certainly also impossible to prove that the equation does not hold good. 

The explanation of the relation between the energy, the mass, and 
the momentum of a moving body given here differs from that of 
EINsTEIN*), who assumes that the energy of a moving body varies 
if a system of equal and opposite forces is applied, although they 
influence neither the velocity nor the shape of the body and accord- 
ingly do not change the energy when evaluated from a system of 
coordinates which shares the motion of the body. According to 
Lorentz *) these forces bring about also a variation of the momentum. 

It appears however to me that this view cannot be maintained. 
In the first place the existence of a rigid body is assumed, and the 
existence of such a body would be at variance with the fundamental 
hypothesis of the theory of relativity *). But the increase of energy 
and momentum would not be found even if we assumed the existence 
of such a body. 

For a body cannot be rigid with respect to every system of 
coordinates. If it has that quality with respect to a coordinate system 
which shares its motion, it cannot have it with respect to other 
coordinate systems. A disturbance which propagates with infinite 
velocity when evaluated from a system which shares the motion of 


1) A. Etnsrem, Ann. d. Phys. XXIII, p. 371. 1907. 
2) H. A. Lorentz. Versl. Kon. Ak. Amst. Juni 1911, p. 95. 
3) M. Lave. Phys. Zeitschr. 12, p. 43, Anno 1911, 
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the body, will propagate with other velocities when evaluated from 
a system relative to which the body moves with a velocity ». Evaluated 
from such a system the velocity of propagation in the direction of 


the motion is = in the opposite direction it is — a 

Let us now take a rod whose ends will be called A and 5. In 
A and 5 two equal and opposite forces are applied. These forces 
are applied at the same time when evaluated from a system relative 
to which the rod is in rest. An observer relative to whom the rod 
moves in the direction from A towards B will find that the force 
in A is applied earlier than that in B. Call ¢’ the moment in which 
the force in A is applied, then he will find that the force in B is 


v 
applied at the moment # + — 2’. The energy and the momentum 
Cs Ee 


calculated by EINSTEIN and by Lorentz are those quantities imparted 
» 

to the body by the force A during the interval — 2’, during which 
Ge 

the force in B was not yet applied and could not cancel it. We 

have here however not yet taken into account that the effect of the’ 

force in B propagates in the rod with a negative velocity and that 

it is felt in A before it is applied in 4. During the interval = se 

5 

during which it is not vet applied, the force in 4 imparts notwith- 

standing energy and momentum to the body which exactly cancel 

those amounts which are imparted by the force in 4. 

We see here again that the assumption of the existence of rigid 
bodies leads in the theory of relativity to unacceptable conceptions. 
We are therefore induced to assume that every body is elastically 
compressible and that in such a way that the same law which holds 
for the propagation of light in moving media also applies to the 
propagation of elastic disturbances. 

Let us apply to a body a system of equal and opposite forces, by 
which it is compressed, and if we then set it in motion, in consequence 
of which it contracts farther, then the forces will again do a certain 
amount of work when this contraction takes place. This is perfectly 
analogous to the case that we apply first a set of forces A, which 
compress a body, and afterwards another set B, which compress it 
still further. At this second compression the set A will again do 
some work. So it proves to be true that a set of equal and opposite 
forces changes the energy of a moving (and also of a stationary) 
body, but this energy is exclusively the consequence of the contraction 
and change of form of the body. 
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So it appears to me that the circumstances are much simpler than 
we should conelude from the rather startling conclusion of Emsrnin, 
that forces which do not impart any change of velocity or shape to 
a body, yet would change its energy. 

I lay some stress upon this point because it appears to me that 
everything in the theory of relativity may be interpreted in a much 
more rational and intelligible way than many people imagine. So the 
fact that according to the theory of relativity two velocities cannot 
be added in the ordinary way by means of the parallellogram is 
often thought to necessitate a new doctrine of kinematics. We must, 
however, take into account that velocities, measured bv the same 
observer, may be added in the usual way. Only for velocities eva- 
luated from coordinate systems moving with different velocities this 
is not the case. Those velocities, however, are measured with different 
units of length and time. And velocities measured with different units 
cannot directly be added. This was already the case according to 
the old doctrine of kinematics. For that reason we do not want a 
new one. 

Neither is the Lorentz contraction a sufficient reason to speak or 
a new doctrine of kinematics. It appears to me that the best way to 
formulate the discovery of Lorentz is to say, that when a body is 
set in motion, it experiences forces which try to make it contract in the 
wellknown manner. It is however possible that those forces are 
cancelled by other forces, and then the contraction does not take place. 
So the contraction cannot take place when a body rotates ; a begin- 
ning contraction is in this case opposed by elastic forces. 

In the same way we formulate the law of Newron by saying, 

mm, 
that two masses at a distance r attract each other with a force f— : 
Whether they will obtain the corresponding accelerations depends 
upon the possible existence of other forces which perhaps cancel the 
Newtonian foree. So it appears to me that the law of Lorentz con- 
cerning the contraction no more belongs to the region of kinematics 
than the law of Nrwron concerning gravitation. 


§ 4. Mutual Mass. Let us imagine two electrons with equal 
charges e but of opposite sign, and both with a total mass m. Their 
distance be pr. Then we may distinguish three masses: m in the 


» 
p= 


centre of each molecule, and a mass m,, = pend which really resides 
sur 


in the field, but which tor many purposes may be thought to be 
concentrated in its centre of inertia i. e. in the point halfway between 
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the two electrons. If we impart to this system a velocity v, then 
the momentum will be (2m + m,,)v'). If one of the electrons is set 
in motion and the other remains in rest, the momentum will be 
(m+ 4m,,)¥, for the mass m,,, remaining halfway between the two 
electrons, moves with a velocity $». This however is only true tor 
quasi stationary motion, and we must keep in view that the requirements 
for quasi stationary motion are in this case by no means so easy to 
be fulfilled as in the ease of a single electron. If e. g. the electron 
vibrates with a wavelength <7, then the mass residing in the field 
and contributing to m,, cannot be assumed to have everywhere the 
velocity 4v. This mass therefore may not be thought to be concen- 
trated in the centre of inertia and the mass of the electron may not 
be augmented with 4 7, 

Let us consider electrons on the sun. They have a greater poten- 
tial energy than those on earth. Are we justified in ascribing a greater 
mass to them and in expecting that the period with which they 
vibrate will accordingly be greater  *) In order to answer this question 
we must investigate whether this potential energy shares the motion 
of the electrons or not. If we assume that gravity propagates witb 
infinite velocity, we shall have to assume that the gravitational energy 
moves with the electron, and then the mass of electrons on the sun 
would really be greater than that on earth. If on the other hand 
eravitation propagates with the velocity of light this conclusion would 
not be justified. 

If the shifting of the spectral lines in the light of the sun as 
expected by EmsrmnN therefore does not occur, this fact does not 
prove that we are wrong in ascribing a mass to the energy. But it 
proves that gravitation propagates with finite velocity. Ifon the other 
hand the effect did occur, it would show that gravitation propagates 
with infinite velocity or at least with a velocity which is very great 
compared with that of light. The effect would therefore be in direct 
contradiction to the hypothesis of relativity. 


§ 5. We will still consider the following special case. A rod of 
1 em? cross section experiences a pressure ¢,, in the direction of its 
length. We will call the ends of the rod A and 5 and choose the direc- 
tion from A to B as positive X-axis. The rod moves with a velocity 
v in this direction. IV be the density of the energy of the rod. The 
amount of energy which passes through a stationary plane of unit 


1) This agrees with the calculations of L. Stperstem, Phys. Zeitschr. XII, 
pol, koa, 
2) A. Erster, Jahrbuch der Radioakt. u. Elektr. IV, p, 459, 
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area perpendicular to the Y-axis, would according to classical mecha- 
nies be: 
S, =(W + to) ». 

According to our considerations the question would be a little less 
simple. We shall have to conceive IV to be separated into three 
parts: W, moving along with the rod with the velocity », W, 
moving with the velocity w, in the + Y and JW, moving with the 
velocity ™, in the — A-direction. We are inclined to suppose that 
WW, will be the elastic energy which is a consequence of the 
compression, and that w, and w, are the velocities with which a 
perturbation propagates in the moving rod according to a stationary 
observer. If we put » = 0, we get wv, = 10, and the assumption, which 
I introduce here is, that also in this case the elastic energy is not 
in rest, but that we cannot ascertain its motion because two equal 
currents of energy move in opposite directions. If we again impart the 
velocity », both currents will be changed, but in a different degree, 
in consequence of which a current of energy in a definite direction 
can be ascertained. These considerations are confirmed by the fact 
that the energy transported by the tension through the moving rod 
cannot move with a velocity. v. So it cannot be transformed into rest 
together with the rod. 

For vur purpose however it is not necessary to determine the 
values of W,, W,, w,, and w,. We certainly may put: 


S= Vy ews VED rn ee ee der 


The force exerted by the rod on a body against which its end 
B vests, may not simply be put equal to fi. For we must take 
into account that the rod contains two quantities of momentum: a 


1 
quantity with a density —- W‚w, moving with the relative velocity »,— » 
2 : yw, 


1 
towards the end 4, and a quantity with a density — W‚w, moving 
c 


with a relative velocity , + » away from it. The force exerted on 
the end of the rod is therefore : 


1 l 
rg = br + Te (wv, — v) W iv, a ae (wv, + 0) WW, : 
CG C 


1) It is obvious that in principle fer has the closest analogy to what is ordina- 
rily called elastic tension. ‘he quantity frr, however cannot be measured and in 
so far rxx, Which represents the force as it is measured, is a more important 
quantity. An easy calculation shows that /zr is the same quantity as the quantity 
ter of Lave. The tensor ¢ is symmetrical, whereas 7 (¢ in the notation of Laur) 
is an asymmetrical tensor, 


Therefore we find for the energy which passes the stationary plane: 
Er = (W+ raz) v- 
We will introduce in this equation the quantity p,, which is 
equal to: 


1 
Paz = ber + — (W,v? + W‚w + W‚w,°) 
6 


We easily tind: 


ie 
Sy = (W+ paz) » — (Wie Ww, — Wd.) 
Taking equation (3) into account and putting — =d" we find: 
a 
Dadel sr WD Wen re et hea (4) 


It is important to remark that this equation, deduced here without 
making use of the theory of relativity, can also be derived from the 
equations (102) of Lave *): 

(LH) ES + 0 (Pat W’) 


§/ 


1 — fg 
al ' D >a 
W + 3p or ai 2 9 Er 
== en 
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rad) v ef 
D'n +.B? HW + 2 Sey; 
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year 

If namely we imagine the rod to rest relative to the accentuated 
system, then 2,0. We find then equation (4) by eliminating 
Dae ad WS 

In the same way we can discuss the case that the rod lies paral- 
lel to the Y-axis and that a force in the + X direction is applied 
in the middle of the rod. In the ends of the rod two equal forces 
act in the X-direetion, which together exactly balance the force in 
the middle. This system moves with a velocity v in the A-direction. 
For this ease both ways of calculating yield 

Cry = VPry - 

So we see that it is possible to derive several conclusions from 
the law of the uniform motion of the centre of inertia which usually 
are derived from the theory of velativity. In principle the two ways 
of deducing them are equally justified. In both we start from laws 
which are proved to hold good for some regions of observations and 


1!) M. Laue. Das Relativitätsprinzip p. 87. 
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apply them to phenomena belonging to regions for which their 
applicability has not been experimentally proved. A generalization 
of this kind is of course hypothetical. The fact that the two deductions 
here yield the same results will probably be considered as a confir- 
mation of the validity of the hypotheses. 

The question suggests itself whether the hypothesis concerning the 
mass of the energy is not only in the special cases treated above, 
but with perfect generality in agreement with the theory of relativity. 

The most general method to solve this question seems to be that 
suggested by Lave. His argument comes in principle to the following. 
We will take the 16 quantities 


Par Pry Paz — ©, 
¢ 
2 % 
Pyx Pyy Pyz — Sy 
7 
egen 
Par Pay Dzz ST =e 
C 
Ús es dies hen / 
ke u Se 
C C C 


and differentiate the four quantities of one horizontal row respectively 
according to a, y, 2 and vet and put the sum of the four terms 
thus obtained equal to zero *). The four horizontal rows yield four 
equations of this kind; the first three equations determine the increase 
of the momentum, the fourth equation is an expression of the law 
of conservation of energy. We have chosen for the elements of the 
fourth vertical column the same quantities which occur in the forth 
horizontal row. By making this choice we have introduced the 
hypothesis of the mass of the energy. 

LAvE now postulates that these 16 quantities, when we make use 
of a moving coordinate system will be transformed as the elements 
of a fourdimensional tensor, (in this way the equations (102) cited 
above are found) and so he postulates that the hypothesis concerning 
the mass of the energy agrees with the hypothesis of relativity. The 
question must however be put: have we a right to postulate that 
the quantities will transform in the way given by Laure? We must 
keep in view that we are dealing with derived quantities. From the 
equation ©, —= Lew, e.g. it appears that, if we have already assumed 
in what way p and Ww, will be transformed, the formula for the 

1) The choice zero for the righthand member of the equations is an expression 


of the hypothesis that no ““actio in distans’’ occurs. Laur does not introduce this 
hypothesis, his equations therefore have a righthand member differing from zero. 
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transformation of ©, is determined. The considerations of Lave, 
therefore, are only justified if he can show that if is possible to 
attribute to the different kinds of energy a velocity whose value is 
such .that the transformation of g and w yields for Yow, the same 
formula as he postulates for the transformation of &. Considerations 
of the same kind apply to the quantities p,, and JW. 

Postscript. Perhaps I have not always been consistent in the use 
of the words force and tension. I have thought for a moment that 
we could do without these notions altogether, and that we could 
account for every change in the momentum in a volume-element by 
means of the transport of momentum through its surfaces. But then 
we are checked by some difficulties. The nomenclature most accurate 
in principle is of course to use the word force only for that change 
of momentum for which we cannot account by a transport of 
momentum. But it seems to be impossible to perform the separation 
between the effect of forces and of transport in an unambiguous 
way. In $ 5 eg. I called t,, the force exerted on the rod. This is 
accurate if the quantities of energy JW, and IV, are partially reflected 
at the ends of the rod. If they, however, pass the ends and flow 
into the other body, ¢,, would represent the force and t.—t,, would 
represent a quantity of momentum which is imparted to the rod by 
means of transport. It seems to be impossible to find good reasons 
for a choice between those two conceptions. It is after all immaterial 
to which of these quantities we will apply the name of force. 

In the same way we may ask whether we will define the force 
by the equation 


x dy dm 
AT 
or by 
K == on us 5 


( 


The force adds energy and so also mass to the body, and the 
value which we aseribed to the force will depend on the momentum 
which this new mass had, before it was added to the body. If we 

dy 


think that it was then stationary, we shall undoubtedly call m — 


dt 

dm 
the force exerted on the “old mass” and » = that exerted on the 
“new mass’. But if this new mass had a velocity w before it was 
absorbed by the body, we shall ascribe another value to the force 
properly speaking, but say that the momentum of the body is also 
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changed in consequence of the momentum of the “new mass”, which 
is added to it. The value of w being unknown in many cases it will 
be impossible to perform the separation between force and transport, 
and we will simply call ® the force exerted on the body. 

In some cases however it will be useful to take the difference 
between force and transport into account. An electrical condensor 
e. g. sharing the motion of the earth is suddenly charged, heat is 
generated in a wire according to the law of Joure, or a body receives 
heat from another body. The momentum of these bodies is increased. 
Is a force required in order to keep the motion of these bodies 
uniform, and will they suffer a retardation when this force is not 
applied ? The answer to this question will undoubtedly be: If they 
receive their energy from a stationary source, this will be the case, 
but not if they receive their energy from a source moving along 
with the earth. 


Mathematics. — “A bilinear congruence of quartic twisted curves 
of the first species.” By Prof. Jan pe Vries. 


1. If we allow each quadric Q? of a pencil (Q*) to bisect each 
surface of a second pencil (Q’)', a congruence F' is formed of biqua- 
dratic twisted curves, ef, of order one; for through an arbitrary 
point P passes one o', the intersection of the two Q?, which is 
„determined by P in the two pencils. 

An arbitrary line / is cut by the pencils into two quadratic in- 
volutions, which have, in general, one pair in common; the con- 
gruence I is thus of class one (an arbitrary line is bisecant of one 


curve). 


2. The base-curves 3‘ and 6 of the pencils are singular curves; 
each of their points bears oo' curves 9*. As 8‘ and of lie on a Q?, 
they cut each other in eight points. So we can determine I also 
as the system of the 9° cutting each of two given biquadratic twisted 
curves in eight points. 

Each bisecant 6 of B* is a singular line. For the surface Q? deter- 

EN 


mined by a point of 6 contains 6 and the pencil (Q’)' cuts b in the 
pairs of an involution, so that 6 is bisecant of oo! curves of. 


3. Besides the two congruences (2,6) of singular bisecants deter- 
mined by $* and 8%, the congruence I has a congruence of singular 
bisecants on which (Q?) and (Q?)' describe the same involution. 

18 

Proceedings Royal Acad. Amsterdam. Vol. XIV. 
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The double points of such an involution are harmonically separated 
by two surfaces chosen arbitrarily out of (Q*) and two surfaces 
taken arbitrarily out of (Q?)’. The locus of those double points is 
therefore the surface of Jacosr belonging to those four surfaces. If 
a’, = 0, 67, = 0, 7’:=0, d*,=0 are the equations’ of the indicated 
surfaces, then for a pair of double points X, we have 

Aghy = 0, beby=0, cry = 0, ded 0, es ee ey 
so that the surface of Jacogr is represented by 


ad: bib, t,t, dede | 


ad, bbr ec, ddr 


ad bbr Ct dd 


On ee kent. «ddr | 
To find the number of pairs X,Y lying in a plane we put in (1) 
x2,—0, y,—O0. By elimination of y,, y,, y‚ we then find the conditions 


|| aar bbr Ctx ddr 


| 


aa, bbr ct ddr 


| 
So 


(2) 
ddr bbr Ger dede || 
The determinants arising from this matrix, if one omits the third 
or the fourth column, disappear for the points of intersection of two 
twisted curves; to these belong the three points, for which the matrix 
of the first two columns disappears. The four twisted curves indicated 
by \2) have thus six points in common forming three pairs of X, Y. 
In an arbitrary plane lie therefore three singular bisecants of the second 
species. 
From this ensues that the quadruple involution in which TF is 
cut by any plane contains fifteen singular lines; this corresponds to 
a result obtained by me in another research *). 


4. We consider the bisecants sent out by the curves ¢* through 
a given point P and we determine the surface J on which their 
points of intersection lie. The 9% passing through P is projected out 
of P by a cubie cone of which the generatrices touch MZ in P; so 
P is a three fold point (triconic point) of Z An arbitrary line through 
P is bisecant of one 9%; so I is a surface of order jive with tri- 
conic point P. 

The cone of contact for P can have with ZP, besides the 9 
through P, only straight lines in common. Hence through P pass 
eleven singular bisecants. 


1) See my paper: “A quadruple involution in the plane and a triple involution 
connected with it” (Proc, of Amst. Vol. III p. 84). 
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To these belong tivo bisecants of 3’ and two of 3'*; the remaining 
seven are singular bisecants of the second species. 

So the singular bisecants of F form two congruences (2.6) and 
one congruence (7,3). 


5. The section of ZF with a plane through P is a curve with a 
triple point, hence of class fourteen sending eight tangents through 
P. The tanyents of the e* form therefore a complex of order eight. 

The points of contact of the tangents drawn out of P lie evi- 
dently on a twisted curve of order nine. 

This can be confirmed as follows. The points of contact of the 
tangents out of P to the surfaces (} lie on a cubic surface, the “polar- 
surface’ of P with respect to the pencil (@°). A second cubic sur- 
face contains the points of contact of the tangents out of P to the 
surfaces of (Q?)’. Each point of intersection of the two polar 
surfaces determines a of, of which the tangent passes through P; so 


Ss 


the points of contact of the tangents drawn out of P lie on a 9’. 


6. The quadries (Q?) and (Q° are arranged in a correspondence (2,2) 
when two surfaces intersecting each other on the line / are made 
to correspond. This causes the points of a line m to be arranged in 
a correspondence (4,4); so m contains eight points each bearing two 
surfaces intersecting each other on /. From this it is clear that the 
curves gf intersecting / form a surface 4°. 

On a line intersecting 8* the (4,4) is replaced by a (2,4); we con- 
clude from this that 8* and 2'* are nodal curves of A®. 

The ge‘, too, having / as bisecant is a nodal curve of A’. 

7. A plane 4 through / cuts A° still according to a curve 2° 
passing through the points of intersection of the nodal curve eo“, 
having / as bisecant, with this line. In each of the remaining five 
points of intersection of / with 27 the plane 4 is touched by a 9%. 
The locus of the points of intersection of a given plane with curves 
of I’ is therefore a curve of order five, 2°. 

Evidently 2° is the curve of coincidences of the quadruple involution 
determined by I and it passes through the eight points, in which 
6* and 3“ are intersected by 4 *). 

This involution containing fifteen quadruples in which three points 
coincide *), an arbitrary plane is osculated by fifteen curves of T. 

Furtheron four quadruples consist each of two coincidences *) ; 
so each plane is bitangential plane for four curves of I. 


1) See loc. page 82. 2) See loc. page 83. 
55” 
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If we allow 2 to revolve round /, then the curve 2° describes a 
surface on which / is a single line. For through each point of / 
passes one e*, and one of the planes through the tangent of that point 
contains /. From this ensues that the locus of the points in which 
curves gf can be touched by planes of a pencil with axis / is a 


surface of order six. 


8. The curves of, touching the plane 4 in the points of the curve 
2°, intersect 4 each in two points; the locus of those pairs of points 
is a curve of order fourteen *) (brancheurve) with quadruple points 
in the points of intersection of the base-curves df and 3’. The surface 
containing the curves e* meant here, has thus with 2 an intersection 
of order twenty-four, is therefore a surface 4°* with quadrisecant 
curves 8‘ and 3. 

With a plane u the surface 4°* has a curve u?“ in common con- 
taining quadruple points in the points of intersection with 8* and 2“; 
these eight points lie on thecurve pv’, which is the locus of the points of 
contact of u with curves of ©. The two curves have 24X5—8x4=88 
points in common besides the base-points. So there are 88 curves 9% 
touching two planes. 


9. To P belong oo! curves df which contain a nodal point, because 
they are the intersections of two surfaces touching each other. 
According to a wellknown property’) the locus of the points of 
contact of two quadrics belonging to two given pencils is a twisted 
curve g'*, cutting each of the two base-curves in 16 points. 

On an arbitrary surface Q? lie therefore 214 — 16 = 12 points 
of intersection with as many surfaces Q*. The locus of the curves 
J‘ is therefore generated by two quadratic pencils in correspondence 
(12,12); consequently it is a surface A** on which §* and £" are 
twelvefold curves. 


10. The intersection of Q? and Q” breaks up into a line and a 
o*, when they pass through a common bisecant of B* and 8“. The 
bisecants of these curves forming two congruences (2,6) the number 
of the common bisecants is 2 X 2+ 6% 6= 40. So to I belong 
orty figures consisting of a cubic curve with one of its bisecants. 

Through a e* can be laid four cones belonging to the quadratic 
pencil having of as basis. The pencils determined by the oo? curves 


1) G. loc. p. 83. 
*) See ao. Mineo, Rendiconti del Circolo matematico di Palermo, XVII, 297. 
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of I form a system oo? of quadrics; the corresponding cones have 
their vertices on the surface of Jacosr of the system. This surface 
contains ten lines, which are double lines of as many pairs of planes 
belonging to the system. From this ensues that Icontains ten figures 
consisting each of two conics cutting each other twice. 


Mathematics. — “A quartic surface with twelve straight lines.” 
By Prof. JAN DE VRIES. 
1. We regard as given the three pairs of straight lines a,a’; 6, b'; 
Let ¢, denote a transversal of a and aw’; and let ¢, and ¢, have 
an analogous meaning. The points P sending out three transversals 
ta, ty, te lying in a plane, form a surface (P) of which we intend to 
determine the order. 

First we notice that the six given lines belong to (?). For, if P 
is a point of c and Q the point of intersection of c' with the plane 
through the transversals ¢,, 4, the transversal ¢,= PQ lies with fg, t, 
in a plane. 

We can designate six other lines lying on (P), viz: the two trans- 
versals fay, tan Of the pairs a,a'; b, b' and the analogous lines ¢,,., fj, ; 
ites BOE tf Comendess with 7, fora: pomt Pont tp so that ty, 
t, and ¢. are complanar. 

Let ¢ be an arbitrary transversal of c,c',in a plane t through ¢.. 
The lines ¢ and é lying in t te on ¢. two points A and 5 
which describe projective series of points when tr revolves; the two 
coincidences A and 6 are evidently points of (?). The points of 
intersection of ¢, with ce and ¢ also belonging to (P) the locus to 
be found is a quartic surface. 

If we allow f, to describe a pencil, whose vertex C lies on c, 
then the above mentioned coincidences describe a curve of order 
three; for, if C' is the point of intersection of c' with the plane of 
the lines ¢a, ¢ through C, ee one of the coincidences A= B or 


t-=CC' lies in C. 


2. The surface is entirely determined by the ten lines a,a’ ; 5,0’ ; ¢,c’; 
tab, tabs tac, t’ac. For, if on each one of the first six lines we take 
arbitrarily five points and on each of the remaining four lines one 
point then the quartic surface determined by those thirty-four points 
will contain the ten lines mentioned. 

Being moreover as locus of the point P entirely determined a 
quartic surface through the above-mentioned ten lines must contain 
two other lines (viz: toc, t’ tc). 
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Such a surface can be regarded in two ways as surface (P). For 
the six lines a,a’; bb’; c.c’ can be found out of the six fy, t’a3 
tac, tac; tab, t’ad, in the same way as the second six out of the first. 
For, a,a’ are the two transversals of tas, labs tac, tac, etc. So the 
surface is at the same time the locus of the points ?, which send 
out three complanar transversals to the pairs tas, Labelin kt ban tatwibues 

The points of intersection and the connecting planes of the [2 lines 
form evidently a configuration (24,, 24,). Each of those planes inter- 
sects (P) in a conic; so the surface contafns 24 conies. 

3. The plane a of the transversals ¢,, tp, t, envelops 2 surface of 
class four containing the same twelve lines. For, each plane through 
e contains a ¢, and a f/; the line connecting the point tt, with the 
point in which c’ meets the plane is the corresponding transversal 
t.. For a plane z through ¢,, the corresponding point P lies in the 
point of intersection of tay with é lying in a. 

The following confirms the fact that z is a surface of class four. 
If we let a plane » revolve about the line /, the point of intersection 
N of the lines ft lying in » describe a twisted cubic which, con- 
sidered as the intersection of the hyperboloids (/aa’) and (/bb’), has 
/ as bisecant. 

The transversal ¢, lying in vr describes a hyperboloid passing through 
the points of intersection of the above mentioned twisted cubic with 
the bisecant /. In each of the remaining four common points three 
complanar lines fa, fj, t‚ meet; hence the line / bears four planes a. 


4. We now regard four pairs of lines a,a’; 6,6’; ¢,c’; d,d’ 
and we determine the locus of the points P for which the four 
transversals fy, ts, tc, tz lie in one plane. 

The surfaces (P)ase and (P)ayq have evidently the six lines a, a’ ; 
broeder beb in common, 

For an arbitrary point of a the transversals #, ¢ and fg are not 
complanar ; this zs the case for the four points of intersection of (a) 
and (Pica. Consequently a, a’; 6,6’ are quadrisecants of the twisted 
curve e°° which (P)aye and (P)asa have still in common. 

Moreover, taz, tas are bisecants of g'°; for, on each line, hence 
also on tf, lie two points for which the plane #44 passes through 
that line (see $ 1). 

Hence we may conclude that the locus of the points bearing four 
complanar transversals is a twisted curve of order six having the 
four given pairs of lines as quadrisecants and their six pairs of 
transversals as bisecants. 


— 
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5. We finally regard five pairs of lines and determine how many 
points give five complanar transversals. 

The surface (P)ze has forty points in common with the twisted 
curve Qated found above. Sixteen of these lie on the four quadrisecants 
a,a’;b,b’; in each of those points fg, ty, t,t are complanar, but 
their plane does not contain &. 

Then to those forty points belong the four points of intersection 
of the bisecants tac, tas of 9 with that curve; in such a point the 
plane ¢.¢z passes through the bisecant, but not through ¢. 

Hence there are twenty points for which the jive transversals lie 
in one plane. 

This result can be confirmed as follows by applying the law of 
the permanency of the number. 

If we substitute for each of the five pairs of lines a pair of inter- 
secting lines and if A, B, C, D, FK are the five points of intersection, 
a, 8,y,d,e€ the five connecting planes, we then tind one of the points ? 
in the point of intersection of the plane ASC with the line de; for 
the lines PA, PB, PC are to be considered as transversals ty, ty, te, 
the traces of d and e as transversals fg, te. Analogously the point ag 
satisfies the question; ¢g and ¢, connect it with Dand £; t,, ts, t‚ are 
the intersections of «,8,y with the plane through «gy, D and 4. 
In all we evidently find twenty points P. 


6. In connection with § 2 we have still to notice that we can 
bring a quartic surface through six arbitrarily chosen lines and four 
of the thirty quadrisecants which they possess four by four. But 
such a surface will contain in general not more than these ten lines. 

We can determine quartic surfaces also passing through a disez- 
tuple of a cubic surface. For, each O* through the thirty points of 
intersection of the two sextuples must contain the twelve lines, as 
each line contains five points of O*. Thus through a bisextuple pass 
oo* surfaces O*. 

So we ean find surfaces with thirteen lines; the thirteenth line 
must then intersect one of the lines of the bisextuple. 

An O* with fourteen lines is found by drawing two lines, each 
of which rests on three of the twelve given lines and by making 
the surface to pass still through four points, two of which lie on 
each of those transversals. 

If the lines of the bisextuple in wellknown notation are indi- 
cated with a,,b, and if / is a line in the plane (a,b,) cutting 6,, 
then an O* through two arbitrary points of / will contain not only 
this line, but moreover a fourteenth line complanar to /, a, and 5, 
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and’ intersecting a,. As we can let Of pass still through two arbitrary 
points, there is a possibility of bringing through the bisextuple an 
O* with sixteen lines. To this end we have but to repeat the above 
consideration for e.g. the lines a,, ,, ba. 

7. An Of through a hyperboloidical quadruple contains a second 
quadruple consisting of four quadrisecants of the former. For, through 
an arbitrary point of the intersection of O* with the hyperboloid 
containing the given quadruple we can draw a line of the second 
system of the hyperboloid, which then contains five points of O* 
and lies therefore on OQ“; the intersection of the two surfaces con- 
sists then of two hyperboloidical quadruples. 

Let us suppose an O* to be laid through six lines az, of which 
1, ly, 4,4, and at the same time a,,d,, 4, d, lie hyperboloidically. 
The hyperboloids bearing these quadruples have still two lines {and 
#/ in common which are evidently intersected by the six lines a 
and are therefore situated on O'. 

Besides these two transversals O* contains still two transversals of 
the first quadruple and two of the second. In all O* contains there- 
fore twelve lines; they form a configuration in which the six trans- 
versals appear in the same manner as the six lines a. For, the 
six transversals form two hyperboloidical quadruples with a,,d, as 
transversals to six lines. 

It is evident that again oo surfaces O* can be made to pass 
through this configuration of twelve lines. So we can obtain an U! 
with fourteen lines by drawing a transversal of a,, a,,a, and a trans- 
versal of a,,@,,@,, and by assuming on each of these lines two points 
through which we make (* pass. 

The six lines a can be chosen also in such a way that they form 
three hyperboloidical quadruples. Let a,, a,, a;, a, be such a qua- 
druple, a, an arbitrary line. The hyperboloids (a, a, a,) and (a, a, a,) 
have still two lines ¢ and f in common resting on the five lines a. 
The hyperboloids (a,a,a,) and (a,a,a,) have now the lines a,, ¢ 
and ?¢, therefore one line «a, more, in common, resting on t, Uv. 
Consequently also the quadruples a@,,@,,a,,@, and a, d,, ds, d, lie 
hyperboloidically. 

Each surface O* containing this sextuple of lines passes at the 
same time through the two transversals ff and through the three 
pair of quadrisecants belonging respectively to the three quadruples ; 
the surface contains therefore at least fourteen lines. 

If we do not take ¢, £ into consideration we have a configuration 
of twelve lines, showing the same structure as the configuration of § 2. 


But in consequence of the special position of the lines a, the locus 
(P) now consists of the three hyperboloids (a, a, a, a), (a, d, 4; do) 
(the 0e). 

| 8. Two triplets of planes a,,a,,a, and 8,98, 8, determine a 
pencil of cubie surfaces of which the nine lines (a 8.) form the 
basis. If these surfaces are conjugated projectively to the planes 
through an arbitrary line /, the surface O*, generated by the two 
pencils contains besides the already mentioned ten lines six lines 
more of which each of the given six planes furnishes one. 

| These strteen lines form a configuration, in which each line is 
intersected by six others; it is identical to the figure which is 
generated when four arbitrary planes a, are intersected by four 
(ther planes 3. For, the planes through /, conjugated to the figures 
(te, a, et) and (8,,8,,8,) can be called successively 8, and a,. 
| Let ¢ be a transversal of the lines J, (a, 8), (a, B), (@,8,). The 
projectivity indicated above can be arranged in such a way that 
the plane (/é) is conjugated to the cubic surface passing through a 
point of ¢ hence containing ¢. In an analogous manner we can deal 
with two other lines, each of which rests on / and on three not 
intersecting lines (ej 8). Then the projectivity is determined and 
the surface  Q* generated in this way evidently now contains 
nineteen lines. 

We finally note that B. Traynarp (Bull.Soc. Mat. de France, vol. 
38, p. 280) has described an O* with thirty lines. 


Chemistry. — “The appiication of the new theory of allotropy 
to the system sulphur.” By Prof. A. Smits. (Communicated by 
Prof. A. EF. HorLLEMAN). 


Those who have been occupied with the sulphur problem up to 
now, have always thought the pseudo system to be binary, i.e. they 
assumed that they had to deal with two pseudo components or two 
kinds of molecules, which can be converted into each other, and 
one of which gives rise to the formation of the well-known crystallized 
modification, the monoclinic and the rhombic sulphur, whereas the 
other would produce the amorphous sulphur, called so because attempts 
to make this form of sulphur erystallize have not been successful 
as yet. 

Though in my opinion the above view is not the correct one, 1 will 
begin with treating sulphur as a pseudo-binary system, and show 
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what relation there would have to exist between the equilibria in 
the pseudo-binary and the unary system to explain the observed 


La 2 ; 
Fig. 1. 


phenomena; especially because in this way it appears the more 
clearly how rational the pseudo-ternary view is. 

The 7'X-figure, arrived at in this way, has been given schematically 
im: ser, 1 

The lines jl, and g/, are the melting-point lines of the monoclinic 
and the rhombic sulphur, the former of which is made to meet the 
region of non-miscibility at 111° and 4°/, S,, because it was thought 
that from this concentration of S, the point of solidification did not 
change any more on addition of S,. 

The same thing has been assumed in this figure, hence the meta- 
stable melting-point line of the rhombic modification meets the 
metastable region of non-miscibility at d, . 

As in accordance with the theory mixed crystals had to be assumed, 
to which also some experimental data point, as I already demon- 
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strated, the mixed crystal lines fe and ge, corresponding to the 
melting-point lines have been drawn. 

The existence of the latter mixed crystal line, which at e, passes 
into the line e,m with a break, involves the necessity of two mixed 
erystal lines starting from the transition point O, which run down- 
ward, because as was found by me in collaboration with Dr. pe Leeuw 
and was also stated by Dr. van Krooster!), the transition point is lowered 
on increase of the S,-concentration. At the point where the lower, 
the rhombic mixed erystal line og, meets the other rhombic mixed 
erystal line e,m, this latter line becomes stable. So the point q indi- 
cates a stable rhombic mixed erystal phase, which coexists with the 
monoclinic mixed crystal phase p, and at the same time with the 
liquid 5. 

So the monoclinic mixed crystal phase must also coexist with the 
liquid 6, and the point 6 being the point of intersection of the melting 
point lines of the monoclinic and the rhombie sulphur, the said 
monoclinic mixed erystal phase must lie on the line ep, or in other 
words the mixed crystal lines ew and ov meet in p. Below the 
three-phase equilibrium 6pq the rhombic mixed crystals gm are in 
equilibrium with the liquids along ha in the pseudo-binary system. 

It is not difficult to see now what must be the relation between 
the pseudo-binary and unary equilibria, or in other words how the 
lines for the internal equilibrium must be drawn in this figure. 

The line for the internal equilibrium in the monoclinic sulphur 
starts from $,, and that for the internal equilibrium in the rhombic 
modification from S,. 

Above 95.°45, the unary point of transition, the monoclinic modi- 
fication is stable, below it the rhombie modification. At the tempe- 
rature of 95.°45 the first line, which starts from S,, must intersect 
the monoclinic mixed crystal line op, and the second line, which 
starts from 5, must intersect the rhombic mixed erystal line og, 
so that S,’ and $S,’ are two coexisting solid phases, which are in 
internal equilibrium, one of which is monoelinie and the other rhombic. 

Below this unary point of transition the rhombic modification is 
stable, its internal equilibria being indicated by the line S’ S,. 


According to the new view, however, the 7'X-figure given here, 
is illogical, for to account for the observed phenomena it had to be 
assumed here that the pure pseudo-component S, possesses a point 
of transition, and the theory of allotropy says that the phenomenon 
of transition implies non-miscibility in the solid state For the phos- 


1) See communication of Kruyr Chemisch Weekblad 34, 647 (1911). 
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phorus the transition phenomenon could be indicated also with the 
pseudo-binary conception of the system according to the new con- 
ception, but this being impossible for the sulphur, we are compelled 
to reject fig. 1 and to consider the system sulphur to be pseudoternary, 
as has been done in fig. 2. In the 7, X-diagram drawn by Dr. De 
Leruw according to my directions, the three pseudo components are 
indicated by Sr, Sy, and S,. Further melting-point figures have 
been assumed for the three psendo-binary systems, which have been 
represented in the three side planes of the trilateral prism. . 

In the pseudo-binary systems Sy + S, and Sr +S, a region of 
non-miscibility has been assumed which comes in contact with the 
melting-point line of Sy resp. Spr’). 

The only complication which the pseudo-ternary figure displays is 
exactly this meeting. If we start from the three-phase equilibrium 
between the monoclinic mixed crystal phase and the two liquid layers 


Fig. 2. 


1) When this paper had already been written it has been found by me in colla. 
boration with Dr. pe Leeuw that the supposed region of non-miscibility does not 
exist, so that it should be removed from figs 1 and 2. 
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in the system Sy + S,, which equilibrium is indicated by the points 
fg, 4, we see that the temperature of this three-phase equilibrium 
is lowered by addition of Sp till the eutectic line cy, is reached. 
At this meeting the liquid layers are also saturate with regard to 
the rhombic mixed erystal phase, and a four phase equilibrium 
invariant at constant pressure occurs between the two mixed crystal 
phases 7, and /’,, and the two liquid layers g, and h,. It is clear 
that we get the same four phase equilibrium starting from the three 
phase equilibrium between the rhombic mixed crystal phase and 
the two liquid layers in the plane for Sp + S, indicated by f,g,h, 
and so we see that the eutectic line which meets the region of non- 
miscibility at g,, skips to h,, from where it pursues its course to the 
ternary eutectic point indicated by /,. 

After this explanation we can proceed to the discussion of the 
lines for the different internal equilibria. 

The line £/, in the plane for Sr + Sy, indicates the internal liquid 
equilibria in this pseudo-binary system; /, and JS, are the liquid and 
solid phases which coexist at the unary meltingpoint temperature ; 
from S, starts the line for the solid internal equilibria, which meets 
the mixed crystal line of the pseudobinary system in S,’, so that at 
this place the transition point in the system Spr + Sy occurs with 
unary behaviour. Then SS,’ is formed by the side of S,’, and below 
the transition temperature the solid phase, which is in internal equi- 
librium, moves along the line S,’S,. 

So it is supposed here that in the pseudo-binary system Sr + Sy, 
a point of transition occurs, but not between the pure pseudo- 
components, but between two mixed crystal phases, one of which 
is rhombic and the other monoclinic. 

Before we proceed it may be pointed out here that the points 
/, and S, represent the metastable unary melting-point, and that, 
as was mentioned before, the line for the internal equilibria in the 
rhombic modification, which does not become stable until below the 
transition point, starts from ‚S,. 

In the other two pseudo-binary mixtures the liquid and solid 
phases which are in internal equilibrium are also indicated, but 
transition points need not be assumed in these systems. 

The question which called for a solution first of all was this: 
“what shall we get when to the system Sg + Sy, which is thought 
to be continually in internal equilibrium we add S,, of which substance 
We suppose for a moment that it cannot be converted to rhombic 
or monoclinic sulphur, and which, accordingly, behaves as a real 
component. 
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If we now take the simplest case, the stable unary melting equili- 
brium will be lowered in temperature by addition of S,, so that 
lines can be drawn over the melting-point surface and over the mixed 
crystal surface of Sj, starting from /, resp. from S,, which indicate 
the liquid and solid phases which coexist with internal equilibrium 
between Sr and Sy on increase of the S, -content. The same thing 
holds for the metastable unary melting-point equilibrium. Here too 
we get two lines starting from 7, and S,, which traverse the meta- 
stable part of the melting-point surface resp. mixed crystal surface 
of Sp. And finally we get something of the same kind for the 
transition equilibrium. If this too is lowered by addition of S, , 
lines will start from the points S,’ and S,’, which traverse the mixed 
crystal surfaces of Spe and Sj,;. 

If we now consider the case that there is always internal equili- 
brium between S;, and JS., and that Spr behaves as a true component 
or in other words is not converted, we assume here that also the 
unary melting-point equilibrium indicated by the points /, and S,, is 
lowered by addition of Spr, so that lines will start from these points 
f, and S, running over the melting-point surface and the mixed 
erystal surface of Sy. 

At the point where the liquid lines starting from /, and /,, meet, 
we shall have a solidifying liquid, in which the three pseudo- 
components are in internal equilibrium with each other, so that this 
point indicated by L in the drawing, is the liquid point of the stable 
unary pseudo-ternary melting-point equilibrium while the point of 
intersection of the lines starting from S, and S,, gives the mono- 
clinic sulphur, which is in internal equilibrium and coexists with the 
liquid L at the unary melting-point temperature. This point is denoted 
by S. 

We find in the same way that L’ and 8’ denote the liquid and 
the solid phase, which are in equilibrium with each other in the 
metastable unary melting point of the rhombic sulphur. 

In the same way as the line for the infernal equilibria which exist 
in the liquid phase at higher temperatures starts from L, the line 
for the internal equilibria in the solid monoclinic sulphur starts in 
S, and this line runs to smaller concentrations of S, with fall of 
temperature. The same holds for the line for the metastable internal 
equilibria in the solid rhombic sulphur, which starts from 8’. 

When a meeting of these lines and the transition surfaces takes 
place, as drawn here, this means that a point of transition occurs 
in the unary pseudo ternary system. The monoclinic mixed erystal 
phase S, is converted into the rhombic mixed crystal phase S,, with 
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generation of heat, and when this conversion has been completed, 
the temperature falls on further withdrawal of heat and with internal 
equilibrium the rhombic sulphur moves along the line S,S,, which 
is the continuation of 8’S,. 

It is easy to see that the course of these lines for the solid 
substance in internal equilibrium, is in agreement with the obser- 
vation. 

The fact e.g. that the rhombic sulphur melts at a higher tempe- 
rature according as it is heated rapidly from a lower temperature 
can just as well be accounted for when we take this view of the 
matter, as when we take that indicated by fig. 1, for according as 
we start from a lower point on the line 8, 8,, we shall reach when 
heating rapidly either the melting-point surface S’L’S,/,, or the 
melting-point surface S’L’ $S,/, at a higher temperature. 

It may finally be pointed out here that if we assume Sr and 
Sy to be always in internal equilibrium, and S, to behave as a 
true component, some more conclusions may be drawn from the 
figure for this case than have been already discussed. 

Then the liquid line of the melting-point surface starting from 
LS, will meet the region of non-miscibility at g, and a second liquid 
h, will make its appearance. The solid substance f, will coexist 
with the two liquid layers, so that a three-phase equilibrium prevails 
here, which is invariant if the pressure is assumed to be constant. On 
withdrawal of heat g, is converted to /,+/,, and at lower tempera- 
tures the melting-point surface will be formed by the line /,S, for 
the solid phases and by the line hl, for the liquid phases. 

An analogous remark may be made with reference to the melting- 
point surface starting from Sl. The liquid line of this surface meets 
the metastable part of the region of non-miscibility, which starts on 
the plane for Sr + S,, so that also here we get a three-phase equi- 
librium, which is metastable, and which is indicated by /,g,h,. 

Below this three-phase temperature the metastable melting-point 
surface is indicated by the lines that run from f, and h, to lower 
temperatures. If now the liquid lines intersect each other, as is 
assumed here, this means that a liquid which coexists both with mono- 
clinic and with rhombic mixed crystals, is found in this point of 
intersection. It follows from this that also these mixed-crystal phases 
are in equilibrium with each other, and so that they must lie on 
the transition surface. 

So, as is at once clear, the three coexisting phases are found by the 
meeting of the two melting-point surfaces and the transition surface. 
Of the two melting point surfaces the liquid lines meet; this 
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gives the point /, and the transition surface meets of each of the 
melting-point surfaces the line for the solid phase, and thus we find 
the points S, and $,. 

So we get a second stable three-phase equilibrium, but now be- 
tween rhombic and monoclinic mixed erystals and aliquid; the tem- 
perature of this three phase equilibrium we might call the transition 
temperature lowered by Sz. 

With withdrawal of heat the transformation S,— S, + /, takes 
place, i. e. the monoclinic mixed crystals disappear, and the two- 
phase equilibrium between rhombic mixed erystals and liquid, which 
was metastable before, now becomes stable. 

Though the pseudo-components Spe and Sy will not always be 
in internal equilibrium under all circumstances, and S, never 
behaves as a true component, it will appear later that the view of 
this case, discussed here may be of some use. 


Remark. The reader will perhaps have seen already, that the 
new theory of allotropy for the first time gives a rational explana- 
tion of the rule, found by Osrwarp, that with the appearance of a 
new phase the metastable state occurs first. I hope to treat this 
question in a separate communication later on. 

Anorganie Chemical Laboratory 
of the University. 

Amsterdam, September 1911. 


Physics. — “On the phenomena of condensation for mixtures of 
carbonic acid and nitrobenzene in connection with double retro- 
grade condensation”. By Prof. Pu. Konnstamm and J. Cur. 
Rreprrs”. Van ber Waats-fonds researches. N°. 3. (Commu- 
nicated by Prof. J. D. van per WAALS. 


In These proceedings April 23, 1909, (Vol. XI p. 913) we 
demonstrated by means of some experiments how great the influence 
is which sligbt quantities of urethane exert on the phenomena of 
condensation of carbonic acid; we further showed that at our smal- 
lest concentration of 3°/,°/,, we were still very far from that con- 
centration for which double retrograde condensation will be found. 
We shall proceed to give some similar observations on the system 
carbonic acid and nitro-benzene. These observations were undertaken 
in the hope that we might succeed in proving the existence of double 
retrograde condensation for this system. This hope has proved vain; 


az 
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but yet these observations seemed important enough to us to com- 
municate something about them *). 

The arrangement for the filling with carbonic acid was the same 
as that used in our former experiments; the nitro-benzene could not 
be conveyed quantitatively in the same way as we followed for urethane 
i.e. in solid state. For greater quantities this could be done in small 
bulbs fused together, piaced in a pear-shaped apparatus, which was 
fused to the capillary of a Cailletet-tube. For smaller quantities it 
appeared to be unfeasible to make the bulbs small enough and fill 
them, and to convey in this way a quantity of some mg. quan- 
titatively into the tube. For this purpose we have used very narrow 
glass capillary tubes; the extremities were drawn out still further to 
an exceedingly small diameter. These tubes, open on either side, 
filled themselves when one end was immerged in the liquid, by the 
influence of the capillary pressure. They were not closed because the 
liquid appeared to char by the high degree of heating required for 
this. Moreover it proved to be unnecessary to close them ; it appeared 
to be impossible to ascertain any loss of weight, even after they had 
been for some time in a space which had been exhausted by means 
of the Gaede-pump. By cautious heating of the filling apparatus, the 
liquid was expelled from the tube, after the whole space had been 
exhausted of air, and fused to, and the drop was conveyed from the 
filling-apparatus into the Cailletet-tube, which had already been placed 
in the pressure cylindre, provided with a stirrer. 

Then the tilling-apparatus was cut off, and the capillary of the 
tube was fused to the glass capillary, which was attached to the 
steel capillary of the high pressure cock by means of sealing wax, 
so that then the carbonic acid could be added. 

In our foregoing communication we could praise our tubes of 
borosilicate glass, but a new supply of this kind of glass, which we 
had to use now, proved very unsatisfactory. At least some ten tubes 
burst during tie experiment, both under the influence of the pressure 
and under the influence of local heating during the preparation of 
the tubes or of cooling during the filling. Hence the occurrence of so 
many gaps in the observations given by us. Of many mixtures with 
concentrations between those given by us e.g. with «= + 0,01, 
0,004, 0,003, it could only be stated that the required concentration 
had not been reached, but definite observations could not be made, 
because the tube burst. We passed at once to another concentration 


1) Our attention was drawn to this system by the communication of Biicuner 
(Diss. Amsterdam 1911 p. 122) about the unmixing of mixtures of nitrobenzene 
and carbonic acid. 
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then. In the same way some mixtures are wanting between «= 0,476 
and «=0,121. It is further worth mentioning that for the last 
tubes we have replaced the Cailletet-cement, used by us formerly to 
cement the Cailletet-tubes into the brass flanged tube, by ordinary 
sealing wax, which melts at much higher temperature, for it had 
happened a few times at the very high temperatures of the room 
of this year that the gas had escaped from the tube in consequence 
of the cement melting in spite of uninterrupted cooling with water. 
We have experienced no disadvantages in consequence of this change. 

Further we have put in practice what we alluded to in our pre- 
ceding communication, viz. the modified form of the Cailletet-tube. 
The upper part of the tube was widened, and had a capacity of 
more than 2em* for a length of 2 à 3 em, i. e. about double the 
capacity of the other part of the tube, which was + 30 em. long. 
Our mixture IV e.g. has been investigated in such a tube ; it appeared, 
however, to be attended with some experimental difficulties, so that 
we can consider the experiment as only very partially successful. 
Temperature and pressure were obtained and observed in the same 
way as in the investigation of the system carbonic acid and urethane. 

Our first mixture contained a slight quantity of nitrobenzene 
+ 80 mg. e=—0.015°; for we intended in the beginning to demon- 
strate the double retrograde condensation. 

The system proved to come up to the requirement *) that the three- 
phase pressures, A, lie below the pressures of carbonic acid at the 
same temperatures. For at 31°.2 we find A= 71.50 KG. p. em, 
while we found 75.30 KG. for the critical pressure of carbonic acid 
vi See SO 

As the concentration of this mixture was not so very small yet, 
we could still easily distinguish the different phases. At each of the 
observed temperatures there was always a slight amount of the pale 
yellow liquid (phase 3) present by the side of the vapour phase, if 
we made the volume as large as possible. So we were all the time 
on the righthand side of the vertical tangent of the liquid branch, 
the point for which v,,=0. On compression we brought about 
unmixing at all temperatures lying between two critical end-points. 

At 7’=29°.9 we found the lower critical end-point, where the 
loop 2—3 has contracted to a point of inflection with horizontal 
tangent (plaitpoint phenomena between the two liquid phases in 
coexistence with phase 1 (vapour). At somewhat higher temperature 


1) Double retrograde condensation can occur even if this condition is not fulfilled, 
but it presents other properties then; cf. van p—ER Waars. These Proc. Vol. XI 
p. 828. One of us will soon discuss these systems more at length elsewhere. 
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after unmixing had taken place, the phase 3 disappeared on further 
diminution of the volume, so that we might conclude that we were 
on the lefthand side of the point 2. After this the pressure began to rise 
appreciably again, we always found ordinary end-condensation ; we 
always finished with phase 2, so we were on the righthand side of 
the liquid-vapour plaitpoint. The quantity of phase 1 that was left 
when 3 had just disappeared, at the temperature of + 30° a pretty 
considerable quantity, rapidly decreased with rising 7’, so that this 
quantity was very slight for 7’= 39°. An increase of pressure of 
0,10 KG per em’ was sufficient to make it disappear. At a somewhat 
higher 7’ 1 and 3 vanished simultaneously, so we knew that with 
rising 7’ the point 2 moves to the left and passes the point « = 0,015° 
at 39°.1. 

At higher 7’ the gas-phase had disappeared before the viscous 
liquid, so we were then on the righthand side of 2. At ascending pressure 
this quantity decreased rapidiy, and at last disappeared. So we were 
on the left side of the liquid-liquid plaitpoint of that 7. 

At 7 = 39°.9 we found plaitpoint phenomena between vapour and 
thin liquid phase in coexistence with phase 3. So this temperature gave 
us the upper critical end-point. On further compression the phase 3 
disappeared again and the mixture was again homogeneous. 

At temperatures above that of this end-point we found the retro- 
grade condensation of the phase 3, which must always be the case 
when we are on the lefthand side of the plaitpoint. 

Then we proceeded to mixtures with smaller « by adding car- 
bonie acid. 

For mixture Il, # == 0,0081 we were now quite on the left side 
of the point 2 at all temperatures below that of the upper critical 
end-point. We further found exactly the same phenomenon as we 
observed in this case for our former mixture. At the temperature of 
the upper critical end-point or at a temperature just a little lower 
we happened just to come still in the point 2, which therefore almost 
coincided with 1 there. So we may safely assume that this mixture 
indicates the concentration of the upper critical end-point, the w of 
the point of inflection with horizontal tangent, from which the loop 
1.2 will have to form with descending temperature. So from this 
observation and from that at 39.1 for the preceding mixture we 
can determine the displacement of the point 2 with the tempera- 


E F ; dx 
ture, and by approximation we find then for (F the amount : 
q 
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0,015—0,908 _ 0,007 __ vad 
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Also mixture III has been investigated by us in a tube without a 
widened part, and this accounts, no doubt, for the bad agreement 
of the values found by us for this mixture and for the preceding 
ones. For it was, indeed, possible to ascertain that there was some 
liquid in the tube, which was for the rest entirely filled with 
the gas-mixture, but whether it split up into two layers could not 
be ascertained. We thought, however, that we might state that 
there was a region for which the volume did greatly decrease 
and the pressure remained nearly constant, which would, therefore, 
point to the existence of more than two phases, but these pressures 
do not harmonize very well witb the A’s for other mixtures. 

Our mixture IV, «= 0,0022, is the only one that we could watch 
in a widened tube for a short time. This enabled us to use not too 
slight a quantity of nitrobenzene, a little more than 5 mg., in spite 
of the small 2, and thus to demonstrate the unmixing very clearly, 
whereas this had been impossible for the former mixture with 
seo LE: 

In view of the weakness of our tubes, we wanted first to examine 
the three-phase line and then if possible determine the end-conden- 
sation pressures, so as not to be obliged to expose the tubes at once 
to those higher pressures. When, however, also this tube burst before 
we had been able to follow the whole three-phase line, and it appeared 
from the observations that we were still very far from the point 1, 
which, accordingly, will not be much displaced with the temperature, 
we resolved to abandon the research of the double retrograde con- 
densation also for the system carbonic acid and nitrobenzene, hoping 
to resume it afterwards with more favourable components. 

It seemed, however, of importance to us to determine the con- 
centration of the lower critical endpoint; we expected that this would 
lie at much larger z. 

Our next filling, however, now again in a straight tube with 
« — 0,476 showed that the region of non-miscibility will lie entirely 
in the left half of the z-figures, and so did some following mixtures, 
the tubes of which gave way at the first observations. 

So we have not succeeded in fixing the utmost limit of the region 
of non-miscibility, the place of the point 3 at the temperature of 
the upper critical end-point. 

We could conclude from the mixture 7 == 0,121 that we were 
still on the righthand side of the lower end-point, and also on the 
righthand of all the plaitpoints at higher temperatures, because every 
time after the vapour phase had disappeared at the end of the A-region 
we saw the phase 2 disappear on compression. Though the required 


Wat.) 


increase of pressure was slight near the temperature of tbe lower 
critical end-point, we could nevertheless not conclude that the con- 
centration of the latter must lie in the immediate neighbourhood, 
both because we knew nothing about the shape of the loops 2.3, 
and because we thought that the liquid-liquid plaitpoint would, no 
doubt, move to the right with increase of temperature, and we 
found it still lying on the left side at our highest temperature of 
unmixing. 

Hence that our following filling has an a which is still considerably 
smaller, viz. «= 0,090. Now however, we were undoubtedly on the 
left hand of the lower end-point, and also of all the plaitpoints. It 
appeared from the increase of the pressure with the condensation 
at which phase 3 disappeared now, that we were now again further 
from this end-pvint than for «0,121. 

In order to find the accurate concentration we have a few times 
allowed some mg. of carbonic acid to escape from our tube, and 
then only examined if we were still on the left side of the lower 
end-point. In this way we have closely approached it in three steps, 
and we think we have got the right one in our mixture # = 0,114. 

If we then compute the displacement of the point 2 with the 
temperature, we find that it takes place very regularly. In the 
temperature range of + 10° between the critical end-points it is 
displaced from # = 0,008 to «= 0,114, which yields a = oe == 

AT /» 10 

a little more than 0,01, which we also found over the temperature 
range of 39°.1—39°.8. It appeared from the further observation of 
these mixtures that the liquid-liquid plaitpoint continues to lie about 
at constant 7*). We could raise our temperature to a little more than 
46°, and we always observed plaitpoint phenomena on compression. 
At temperatures above 35°, however, the meniscus disappeared 
somewhat lower down than halfway the total volume; so this pointed 
to retrograde condensation of the phase 3, accordingly a slight dis- 
placement of the plaitpoint to the lefthand side took place. 

If we now suppose the liquid-liquid plait to be about symmetrical, 
point 3 must move just as far to the right as 2 towards the left, 
and we should find for the extreme point of the region of non 
miscibility a concentration «= + 0,22, We may finally remark that 
we have tried as much as possible to observe the different mixtures 
at the same temperatures. As the three-phase pressures rise pretty 


1) So this is the same thing as Timmermans found for the mixtures examined 
by him. These Proc. XIII p. 507. 
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rapidly with the temperature, it proves however, that it is not quite 
sufficient to keep the temperature constant to a tenth of a degree. 
Hence the agreement in the different values is not so very great 
(see table). 

Moreover we sometimes found a slight deviation of the temperature 
of the critical end-points. We have been able to ascertain that a 
trace of air has a very great influence on that temperature. With 
one of the fillings, during which somehow some air had got into 
the tube, we found the whole region of non-miscibility about 5° 
lower. Possibly this may account for those deviations. 

If in conclusion we draw the three-phase pressures and those of 
the liquid-liquid plaitpoint as functions of the temperature, we find 
nearly linear functions for them. The inclinations of the lines amount 


Ap Ap 
resp. to ( E ) = 1,75 K.G. p. em’ per degree and ( 4 ) = 3,0 KE 
AT /\23 pl 


Ap 

>. em? per degree. Also outside the region of non-miscibility | —— 

| | o te) Vv AT 
pl 


remains almost invariable. 


TABLE of the observed three-phase pressures and end-condensations 
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yg A ph. ende. ph. 
29°.4 70.65 3 
29 .9 69.40 pl.p. fp By 
8l 2 71.50—71.55 1and2 73.30 2 
32.9 7440—7445 1and2 76.05 2 
34.6 76.95—77.05 1and2 79.25 2 
35 .9 79.40—79.50 1and2 79.90 2 
37 4 81.90 -82.05 1and2 82.60 2 
38 .9 84.85—-85.00 Land2 85.10 2 
39 1 = 85.20—85.35 a 85.35 2 
39 .9 86.80 pl.p. 86.90 ? 
40 .0 87.05 1 

Er == 00081 

de jag ph. ende. ph.- 
29°.4 12.1 ve 
29 9 69.25—-69.35 pl.p. To 
81.2 71.40—71.50 Land2 7505 2 
32.9 74.00—7415 tand2 77.65 2 
34.6 76.85—76.95 Land2 80.25 2 
a9 .9 79.55 19.65 A and 8860-2 
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Je A ph. ende. ph. 
37 4 82.20—82.45 1and2 84.00 2 
38 .9 84.65—84.95 1and2 86.20 2 
39 .9 86.70—86.95 pl.p. 86.95 ? 
40 0 87.20 1 
HI, « = 0,0050 IV, «=.0,0022 
Li A ph. ende. ph. df A ph. ende. ph. 
29°.4 _ not to be observed 29°.4 not to be observed 
20 Sn 5 DA POES ee pip: ve, 
31 2 5 Woon 2 ol Ans tand 5, 
32 .9 doer Sade 19:90 Land 2. 5, 
34 6 77.40 tand2 81.05 2 34.6 76.90 1and2 ,, 
35.9 79.90 1and2 82.25 1 bad Loto Land? ,, 
37 4 82.90 Land2 84.00 1 tube burst 
38 .9 not to be observ. 85.50 1 
gas escaped from the tube. 
V, «= 0.476 Ving 0004 
Pi senden, ph. dk A ph. ende. ph. 
29°.9 5400 3 gS es 69.15 plp. 69.25 3 
ala 9315 3 31.2 71.00—71.05 2and3 73.75 3 
32.9 5740 3 32.9 73.70—73.80 Zand3 79.50 3 
34.6 5845 3 94.6 76.60—-76.70 Zand 83.10 3 
Bod Odor a 35.9 78.80—78.85 2and3 89.70 3 
37 4 61.50 3 97 4 81.75-81.80 Zand3 95.20 3 
ao 6320 - 3 38 .9 84.20 2and3 100.30 3 
39 9 6445 3 30.9 86.60 pip. 10405 5 
VIL, «= 0.090 
JE A ph. ende. ph. 
30°.0 69.30 pl.p. 69.50 P 
31 .2 71.25 dand2 74.00 2 
92.9 73.65 Zand3 79.15 2 
34 .6 76.65—76.70 2and3 84.75 2 
35.9 78.65—78.70 Zand3 89.20 2 
37 4 81.55—81.65 2and3 94.80 2 
38.9 8410—84.15 2and3 100.10 2 
40 .0 86.90 plipy 1103570: «5 
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fe A pb. ende. ph. 
29°.9 69.15 pl.p. 69.15 pl.p. 
31 .2 71.20 Zand 3 74.10" 5 
32.9 73.65 Zand 3 80.05 % 
34 .6 76.65 2and3 85,90 „ 


35 .9 78.60—78.65 2and3 90.50 ? 
Rie athe ooo) Jand3 95:90 
38-9 82415-8420 2and3 ‘100.90 


39 9 86.60 pip. 104.40 
41.0 108.20 
42.0 111.10 
43 .0 114.10 
44.0 117.10 
AA 7 119.20 
45 4 122.75 
46 2 124.15 
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Physics. — “The variability of the quantity b in VAN DER WAALS’ 
equation of state, also in connection with the critical quantities.” 


I. By J. J. van Laar. (Communicated by Prof. H. A. Lorentz). 


1. At the end of my last paper on the solid state (These Proc., 
May, 1911) I announced on p. 100 the fuller discussion of the 
problem alluded to in §§ 35 and 36. I may now be allowed to discuss 
this problem more at length. 

In the paragraphs mentioned, particularly in § 35, I have already 
set forth at length how we can arrive at a complete theory of the 
variability of the quantity hb, if we only assume that the molecules 
are associated to larger molecule complexes to an amount varying 
with the temperature and the volume, in which we must suppose 
the volumes of the complex molecules smaller than the corresponding 
volumes of the simple molecules which form the complex. 

I think I have demonstrated (loc. cit.) in a convincing way that 
the two causes of the variability of 5, which were kept separate 
before, are solved in, and are comprised by the wider theory of 


association — which naturally also includes the third cause recently 
brought forward by vaN pur Waars — I mean the so-called “quasi” 
association. 


For the diminution of the molecular volume b in consequence of 
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the increasing association, on diminution of the volume v e.g., can 
be considered to be a real diminution of that molecular volume, but 
also as an apparent diminution accompanying it. The quantity 
4b=-—b, + rb, introduced in our theory need namely not necessarily 
indicate exclusively the real change of the volume of a molecule, 
but ean also include the apparent change, in so far as it is manifested 
in its effect on the pressure in consequence of the temporary aggre- 
gations of the molecules (see p. 96 and 97 loc. cit.) ’). 

The degree of variability of 6 is then further exclusively determined 
by the degree of dissociation ; of the compound molecule-complexes. 
As this quantity being a function both of v and 7, the quantity 4, 
given. by b6=-(b— Bb, + wBb,, 1. e. by 


b= vb, — (1 — B) Ab, 


will depend besides on v, also on 7’, though the latter will be the 
case only to a very small degree, as we shall show presently. 

It is this way of considering the problem, which I dimly conceived 
already some ten years ago, and which I have practically never 
quite abandoned, though I adopted other points of view for a time. 
Now after the completion of my theory of the solid state, I am 
more than ever convinced that my original point of view must be 
the right one. Already the course of the quantity 2 as function of 
v and 7 made me see the great probability of this point of view. 
The way, namely, in which 3 for v and 7’=O approaches 0 asymp- 
totically (so that only compiex molecules are then present), and 
approaches 1 asymptotically for v and 7’=o (all the molecules 
simple); while the eritical point appeared to lie exactly at the beginning 


of the abrupt inflection from 1 to 0 — which pointed to an appre- 
ciable value there of bm , and to a rather considerable value of 
v 
t d*b 
— vb ie all this convinced me more and more that the 
av 


variability of & was only and exclusively to be attributed to the 
varying degree of association of the molecules, together with the 
variation of volume Ad (real or apparent) attending it. 

Whereas in the paper of VAN DER Waars presently to be mentioned 
(loc. cit. p. 1227 and 1228), only an empirical relation could be 


1) Exactly in the same way as among others ReicaNum, when he comes to the 
conclusion that the influence of the temperature on the pressure which tlie mole- 
cules of a non-ideal gas exert on the wall, is manifested in a fictitious enlarging of 
the molecule: it seems ‘as if” the molecules are enlarged with rise of tempera- 
ture ; etc. 


( 280 ) 


given for the variability of b, holding only in the neighbourhood of 
b bq \4,34 
the critical point, viz. = 1e « (+) ‚ now a theoretical for- 
g D 
mula can be derived for this variability, which just as my theory 
for the Solid State, has a purely physical foundation. 
Already in my Solid State VII I derived (p. 98—100) from the 


AD ba 
general formula an approximate formula, viz. ef - , 
) U 
g 


which in my opinion is preferable to vaN DER Waats’ empiric for- 
mula, though of course our approximative formula is not accurate 
either. But in what follows we shall make use of the original quite 
accurate formula 5 = f (v, 15. 

The same quantities 2 and Ab, which play so important a part in 
the transition of the liquid state to the solid state, and the reverse — 
so that we may safely say: no solid state without these quantities — 
must also necessarily play a part in the theory of the liquid (and 
of the solid) state considered in itself. 

So this furnishes one cause, both for the deviations of the beha- 
viour of liquids from the original ideal equation of VAN DER WAALS, 
and for the solid state appearing at lower temperatures. And so in 
this way the whole behaviour of a substance, also the appearance of 
the three states of aggregation with their gradual transition at critical 
temperatures, can be brought under one point of view. 

This solves at the same time the question repeatedly put by van 
DER Waats in his last paper but one (These Proc., April 1911) on 
the critical quantities (see among other p. 1212 at the bottom; 
p. 1222 in the middle; p. 1228 at the bottom): “What is, after all, 
the cause of the variability of 0”. 

As principal causes he seems still to accept the real diminution 
by compressibility (p. 1212 loc. cit), and the apparent diminution in 
consequence of the partial overlapping of the distance spheres (see 
p. 1225 and 1226 where the coefficient a = */, occurring in this 
case is mentioned). The so-called quasi-association would play only 
a negligible part (at least at the critical temperature) (see p. 1213 
at the bottom). 

In our theory, on the other hand, the association, with which the 
quasi-association is practically identical (see p. 93—94 of my last 
paper on the solid state), is the only factor — and it will appear 
from what follows that the critical quantities are also perfectly 
accurately determined by the sole assumption of association, with the 
variation of volume 45 accompanying it. We shall find that at the 
critical point the compound molecules are decomposed to an amount 
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8=0,95 into simple molecules (so only */,, part is still complex), 
while on assumption of an association to double or triple molecules 
in the neighbourhood of the critical point the value of Ad is found 
to be such that the limiting volume (b, == vb, for v=o) has duly 
decreased to half its original size (6,=06,, where b,=—="!/, vb), when 
v has become = 0. 

To this is added the circumstance that the minimum molecular 
volume 6, for v= 6 proves to be the same for every temperature. For 
however high or low the temperature may be, 3 will always be = 0 
ne the “expression () for p (see 4. 2) for v= 6; hence b, =6,) in 
which 6, is the molecular volume of the complex molecules, on 
account of the above expressions for 6 and Ad. And reversely the 
valve of 4, will again be = 6, for 7'=0 for every volume, because 
also for 7'— 0 the degree of dissociation 8 will approach to 0. Hence 
there is not only one limiting volume for great volume and high 
temperature, but also only one limiting volume for small volume and 
low temperature; the latter about half the first. 

The differences which continue to exist for different substances in 
the reduced equation of state, and which van pur Waats p. 1212 
pointed out, can now also easily be accounted for by a somewhat 
divergent value of @ (and possibly also of Ad). For it is clear that 
the degree of dissociation of the complex molecules will not be the 
same for every substance. It will of course entirely depend on the 
constants of the equation of dissociation (1). And thus substances 
will also be found with abnormally greatly divergent values of 8, the 
so-called anonalous substances. 

Also the value of » can be different. It will namely also depend 
on the constants of the substance, how many molecules wil combine 
to a complex molecule at different temperatures and volumes. I have 
already pointed out in my last paper on the solid state (p. 98 at the 
bottom) that also » will be a function of vand 7’, and that on an average 
a greater number of molecules will associate at low temperature and 
small volume than at high temperature and great volume. But in our 
following considerations we shall for the present neglect fis depend- 
ence, because we shall confine ourselves exclusively to the critical 
quantities. And at this volume and this temperature » will appear 
to be about from 2 to 3, i. e. the few molecules which are still 
associated then (about */,,) will be on an average associations of 
double or triple molecules. | At 7’= oo and v= @ the exceedingly few 
complex molecules, still present then, the number of which approaches 
to 0, will only be double ones of course]. 

In my last paper I came to the conclusion (p. 100) that » is about 
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3 at the critical point. But this was only an approximative calculation : 
a more accurate calculation makes us find a value of 2 a 3 for rv. 

But now we proceed to derive the critical quantities from the 
equation of state on the supposition of the variability of b exclusively 
in consequence of the dependence of the degree of dissociation 8 on 
the volume v; while R7' has to be multiplied by the factor 1 + (»— 1) ?, 
because in all there are 1—p complex molecules and vf simple 
molecules, in which » will denote the number (for the present 
considered constant by us, see above) of simple molecules which are 
on an average associated to one complex molecule. 

Also the quantity a will be assumed to be constant by us (see 
Solid State VII, p. 94 at the bottom, so that the contraction introduced by 
VAN DER Waars in the value of a is notintroduced in our derivations. 
The number of molecules associated to one complex molecule (on an 
average 2'/,) is not great enough for it at the critical temperature, 
so that no reason whatever would exist for this contraction, (see 
also vAN DER Waars, Quasiassociation. These Proc. XIII p. 119— 
121). So we consider the formula 


— 2 9 [nt 
C= An LOO | na, 


as valid, which passes into a=a, with n,=1— 8, n,=7n8,a,,= 
=—, dt == in which (and this will henceforth be the case when 
the contrary is not asserted) always rv-fold molecular quantities of 
the substance are considered. 

The formulae following here were already derived by me in 1908, 
and published in the Arch. Teyler (2) 11, Troisieme Partie : “ 7héorie 
de Uassociation ete”, where (see p. 25—384) comparatively simple results 
were obtained. But these formulae only hold for the case » = 2, 
and we shall, therefore, give the derivation here once more for the 
perfectly general case that not 2, but » molecules are associated to 
a complex molecule, in which at the same time some simplications 


will be applied in the derivation. 


2. The general formula for 3 was already derived for the case 
of » molecules in my Solid State VIJ p.84—86. We found there nl. : 
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CS Ce ie Cea ae 
If we substitute for p+ <¢/.2 the expression which follows for it 
from the equation of state 


(p +4/) (eb) = (1 + @—1) B) RT, 


we get: 
gr rte Jr = — (1+(—1)8) = 
C hl <2 — 
== > an es DEN 
(18) 1+@—1ay—" Genera 
or putting »p—1—r: 
qo : Ab 
peti ey ge 
| DE Rr aes (v—b)r . . . 1) 
(1—9) (1428)? Re (1+ 2B) 


If now Ab is positive, i.e. if the complex molecules (real or apparent) 
occupy a smaller volume than the simple ones, the degree of disso- 
ciation 8 will get the value 0 for v—=b, and the value 1 for 
v=o. In the same way the quantity 6 will approach to 0 at 
/’= 0 for positive values of g, and y, and at 7=o to 1. 

In order to facilitate the following calculations, we put: 


Ab 
(1 +B) ay == Pp, je i . e ° e e e (a) 
U 
in consequence of which (1) passes into 
Rr! Oer 
p Er ene) B 
(1) (1 4-25)? gr 


PRONG a= 
in which @ represents the temperaturefunction (5) Te 


The equation (1%, combined with the equation of state 
ip+4/2)(v—b) = (1+e8)RT,. . . 2... (2) 
will now represent the total amount of the considered substance, to 
which then = (1—3) 6, + rb, can be added, ie. 
b= vb, — (1—) Ad, 
or vb, being the limiting volume for v=o (@=—1): 


b=b,—(Il—@)Ab, . . . . . . . -(8) 
in which 8 is given by (1%, and Ab by Ab=— 3, + rb 


Now in order to find the values of v, RT and p at the critical 
; dp d°p 
point, we shall only have to put| — | and | — } equal to 0. 
dv) dv? }, 
From the equation (2) in the form 


(1+28)RT a g¢RhT a 
Ree) et AB ys 
follows (for 7’ constant) : 
dp 2a RT dp 
as — br Ab BTS ’ . . . . . . . (8) 
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d 
in which we must therefore calculate ee From (a) in the 
v 


(14-28) Ab = p © —b) 


follows : 
dp ds dep 
chb — = fe pe | tp) —, 
: dv «( 5 ane ) dv 
benee esn dine to (3 
SCAN En according to (9). 
Hence : 


dp ; dp 
(eb) = — w + (2+) Ab. 
dv dv 


form 


(y) 


So we have to calculate = and that from (1°). This relation, dif- 
v 5 


ferentiated logarithmically, yields : 


(= E 1 ae ) d8 a EK: dy 


Te de og dp 
or 
etl ds u epdp 
6 (i—B8) (lep) do p dv 


If in this we substitute the value (y) found just now 


dy ‘ 
—, we get: 
dv 5 
EEP 
NS AS WOI 
Jl dp ep Rea dv 
8 (1—s) (1+2B) dv p v—b ; 
or 
d3 zl (ep) Ab] zip 
dv| B(L-B (lep) Op vb) vb" 
or also 
bd Ep 
lade od. OE Ab 
B (1—8) p v—b 
i.e. taking («) into account: 
v—b dB | ep 
lt28dv etl 
ata Pe 
B (1—B) 


for which we may also write: 


for 
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1 
he ore B (1—8) («+ @) 
= ve ae el 


lag dv — 1 


3 (LB) (@+@)" 


at] 
So we find finally, substituting (d) in (y): 


1 
EU et)? 


dp Ab «+1 
(vb) * = — 9 + (lef) 
dv v—b 1 8 
Lee ge 8) (e+)? 
; Ab 
or. as (14-28) — =p: 
v—b 
dip fp 
—b = Ee ie 
En dv @ 


B (1—8) (@+@)’ 


in 
WEE 


dp 
Now we get for = by substitution of this value in (9): 
v 


dp 2a Vn p 
= — — — renee oie) 

dv v® Lb(v—b) sd 
1+ —— 8 (18) (et) 

ve 1] 

2 
As also — must be = 0, we have, when the equation 
je ee (p 
2a == 
v* Ab 


1 
1+ —7 80-8) (e+9F 


is logarithmically differentiated : 


Ï 1 db 3 foe dp be dy 
v—-b dv v pdw OE 14+y dv’ 


1 
when for shortness we put the expression Fes B(1—8) (e+ gq)’ fora 
EH 


d dp 
moment = y. Hence, as — = Ab—: 
p dv dv 


3(v—b) dg 1 1 


dy 
= — — (v—b)— , 
v dv ly 1-—y dv 


according to (¢). Hence we get. 


d 
because w—b) is equal to — = 
dv 1+-y 


dp d 
(BH) —(1+y) ABS + 0d) 2 
age ra cen dv dv 
pe. l+y 


’ 
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or also 


13 di 
eyed) Ab + Se 
v—b 2 : dv dv 


ae ee - + (@) 


d{ 
For (1+y) aoe we find according to (d), taking into account that 
v 


Ab 
(| + #3) —— =: 
v—b 


18 ] 
(1+ y) Ab = HLB) 9 (2 +9). 
av - 


d 
The value of ES is found from 
VU 


BAB + 9) 


from which follows: 


dy aS ales dy B 
oen 3 | PUB eed) + ete | 
e= p dp i ane 
With (de) —— seg Sta (see €)), and (v—b an ai BL — s)(1 Hef) 


(edp): 14) (see (d)) this becomes: 


di 
(Ga 
dv 


4 il 
=e DR BpleH) HT BABA + @B\(1-28)(c | ») 
Hence 
(ety —(i+y) Aaen 
dv dv 
1 
EEn | 50 —p) ple Hp) — (144) (LB) ga Hp) + 


1 
+ —{ BU —8) (1+ 28) (1—28) (@ ta 
atl 


so that we find: 


tae 


v 


2 
38 (1+y) 
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1 
1 | —28(1-B)p(@#+¢) + —— B(L-B(L-2P HAP 3e + | 
gee a+ 
2(x - il ; x k ’ 
lie | —(1+ y)B(1-B) g(a + @)- aap) B?(1-B)*(w-++ g)? | 


as (leg) (1—28) = (1—28-+ 2a8--32p") — aA(1—8). 
Now we get further for the factor between [ |: 


1 
ee ten 


Aan 
in 3 (1-8) (w + @)’ EN 3) p(w + a 3(1-B) gp (ep) + 
=e { ¢ = SS = << ( v ( SSS — (4 OR Pl hin mf 
TER fp Feil P)P p)— er PVE p 
1 
taat eS 2(7—-1)8-328")(« Hp) Bei! B (1-8) (2 + p)° 
In this we have: 
3 a A : Sau 3 
Far Bet =De tje, 
so that the factor mentioned becomes: 
3a 2 3 
Lt a Ml Be t+ rt BL 2(e-1)B-3a8*\(e-+ 7)" + S 
in which the Peat ge piece S is Si ed 
S= 3 / | (DNS (an (p)4 
ae —P)plw een tE -B)¢(e4 eae: aT Ee a (esp) = 
DAR et) BAB (e+) 
z f v —$)p(a+tq). 
(e+ 1) Pe Sena 


il : 
The first two terms give B(1—) (a+); the two following 
2(« +1) 


B (18) (ep)? ; so that the first four terms can be 


1 
ones wi? 
represented by 

oer BL) k + — BL Bet | 

2e 1) Pael 
and this is evidently the fifth term apart from the sign. So the 
supplement S is = 0, and we finally get: 

w—b 2 1 
» 8 (1+y)* 


9 4 
| + 5 ren + 
ER 


B(1—B)(1 + Ue) | 


1 
2(@ +1)? | 
If we henceforth put: 
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1 
l+y=1-+ ran BL +)" = m 


‚ (9) 
Sz 1 
14+ —--. B(L-B)( rTP 5 <, PO-B)(14+2(#-1)8-3.273")’ xy) =n 
2(« +1 ) +1) | 
we find the simple expressions 
Vk sm” DJ: om’ 8 
a : EE ee 


vi bj. 2n by TS =n 


For «=1(»=2) the expressions for m and „ pass into those 
which are to be found in the cited paper in the Arch. Treyrer (p. 29). 
If 8=O or 1 (one kind of molecules’, m and n duly become = 1 


u 
and the old value 3 is found back for 5 
) Is 


dp 


Now the value of R7%, is easily found from (4) by putting = = 
av 


Then we get: 


uP 2a Lb(v —b) 
RT, = — ——_——__ m, 
p? p 
; Ab 
or p being = (1-28) aen 
it) 
ry 1 Za © 
RT, = —— — (v—D)? m. 
ltep ov? 
_. v—b 2n b 38m?-—2n 
With ——_ =. , —-——,_.__ the last expression ccomes: 
v am p Jm” 
: iL 2a = 3m? èn An? 
RI; = ——.. ; —. . mM, 
1+ «Bp b om Im' 


hence: 


1i 8 a n*(3m?—2n) 
Tr == ed (7) 
1 Hag 27 by m° 


j ae 8 a 
If p=) this becomes i == 41, 7 = 1) kT B And if gis 
24 br 
\ a 1 8" a 
we get e. g. for z=1(r = 2), AT; = >.5-—-. But as then the quan- 


2 2d Ie 


tities « and 5 refer to dowble-molecular quantities, we have a= ta’ and 


) ! 


5 — 2h’, hence RT. = sn ann 2e before, where a’ and 4’ now refer 
a ) k 


to single molecular quantities. 
Formula (7) occurs (for z=1) in TeyreR on p. 31 (formula (16)). 
At last the expression for pj follows from the equation of state 


(2). The latter yields: 
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8 a n° (3m? — Zn) 
245 m? a 
01k = —— — arr 
Î 2n om? A 
EE | | b 
3m? — 2n om? — Qn 
an 8 5 E 4 
as v — ) = ————_}, as immediately follows from (6). Hence 
3m” — 2n 
4 an (3m —2n) 1 a (8m?—2n)? 
Dl —=—Sas = [= — — 
/ 27 07 m” 9 5? m' 
1. €. 
l a (8m*?—2n)*(4n—3m) 9) 
vy = ; -- : 
l 27 by.’ m° (©) 
identical with what we found in Teryrer, p. 32 (formula (17) ). 
Yaa ; : 
Here too mr ke duly found both with @=O and with 
ad OL 


7 


Bt (n= |) Just “as in the formulae for v, and AT; dis 
tien. constant, and) bp is: either = 6, af 6 =,0), or = 6, Gf A=1). 
Of the greatest importance is particularly the knowledge of the 


1 ] 


Pk . : ’ 
quantity In For this we find now: 


Te 


L_a (8m?—2n)?(4n--3m) 3m 


Fy See os 
Re 27 br m° 3m? —2n 
EEN aw n?(38m?—2n) 
Dap 27 be mn 
or 
3 m(An— 3m) 
u=(l + «f)- —— —.. Appr sae eh) 


8 n° 


3 
For 8=O this becomes u = ai for 6 = 4, Ander. skr A 


3 
we find 2 at But it must then again be borne in mind that then 


for the calculation of u the critical volume of a double molecular quan- 
tity of substance has been taken for vj. Hence if @=41, so that we 


only have simple molecules, the value — if pj refers to a single 
molecular quantity as usual — must still be divided by 2, and we 
3 


get again 
Formula (9) corresponds with (18) on p. 32 in Teyrer. 


8. Of just as great importance is also the knowledge of the 
quantity 


From 
_(+e9)RT a 


v—b v 


I ) 


2 


follows : 


dp (l+2p)k «kT (dB (l+ap)RT At dp 
---- — —— en 0 — 5 
aD), ENE ET Ae {ELD dT 


Tr dp 2B Os a BEL UD | HO 
ie ee Pie ij Eb aT Jo | oke 


or also, in virtue of (@): 


T dp a 1 1 r dp is 
ae ee ey ee A gies pe een en ‘ 
tm wae dese kat) 


. d| ; 
So we must calculate @ From (12) follows immediately by 
; 


v 


hence 


logarithmic differentiation (see for the first member also the caleu- 


< dp 
lation for | — }): 
dv): 


etl d3 vy... Wa dy edp 
BUB FeBar T'RE AT pdr 
QqtykT «wtpdy 
eas a hy ai 


\ 


: ae 
Now from g=(1 + «f) zet follows: 


v—b 


ldy zw d3 i i Al dp Min dh OR ed Ab 
“ — ES SAS EN En 
pdT l+apdT v—b dT ltapdT ; Cie 29) v—b 


henee also 


ldp «#+gadp 


par 1+apdT 
So we get, as ¢, + yRT=q: 
vl dB q _ (eg) 48 
BLD RIE Wizer 


sO 
Wee Lal ed 
dp RT? ei RT? 
PEG ite oo (@ ep)? ce. ; 
tf Oleg) 


atl 
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For f we may now write: 


F te Bl +9) 
en (| ded 1 EEn — ee en 10 
/ ( Bs =| EET 1 ing 


We observe that the factor of = according to (d) is also 


v—b dp 
Lag de 
Formula (10) agrees with (28) on p.42 in TerrerR (71). 

w! 
RY 
will be very small. If now q itself is aso still small, as may be 
assumed in case of association under the influence of the molecular 
forces (see also Solid State VIL p. 94 at the top and 98 at the bottom), 
we may safely neglect the correction term A, in 


; abi 
J= (1 AS =) Ai): 
pe 


and write, just as vAN DER Waars does: 


We see at once that when 8 is near 1 or O, the factor of 


i pao: the dae wl separ PU 

pe 
at least in the neighbourhood of the critical point. But we should 
bear in mind that strictly speaking this can never be quite exact so 
long as the state of association is also influenced by the temperature. 

If 40%) should practically be sufficiently accurate, we should of 
course also be able to calculate the quantity a from it. 

Before proceeding to calculate the quantities 3 and p from u and 7 
at the critical point, we shail first derive the value of a few quan- 
tities, which are of importance at te critical point. We mean the quan- 

db db 
tities 6’ = — and — vb" = — v —. 
av au” 
find the values now, found for this before by van per Waars and 
by myself. For if we start from the equation of state 
RY a 


Br vb wv 


It is self-evident that we do not 


without the factor 1+ 28 of RT, we find 6’ from 
; ITY kh! 9 
dp_ RTE), Za, 
dr (r—b) 13 
lp 
0 


C u 


i 


and 6" from which after elimination of a and A7 yields 


2 
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(see also Teyler 1905: Quelques remarques sur l’equation d'ètat, p. 46) : 


v _» OD. 5 
aa AR Es Dt 


But the values of 5’ and 5” oe, from this will of course be 
slightly different from those which we shall now calculate from the 
same experimental data; and so we are not allowed to draw any 
conclusions from the deviation of the values of 6’ and 6" calculated 
by us just now from those found before. They remain simply secon- 
dary values, which can never be found by direct experiment, but 
only by the calculation based on certain suppositions. 
in the first place the value of 6’ can be found from (3), 


Now 
viz. h=b, —(i1—§8) Ab, from which directly follows : 
ll 13 
—— sash sys AY iia 
dv dv" 
Ab | 
Taking (d) and (1 + zg) Std into account, we get: 
v—b 
1 
ering B(1—B) p (ep) 
jee En an n 


I: 
1 + ——B (1-8) (0 +9)" 
2+ 


The calculation of 6" from this expression is about as elaborate as 
: dp 3 dp U}: 
that of — from — [see $ 2 the calculation of Rr: . The easiest 
av Vie — OL 
to reach the result is the following. The numerator of the 


BL-8)(e +)? 


av 


way 


1 
second member of (11) being = y (we put y for — i 
Wte 


T-} p 


for shortness’ sake, above in 52), we have: 


é; q 
b (ly) =—— g, 
v + ip 
hence 
dy yp dy z dip 
b" (Ly) + v'- = 
ded ‘ a “+g dv i (a+)? d di 
q ( 1 G 1 
Bits ey 4 REL ee ‚ we have 
EP Up edp ly vp lt+y 
also : 
ia dy w dp 
Det —— —-b) — v—b) —. 
EU" (Ly) = ler ClO + ree 
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Now according to (), we have: 


dy 1 : aan 
ae — 28 (1—8) p (wip) + 


(v- 6) — == en, 
dv (rl) (1 +) 


1 
4 —B(1-B) (lap) (1-29) eo |. 
atl 
while according to (e) 
dp 
ee 
dr 1-4 


Hence : 


i p 1 | 
(ob) bo (Et = — , ——_ + 23 (1—8) 9 («+ 9) + 
EE) stp | (wd-1) (144) | ) 


2 ; é aust Pi a 
Add kkn ll | — 


1 
ERE 
or 
CDW (tt = ¥ Pe eee ee 
‚e(t 
18) (1428) (1—28) (#4)? — 
+ egy 818) tel (ot)? ~ 


After substitution of 


1 1 
UIN = BAB ED + jd AB et), 


we get further: 
i 
(ob) b" (1 Hy}? =o =o U (+29) + 


ee : 3 (1—8) (2 (1428) (1—28 za) | 
Te 17 ) +)? | ( ap) (Eep 


hence finally (putting (1 + y == mm, see (5)): 


en Uv ee 1 1 ; > 
— vb" = 8 — >) (w+ 2p) en 281) (edp) e (12) 
wv 


v—bm* Tt 1 


bt 
Finally the value of — can be found from 
Dj 


bj, = b; — (1—@) Ab, 


from which follows: 


by. Ab 9 
==1—(l-gy—. «+ (18) 
dy dy 


Of the now derived quantities only u and f are of use for the 
calculation of the two unknown quantities 3 and p at the critical 
point. Then the value of w can be assumed to be such, that we get 
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If we 


calculated from ~ = (14-79) 


v—b v—b 


a suitable value of 


wanted to consider x, 8, and p as unknown quantities, so that the 
Lb 


was of course determined, the knowledge of a third 


value of 


D= 
quantity would still be required at the critical point. This third 
quantity could be no other than the direction of the so-called “straight 
diameter” in the critical point. But as the discussion of this calls 
for a separate study, which we hope to give in a following Paper, 
we shall now content ourseives with the knowledge of gw and /, and 
simply examine at what value of « a suitable value of — 


v—b 


is 


obtained with the calculated values of 2 and ¢. 


4. Let us in the first place examine what the approximate formula 
(10°) for f teaches us concerning the values of the quantities 7 and n. 


a 
From 7 = 1 -+ — follows: 
pe” 


i 
a i (DEN 
ve bi’ \vr 


jl SS —, 
PI 1 a (dm?—2n)* (An — 3m) 
27 bj” m? 
De sm —2n : He 
OL eerden 1D): 
v] am” ú 
» 
; OM 
| aes ee ee 
4n—3m 
j—l IM 
or also'—— = —, ie 
J 4n 


zt (ah 


Me jl 
n 5) Je 
If we now assume a ‘“inean” normal substance, for which the 


value of f may be put to be 7, we find for the ratio 2:7 the value 
: | 


3 ltapm’? mm 
U= Ain . ne 
8 14e n° n 


DLUI- 


PRO Te 
follows from (9), as we Shall regard the value of vj, in a as referring 


to simple molecular quantities. 
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With ch EN 


nt 


it follows from this that 


~1| 00 


043 1 
ne nn 

96 1+ 
If in this we substitute the value 0,265 for u, which value about 


agrees with our substance for which f == 7, we get: 


Ite 8 
n = 0,947 nal 5 = bs OK Vee EST) 
1+ x; ( 
As according to (5) 
i SI coll Lin sn \ 
ke ERN B (1—8) (edp) + 
1 9 2,92 3 x 
yee POM 142 (et) ge) (ete). 6) 
2(¢+1, 


1 
m=—1-+ mi? B(1—B(#+ gg) 
vl 


we can find the values of 8 and ¢ from the above equations with 
an arbitrary value of x. 
Thus e.g. with «—=1 we find the values: 


B = 0,9547 ; p= 1.227. 


bo 
le é) 


For then becomes == 0,947 X — 


—— == 0,969; m= = n= 1,107 
1,955 


> 


~] | 


while 


3 1 
n=1+4+ BAB) + = A (1—8) (136) (14-09) 


3 1 
= 1+ + X 0,04825 2,287 — — x 0,04825 x 1,7344 X (2,227) 


= 1+ 0,0722 — 0,1036 = 0,969. 
also follows from (5). 
And as to m: 


1 1 
m=1 + ET B (l—) (14) =1l + et 0,04325 « (2,227)? 


— 14 0,1072 = 1,107. 


1.227 ' Libis 
eet 0,628 for from 


Od 


Then we find further the value 


5 Oe) 


( 296 ) 


ra vj 
This value is probably too high. For if we put zi at about 2,1, 
Me 


then vj = 8,40, because bj is by approximation about equal to 
bh, = de (9 = the volume proper of the molecules). Hence the limiting 
volume 4, for »=b(= that of the complex molecules /,) is about 


1 
ri < 8,40—2,10, because in most cases a value is found for this 


limiting volume in the neighbourhood of */, of the critical volume. 


As. nows bj vb; 40 and bj—=b,— 2,10, so ALS Vie 
+ vb, — 1,99, and hence 
(AN ee gi A) 
Se AT 
by 4 
; ; Lb Ab Ab 
So we find tor ——, supposing ————: 
v—b E- bi; by 
Lb 
Al be 0,475 
= —— Bic == pa — 0,43. 
Bib Oy 2.1—] 
bie 


So the value 0.63, which we found above, is too high. But we 
must not attach too much importance to this circumstance, because 
it is very well possible that at lower temperatures and smaller 
volumes, where association to molecule-complexes which are larger 
on an average, will take place, and « accordingly assumes a higher 
value, p will naturally decrease. We pointed out already above 
that the quantity « is properly speaking, variable, and that we should 
only consider it to be constant provisionally in the neighbourhood of 
the critical point to simplify the considerations. 

Before we proceed, however, and repeat the foregoing calculation 
for «== 2, we shall first calculate the relation as with the values 

DJ; 
8 a kr 
27 by and 27 bi resp. in 
the expressions for RT, and py. We have viz. according to (6): 
Ul Sm” SLOT) 3,678 


ee Se == 2E 
br 3m?—2n id—2X0,969 1,740 


found for m and n, and also the factors of 


So we see that the ordinary theory of association, though ? differs 
only little from 1, and in consequence mm and 7 only deviate little 
from 1, is perfectly adequate to account for the very considerable 
diminution of the ratio vg: 6, from 3 to about 2,1, a value which 
is in perfect harmony with the value computed by different investi- 


RI) 


cators led by other considerations. Thus we may say that the values 
of B and ~, which we originally caleulated from f' == "7 and u = 0,265 
are also reversely able, to reduce wv, : hj. from 3 to 2,1, ffrom4 to 7, 


and u from 0,375 to 0,265. The ordinary theory of the apparent 


diminution with the coefficients «, 8, ete. in the expression 


b, oe ni 
bib (— dee a( il - et. has always failed to do this, (see also 


v v 
Tevrer, 1901, “Sur influence des corrections etc”, p. 1—10, spe- 
cially p. LO at the top). 
If in formula (7) a and 6; are made to refer to simple molecular 
quantities, the second member has to be multiplied by the factor 
1+ r(=r), and we get: 


Ie 8 a n° (38m?—2n) 


rs it Lag 27 br m° 
Hat ‚8 a EE NEN, 
So if we put = /, the factor of 27 by’ we find for « = 1, as De == en, 
2 Me et EOD AK 0,969 
kad ( 8 ) (1,107) 
hence | 
A OR zb x sina — 1,004. 
645 15357 


This is in perfect accordance with v. D. Waars’ observation, that 
even if vj, == 2,10; instead of 36, — RT), yet becomes again 
Oa 

= 27 by 

Further we have, according to (8): 

1 a (8m?—2n)’* (4n—38m) 
; 


with a high degree of approximation. 


at bj: m? 
: Loi a 
and thus the factor of — — becomes: 
27 by? 
(1,740)? & 0.5536 1,676 
I= d ) x <= == 1,007. 
oe 1,226 >x 1,857 1,664 — 
. 1 a . 
Here too it appears once more, that pj remains = 57 zj, APproxi- 
4) Js” 


mately. 


Clarens, Aug. 22 1911. (To be continued). 
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Chemistry. — “On the benzeneherachlorides and their splitting up 
into trichlorebenzenes”. By Dr. T. van DER LINDEN, (Com- 


municated by Prof A. F. HOLLEMAN). 


(This communication will not be published in these Proceedings). 


(October 26, 1911). 
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Mathematics. — “Continuous one-one transformations of surfaces 
in themselves.” (4th communication *)). By Dr. L. E. J. Brouwer. 
(Communicated by Prof. D. J. Kortrwee). 


(Communicated in the meeting of May 27, 1911). 


In this communication as in the preceding one we shall occupy 
ourselves with continuous one-one transformations with invariant 
indicatrix of a two-sided surface in itself. 

If for such a transformation there is an invariant are of simple 
curve, it contains at least one invariant point; more than one invariant 
point need not appear. 

If, however, each of its two sides is invariant, then the arc contains 
at least #vo invariant points; more than two invariant points need 
not appear. 

Of the former of these two evident theorems we have shown in 
§ 2 of the third communication that it can be extended to the most 
general circular continuum (of which the are of simple curve can 
be regarded as the simplest type); to the latter theorem we shall 
give the same extension in the following. 


A segment of the circumference formed by the accessible points 
of a circular continuum will be called a complete circumference 
segment, if the set of its limiting points is identical to the circular 
continuum itself. 

As the generalization of the are of simple curve with two invariant 
sides we can consider a circular continuum g’ whose circumference 
can be divided by two “Schnitte” into two complete circumference 
segments, both invariant for the transformation. 

Of ¢’ together with a certain vicinity y’ we construct a continuous 
one-one representation on a finite region of a Cartesian plane, where 
they pass successively into y and y, and we draw in that Cartesian 
plane a simple closed curve * lying together with its image and its 
counterimage in yp, whilst its inner domain contains g. 

All figures to be constructed in the following and likewise their 
images and their counterimages we suppose to lie in w. 

According to the third communication p possesses a point / invariant 
for the transformation; we shall suppose that this point / is the only 
invariant point of @. 

The two Schnitte determining on p the two invariant complete 
circumference segments 0, and 0,, we shall represent by S, and, . 


) See these Proceedings Vol. Xl, p. 788, Vol, XI, p. 986, Vol. XI, p. 767. 
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An are of simple curve joining two points of the circumference 
of g, and for the rest not meeting 7, will be called a skeleton arc. 
We surround g by a fundamental series of polygons %,, B, %,,-.. 


; : i ib 
approximating p at distances &,, &.&,..... G <a 3 er |. The side 


of the largest square whose inner domain lies between , and ¢, 
we represent by e,; for indefinitely increasing n we find that e, 
converges to zero. 

Each polygon De, we divide into segments in which the distance 
of the endpoints lies between 4e, and 12¢,, and the distance of two 
arbitrary points does not exceed 24¢;,, and we draw from the points 
which separate these segments, to p paths < 2s; not intersecting 
each other, and cutting each polygon $, (n >> 4) only once. Each 
two of these paths which immediately succeed each other, form 
together with the segment of }; connecting them a skeleton arc. 

We first suppose that the Schnitt S, is not determined by an 
accessible point, and we choose on a fundamental series of polygons 
}.,,%.,,... a fundamental series of skeleton arcs s,,,5,,,..., not 
intersecting each other, converging to a single point P, and all 
containing between their endpoints the Schnitt S,. The are of De, 


belonging to Say We shall represent by vR 

We then construct an arc of simple curve b ending in P, inter- 
secting each element Ss, of a certain fundamental series sz, s-,,. 
(contained in the series of the Sa) once and only once in a point 
En of qe and passing there from the outside of s, to its inner 


side. The part of 6 contained between Pe, and Er we represent 


—1 
by bes the part of Pe, preceding resp. following q- „and lying inside 


Sz by be resp. U: Then it is impossible that as well the part 


mitt? 

of ¢. lying to the right of be» as the part of ve, lying to the left of 
P ) 

bo converge to zero; for, in that case P would be an accessible point. 


So out of the series of the t, we can select such a fundamental 
series 6,,8,,... (preceded in the series of the t, successively by the 
elements y,,7,,---), and determine to that series such a quantity c 
that for each 9, is attained on e.g. the part of tp lying to the right 


of bz, a maximum distance > 32c from P by a certain point Ve, 
whilst neither Sy,» nor sa, nor bz, reach a distance >c from P, 
and e,, as well as e,, are SC. 

Then on va, lies a point Rs which can be joined with Qs, inside 


241% 
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Ys, by a path Se, W2, whilst farthermore Qs, and Re may be 
Tp e 


3 
” v1 at ta * = vs = Zi Mijn. = ard 
conneeted with by paths Qs, Hs, and Liz Ka, < 5 4, lying 
outside Ds, and not cutting Sp thus containing S, between them. 
ny i 


These three paths form a skeleton arc Ha, Qs Hs, Ka, whose size 
I 


i 
for indefinitely increasing p converges to zero, and which we shall 
represent by os. 
p 
So out of the series of the 8, we can select a fundamental series 
F,,F,,--, in such a way that for indefinitely increasing p the skeleton 
arc 6, converges to a single point V not identical to P. 
Pp 


We shall now suppose that the Schnitt S, is determined by an 
accessible point P. Let in that case w be a path leading to P, and 
let s,,s,,... be a fundamental series of skeleton arcs separating $, 
from z, and whose size converges to zero. Then as soon as p has 
exceeded a certain value, all s, must cut w, and that in points which 
for indefinitely increasing p uniformly converge to P, so that s, con- 
verges for indefinitely increasing p uniformly to P. 

So if S, resp. S, is not determined by an accessible point coin- 
ciding with 7, we can construct a skeleton are U,V, resp. U,V, as 
small as we like, separating S, resp. S, from x, and not cutting its 
image U! V', resp. U',V',, so that either the circumference segment 
U,V, resp. U,V, is a part of the circumference segment U',V', 
resp. U',V',, or the circumference segment U', V', resp. U', V', isa 
part of the circumference segment U,V, resp. U,V,. 

Farthermore it is impossible that S, and S, are determined by 
accessible points coinciding with each other, for, in that case the 
derived sets of 0, and 0, would have only that one point in common, 
so that v, and 9, would not be complete circumference segments. 

On 0, we choose a point P not coinciding with /; the image of 
P we represent by P', the image of P' by P", the counterimage 
of P by P;. From z we draw to P, P', P", P; paths w, z, u,v not 
meeting each other, and containing such endsegments e, ¢’, e”, e; that 
eis the image of e,e” the image of ¢', e; the counterimage of e, and 
we construct an are of simple curve / starting in P, not passing 
through /, cutting o,, and not meeting w; the image of & we repre- 
sent by A’, the image of & by k", the counterimage of & by &;, the 
size of k, k', kh", k; suecessively by g, 9,9, gi, the largest resp. smallest 
one of the latter four quantities by g, resp. gj. We describe circles 
a,a',a',a; containing in their inner domains 7, 7',7",); at a distance: 
gn successively the ares f, k',h",k;, and we take care to choose: /: 
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so small that two arbitrary ones of the sets of points w + j, 2 + j, 
u+j", v-+ J; possess a distance > 8g, from each other, that the 
parts of 2, z, u,v contained in j,7',7", 7; belong entirely to e, ¢’, e", ¢, 
and that # cannot contain a skeleton are separating a Schnitt S, or 
S, determined by an accessible point coinciding with /, from the infinite. 

Either k or k' contains a point Q of 0, accessible from z along a 
path not cutting p +k +4. In the following we shall assume Q 
to belong to £; if it were to belong to %’, we might consider instead 
of the given transformation its inverse, and then follow the reasoning 
of the text. 

From « to Q we lay a path m not cutting p +k +k! + w. 

The part of k contained between P and Q we represent ‘by 7, 
its image by 7’, the image of 7’ by r”. If we then approximate y + r 
at a sufficiently small distance by a polygon , this polygon } con- 
tains two ares p, and p, both connecting w and m, and having no 
point in common. Together with certain parts of w + r + m these 
ares p, and p, form two polygons ‘$, and }, whose inner domains 
have no point in common, so that the inner domain of e.g. 9, does 
not contain the point /. We then determine the positive sense of 
circuit of the circumference of p by a circuit from P to Q inside 9. 

The circumference segment PQ contains one and not more than 
one of the two Schnitte S, and S,: we may assume the Schnitt 
S, to belong to the circumference segment PQ. 

Then S, cannot be determined by an accessible point coinciding 
with J; for, in that case r could not contain a skeleton arc separating 
S, from the infinite, so that the point / would be accessible inside 
P,, which is impossible, / lying outside W,. 

We represent the image of Q by Q', and according to the manner 
of succession of the points P, P’, Q, Q' for a positive sense of circuit 
we distinguish four cases. 


First case: P’ precedes P, and Q’ precedes Q. 


In this case r contains a skeleton arc d separating (@' from the 
infinite, and accessible from the infinite without a crossing of ¢--r—-+-7". 
Let M be the endpoint of d preceding Q' on the circumference of 
g, t a segment of d containing M, c the part of r that remains after 
destroying in r all skeleton arcs separating Q' from the infinite. 

Between the image w’ of w and ¢ we construct a polygonal line 
P',, and between ¢ and the image m’ of ma polygonal line W, which 
both approximate p + ce Jr +1" at a distance «. 

The segment cut off from w’ resp. ¢ by W, we represent by 
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F' resp. t',; the segment cut off from f resp. m’ by W, we represent 
by v', resp. uw’; the part of ¢ contained between the endpoints of 
Pand we represent by 7: The -ares 1,6, WT Verg) form 
together a polygon }'; / lies outside this polygon. For the lengths 
of the transformation vector and of the inverse transformation vector 
inside P there exists a certain minimum 4. Let f be a quantity 


ae 
smaller than g; and smaller than a i:; then we take care to choose 


¢ so small that 


Leas f. Meco iy aa Lee poets es 
RG Ore Oe Ie hs Dad ta Se ae 
3 92 92 32 32 


oes 


We divide ®, and W, into segments in which the distance of the 
. Lo op 
endpoints lies between a and ri jf, and the distance of two arbitrary 
€ 
3 
points is smaller than vk From the points separating these segments 


we draw to g Het! +1! rectilinear paths whose lengths lie 


1 3 
between —« and —s, but among these paths we retain only those 


a ad 


1 


whose endpoints do not lie on 7, 7" or 7“. These remaining paths 
determine together with ww’, mm’, T,, and zt’, skeleton ares lying 
against W, and W,, and not meeting their counterimage skeleton 
ares, whilst these counterimage skeleton ares can meet neither 7 nor 1”. 

The last point of intersection with W, of the counterimage skeleton 
arc s separating Q’ from the infinite, we represent by L; the image 
of L we represent by ZL’, the image of s by s’, the first point of 
intersection of r with W by Z, the image of E by L’. 

A). s’ is separated by s from the vn finite. 
Our aim is to find the total angular varia- 
tion w, of the inverse transformation vector 
for a positive circuit of the polygon YW, 
and we represent by x, the total angle 
described by the inverse transformation 
vector from 2” to L’ along W; by y, the 
total angular variation of a nowhere 
vanishing vector of which the origin runs 
from PF’ to L’ along W, and the endpoint 
as a continuous function of the origin 
from P to L along path arcs nowhere 
passing outside W, constructed according 


(305 ) 


to § 2 of the third communication *); by p,‚ the total angle described 
by the inverse transformation vector along the segment L’ of J; 
by p‚ the total angular variation of a nowhere vanishing vector of 
which the origin runs from ZL’ to £” along W, and the endpoint as 
a continuous function of the origin from ZL tot / along a curve p 
lying inside '?); by yw, the total angle described by the inverse 
transformation vector along the segment JP’ of 7’; by wy, the 
total angular variation of a nowhere vanishing vector of which the 
origin runs from ’ to P’ along 7’, and the endpoint as a con- 
tinuous function of the origin from # to P along a curve obtained 
by replacing in the segment ZP of r each part lying outside P' by 
the segment of W', joining the same endpoints. 
Then the following equations hold: | 

Hete ant (n= 0) 

PP, — Ff; 

Oo, 

OO =i ele WE 

Now xy, + p‚ + W, represents the total angular variation of a 

nowhere vanishing veetor of which the origin describes the polygon 
P in a positive sense, and the endpoint as a continuous function 
of the origin a closed curve nowhere passing outside }, so that 
we have: 


he + Po + W, = 27. 


Or nr (m2), 


Hence: 


pine Gin 


Fig. 10. 


1) See these Proceedings Vol. XIll, p. 770. 
2) If L’ lies not on ', but on one of the paths connecting WP and p‚ we must 


take care that p does not meet this path. 
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so that we arrive at the absurd result that inside W must lie an 
invariant point. 

B). 8’ is not separated by s from the infinite. Then the two end- 
points of s’ as well as the two endpoints of s lie on 0,. Defining 
Os Las Ler Pos Por Woo W, in the same way as just now, we arrive here 
at the following equations : 

4, = Aa + Ona (n = 1, because between P’ and s’ lies the Schnitt S,) 
f, =f, — 2x 

w, = W, 

ov = At At, 

A. he JW, = Ar. 

Thus again wo, = Wna (n 21), so that inside PW there would have 
to lie an invariant point. 


Second case: P’ follows P, and Q’ precedes Q. 

A). @ is separated by r from the infinite. We construct the 
polygonal lines W, and W,, and the polygon ' with its skeleton 
ares in the same way as in the first case. Then the counterimage 
of W is a simple closed curve P bearing skeleton ares which, like 
those of 9, cut neither r nor 7’. We want to find the total angular 
of the transformation vector for a positive circuit of }. 

We represent by £’ the endpoint of P, 
on ¢; by / the counterimage of “’; by 7, 
the total angle described by the transforma- 
tion vector along the segment PE of }; by 
y, the total angular variation of a nowhere 
vanishing vector of which the origin runs 
from P to F along P, and the endpoint as 
a continuous function of the origin from P’ 
to £’ along path ares nowhere passing out- 
side W; by w, the total angle described by 
the transformation vector along the segment 

Fig. 2a. EP of 9; by w, the total angular variation 
of a nowhere vanishing vector of which the origin runs from £ to 
P along B, and the endpoint as a continuous function of the origin 
along a curve obtained by replacing in the segment £’P’ of 9 each 
part lying outside % by the segment of 7 joining the same endpoints. 

From the equations 


variation 


1 


A, = La + Anz (n 2 9) 
Y=, 

RSH + W, 
Xt WW, = 2% 
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then ensues 9, = 2nw(n 21), so that inside 9 there would have to 
lie an invariant point. 

B). Q is not separated by r from the infinite. We construct between 
w’ and m’ a polygonal line approximating g+r+r'+r" at a distance 


e‚ cutting off from w’ resp. m’ the segment r' resp. uw’, and forming 
with #', 7’, and w a polygon ®. The deter- p 
mination of ¢, and the construction of the G 


skeleton arcs of W take place in the same 
way as in the first case. We want to find 
the total angular variation ®, of the trans- 


Zj 
formation vector for a positive circuit of the 
counterimage W of PW, and we understand 
by &, the total angular variation of a no- 
where vanishing vector of which the origin 
describes WV, and the endpoint as a continuous 
function of the origin runs first from P’ to 
OEE, 


Q’ along path arcs nowhere passing outside 
1 . ac a) 
YP, and finally describes 7’. Fig: 2. 


Then we have: 
D9, = 9, + Anz (n 2 0) 
d, = dit. 


Hence &, = 2na (n 21), so that inside there would have to lie 
an invariant point. 


Third case: P' follows P, and Q’ follows Q. 


In this case r contains a skeleton are d separating @’ from the 
infinite, and accessible from the infinite without a crossing of g-+-r-+7’. 
We determine c, ¢, and ¢, and we construct W,, }’,, P', }, and the 
skeleton ares of these polygons in the same way as in the second 
case under A). 

The last point of intersection with of the skeleton are s’ of 
W, separating Q from the infinite, we represent by JZ’; the counter- 
image of L’ we represent by ZL, the counterimage of s’ by s, the 
endpoint of 9)’, on t by £’, the counterimage of £’ by HE. 

A). s is separated by s’ from the injinite. Our aim is to find the 
total angular variation 9, of the transformation vector for a positive 
circuit of B, and we represent by xz, the total angle described by 
the transformation vector from P to LZ along }; by x, the total 
angular variation of a nowhere vanishing vector of which the origin 
runs from P to L along 9, and the endpoint as a continuous function 
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of the origin from P’ to L’ along path 
ares nowhere passing outside $; by 
p‚ the total angle described by the 
transformation vector from L to 1 
along 9; by g, the total angular 
variation of a nowhere vanishing 
vector of which the origin runs from 
L to E along }, and the endpoint 
as a continuous function of the origin 
inside 9 from LL’ to #” along an 
arc of simple curve p; by w,: the 
total angle described by the trans- : 
formation vector from # to P Fig. 3a. 

along ; by wp, the total angular variation of a nowhere vanishing 
vector of which the origin runs from £ to P along Y, and the 
endpoint as a continuous function of the origin along a curve obtained 
by replacing in the segment 4’ P’ of W each part lying outside } 
by the segment of 7 joining the same endpoints. 

Then the following equations hold: 


Xi =%, + Anz (n 2 0) 
P, =P, + 22 

y, = yy, 

v= == P+ W, 
Ht Pit Wi = 22. 


Hence 9, = 2na (n 22), so that inside 9 there would have to lie 
an invariant point. 


B). s is not separated by s’ from the 
infinite. Then the two endpoints of s 
as well as the two endpoints of s’ lie 
on 0,. Defining 9, 1 %as Gis Par Wis Ws 
in the same way as just now, we arrive 
here at the following equations: 

4, =%_ + nn (n 2 1, because between 
P and s lies the Schnitt $) 


Pp, = Ps 
, Ww, = Ww, 
Fig. 30. Dee Pe 


Xe ie Ps ai W, — 2m. 
Thus again 9, = na (n> 2), so that inside P there would have 
to lie an invariant point. 
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Fourth case: P’ precedes P, and Q’ follows Q. 


A). Q’ is separated by r from the infinite. We construct the polygon 
PW’ with its skeleton ares in the same way as in the third case. We 
want to find the total angular variation «, of the inverse transfor- 
mation vector for a positive circuit of P’, and we represent by x, 
the total angle described by the inverse y , 
transformation vector along the segment // Q’ Sg & 
of $’; by yx, the total angular variation of 
a nowhere vanishing vector of which the 
origin runs from P/ to Q’ along W, and Z 
the endpoint as a continuous function of the 
origin from P to Q along path ares nowhere 


passing outside WP’; by y, the total angle (\ 


described by the inverse transformation vector 
from Q’ to P’ along r’; by w, the total 
angular variation of a nowhere vanishing 
vector of which the origin runs from (Q’ to Fig. 4a. 

P’ along r’, and the endpoint as a continuous function of the origin 
from Q to P along a curve obtained by replacing in r each part 
lying outside $’ by the segment of W, joining the same endpoints. 

From the equations 


ee Em AO 


yy =Y, 
O=%+%, 
Xa + Wy == 20 


then ensues w, = 2na (n 21), so that inside W there would have to 
lie an invariant point. 
/ / B). Q ús not separated by r from the 
a a mfinite. We construct the polygon ’ with 
its skeleton arcs in the same way as in the 
second case under B). We want to find the 
total angular variation w, of the inverse 
transformation vector for a positive circuit 
of W, and we understand by ow, the total 
angular variation of a nowhere vanishing 
vector of which the origin describes W’, and 
the endpoint as a continuous function of the 
origin runs first from P to Q along path 
ares nowhere passing outside ’, and finally 
Fig. 40. describes 7. 
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Then we have: 
w, = w, + Anr (n 2 0) 
oO, == a0 
Hence w, = 2nx(n>1), so that inside W there would have to lie 
an invariant point. . 


With this we have completely proved the following 

Turorem. For a continuous one-one transformation with invarvant 
indicatria of a two-sided surface in itself a circular continuum with 
two separated invariant complete circumference segments contains at 
least two invariant points. 


E Reb A T A, 
In the 3rd communication on this subject, these Proceedings Vol. XII 


p. 767, 1. 6 from top _ for: indicated, but read: indicated but 
1. 20 from top for: paraboli read: parabolic 


Physiology. — ©. A. PekrrmariNG reads a paper on: “The excretion 
of creatinin in man under the influence of muscular tonus”, 


after experiments by Mr. J. HARKINK. 
(Communicated in the meeting of September 30, 1911). 


Somé time ago I reported here on an investigation by Mr. Van 
Hoogrnnvyze and myself, proving that in vertebrates the content 
of creatin in the voluntary muscles increases during the tonus, but 
not during simple contractions of the muscles. We may therefore 
expect that by increase of the muscular tonus more creatin passes 
into the blood than in other circumstances. Moreover a later inves- 
tigation showed us that creatin, when gradually introduced into the 
circulating blood, is partly excreted by the kidneys as creatinin '). So 
we may conclude that an increased tonus will lead to a larger 
excretion of creatinin. 

A. series of estimations by Van HooGeNnvrze and VERPLOBGH 
showed indeed that less creatinin is excreted per hour during the 
night when the muscles as a rule are relaxed in sleep, than in the 
daytime, when the muscles are now in a tighter, now in a less 
intense tonus. Besides they stated that a smaller amount of creatinin 


1) Onderzoekingen Physiol. Laborat. Utrecht, 5de R. XI. p. 236. 
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was excreted by old people and by those suffering from considerable 
muscle-paralysis, than by normal, healthy persons‘). 

However all this is no inquestionable proof that these fluctuations 
in the excretion of creatinin are necessarily caused by changes in 
the muscular tonus. For it may safely be granted that, although the 
muscles contribute mostly to the formation of it, yet creatin is formed 
in several other organs. People that are asleep, as well as persons 
weakened by old age or other causes, show a greatly reduced meta- 
bolism, not only in the muscles but also in other organs. Under 
these circumstances we might be inclined to attribute the diminished 
excretion of creatinin not entirely, nay perhaps uot even in the first 
place to the muscles, but to the weakened function of other organs. 
Therefore I thought it desirable to examine whetber a larger output 
of creatinin can be stated by purposely intensifying the muscular 
forms, while all other causes of changes in metabolism are excluded 
as much as possible. 

It stands to reason that in this case vertebrates have to be ex- 
perimented upon, no creatin being found in invertebrates. However 
it seems impossible in-animals simultaneously to cause a protracted 
tonus of a number of muscles without producing at the same time 
other, unreliable changes in metabolism. On man, however, the ex- 
periment may be satisfactorily performed. Therefore I invited Mr. 
Harkink, who had shown genuine interest in the problem, and who had 
distinguished himself by accurate and careful work in the laboratory, 
to subject bimself to a number of experiments, proposal with which 
he fell in most graciously. 

Our, plan of research was a very simple one. Leading a serupu- 
lously regular life and passing the greater part of the day in the 
laboratory, engaged on work that required little muscular exertion, 
Mr. HARKINK took every day the same amount of food, which con- 
tained neither creatin nor creatinin. On some days, however, the 
muscles of the trunk and the limbs were maintained in tension as 
much as possible by assuming the so-called “stramme Haltung” every 
time during four hours. Then we had to ascertain whether this 
intensified muscular tonus led to a larger output of creatinin. 

The experiment began on June 20 and ended on July 20. Every 
day lis food consisted of: 


8.30 a. m. 200 gr. wheaten bread, 20 gr. butter, 50 gr. cheese, 
400 ce. milk. 


1) Ned. Tijdschr. v. Geneesk. 1908, Ilf, p. 1689. 
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12.30 p. m. 350 gr. potatoes, 50 gr. rice, 20 gr. butter, 100 gr. 
sugar, 300 cc. milk, 300 ec. water. 

7. p.m. 150 gr. wheaten bread, 50 gr. cheese, 20 gr. butter, 
300 ce. milk. 


During the rest of the day he took neither food nor drink. 

From June 20 to July 5 the urine was collected in 3 portions, 
from 8 to 8, from 3 to 10 and from 10 to 8. From July 6 till 
July 19 the morning-portion was divided into one of 8 to 12 and 
one of 12 to 3. In each portion the content of creatinin was stated 
after the method of Fortin by means of the colorimeter of VAN 
HooGEnnvuyzE and VerPLOEGH, first in the unchanged urine and next 
after the urine + 2 Vol. n. HCl had been heated at 115°C. for half 
an hour in order to ascertain whether any creatin could be found. 
The total output of nitrogen was stated after the method of KJELDAHL. 

Six times, viz. on June 30, on July 3, on July 9, on July 15 
and on July 18, each time from 8 to 12 a. m. the muscles were 
kept in tonus as much as possible. In order to compare this to the 
influence of muscular labour Mr. HARKINK took a walk of 20 K.M. 
from 8 to 12 a.m. on July 12. On June 20 he weighed 72.5 K.G., 
on June 29 73, on July 10 71,7 and on July 20 72 KG. 

The examination of the urine proved that on the days of the 
tonus more creatinin was excreted than on other days. On the other 
hand the performance of mechanical work a four hours’ walk 
over against a four hours’ tonus, which was kept up as much as 
possible, yet not continually — had no perceptible influence on the 
amount of creatinin excreted on that day, in accordance with the 
statement of VAN Hoocrennvuyze and VeRPLOEGH. Also on the day after 
the tonus the creatinin-figure was every time comparatively high 
and no wonder. For creatin introduced into the circulating blood is 
not immediately nor entirely removed in the shape of creatinin, as 
far as it is not decomposed, as experiments on animals have shown. 

The average excretion per day was: 

normally (18 days) 1.493 (max. 1.527, min. 1.361) mgr. 


tonus (6 days) d OA en 42040, AED ee 
next day (6 days) 12e 1.545 - 45-1 Aedo 
walk (1 day) 1.534 mgr. 


The minimum of the normal days regards the first day of the 
whole series of experiments. For the rest it never fell below 1.444 mgr. 
Creatin was not once found in the urine. 

On the tonus-days there soon was an increase of the excretion. 


a 


This was especially evident, when from July 6 onward, the urine 
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was daily examined from 8 to 12 and from 12 to 3 separately. On 
those days (8—12) remarkably little creatinin was excreted during 
the tonus, while the quantity in the period of 12—3 increased con- 
siderably. On those days the average amount per hour was: 


July 6, 8—12 (during the tonus) 51.7, from 12—3, 82 mer. 


EE) 9, EE) EE) ”? EE) 48 2? EE) 85 EE) 
”? 15, ” LE) EE) EE) 52.5 PE) PE) 95.5 Di 
”? 18, LE) ”? » EE) 55 PE » 78 55 


on the other days the average excretion was: July 6—19, from 
8—12 60.6, from 12—3 75.6 mer. 

More than the ordinary amount of urine (235 cc.) and at the same 
time more creatinin (74.3 mgr. per hour) was excreted in the first 
period of July 12, after a walk from 8—12, but during the rest 
of that day the creatinin did not exceed its usual limits, as the 
above figure of the total excretion shows. 

Corresponding to the series of experiments by Van HOOGENHUYzE 
‘and VerPLOEGH the average excretion of creatinin per hour was 
found to be less during the night than in the day time. And as a 
rule the figure of excretion was still low in the first period of the 
day from 8—12. For the whole series, from June 20 to July 20, 
excluding the tonus-days, it amounted to: 


from 8—- 3 on an average 65.6 mgr. per hour 
3) 3 10 9) „5 67.6 33 9) > 
” 10— 8 ” 2) 51.7 EE) EE) ” 


Undoubtedly a considerable part of the creatin, formed during the 
muscular tonus and passed into the circulation, was not changed 
into creatinin and excreted as such, but was further decomposed. 
However this is not evident from the total amount of excreted nitrogen 
which is subject to fluctuations, dependent on numerous unaccountable 
circumstances, notwithstanding the uniform nourishment and the 
regular way of living. 

If we compare the products of decomposition of creatin to the 
nitrogenous matter of the urine being of an other origin, they occupy 
but a secondary place. In this series of experiments about 1.5 gr. 
creatinin was excreted per day, equivalent to about 0.5 gr. nitrogen, 
ie. a small part of the total amount, about 13 gr., which was per 
day found in the urine. Over against the nitrogen produced by the 
protein, that is digested in the alimentary canal and afterwards is 
_desamided, the increased production of creatin in the tonus cannot 
possibly be of much influence, even though we must take it for: 
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granted that the creatinin excreted by the kidneys, represents only: 
a part of this creatin. Yet, stating the average excretion of nitrogen 
and creatinin per hour, the fact is remarkable that on the tonus- 
days the proportion of the amount of nitrogen to that of the creatinin 
is largest in the afternoon in the period of 3—10, after the creatinin 
has reached its maximum in the preceding period. 

So the above experiments confirm the conclusion, drawn from the 
content of creatin in the muscles of vertebrates, that chemism in the 
muscular tonus is totally different from that in the contraction of 
the muscles. In the first case a nitrogenous metabolite, ereatin, is 
formed, in the second non-nitrogenous products are consumed. 

In performing mechanical labour the influence of the tonus is 
greater proportionally to a more or less careful control of the move- 
ments. Consequently we might admit the supposition that intense 
muscular labour will produce an increase of the excretion of nitrogen, 
if not only powerful contractions are called forth, but the movements 
are regulated with great care by tonic contraction of the antagonists, 
as is often the case with athletic performances. 


Physiology. — “The effect of substances which dissolve in fat on 
the mobility of Phagocytes and other cells.” By Prof. H. J. 
HAMBURGER and J. pe Haan. 


The investigations which will be described in the following treatise, 
are a continuation of those published in the Proceedings of March 
25th 1911 5). 

It will be remembered that their starting-point was formed by 
an investigation relating to the favourable effect of lodoform on the 
treatment of wounds, and that we arrived at the result that even a 
slight quantity of this substance (a dilution of 1 to 5000000) has the 
faculty of accelerating the amoeboid motion of the white blood- 
corpuscles and of promoting at the same time their phagocytarian 
capacity. In order to explain this property of Iodoform we assumed 
that the outer layer of the phagocytes consists of a fatty (lipoid) 
substance. Now when lodoform is dissolved in it, this fatty substance 
is softened and the amoeboid motion is facilitated. If this view was 
the correct one, then other substances, soluble in fat, such as Choro- 
form, Chloral, Benzene, Camphor, Turpentine must likewise increase 


1) HampurcerR, DE Haan and Busanovic: On the influence of Jodoform, Chloro- 
form and other substances dissoluble in fats on Phagocytosis. 
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the mobility of these cells and consequently their phagocytarian capa- 
city. This was indeed found to be invariably the case. 

In order to test this view by means of further experiments we 
have continued our investigations in three directions. 

In the first place the effect of other substances, soluble in fat, viz. 
of Alcohol, Butyrie acid, Propionic acid and also of Peruvian Balsam 
on the phagocytarian power was investigated. 

Secondly we examined to what extent the amount of these sub- 
stances, necessary to bring about a just perceptible increase of Phago- 
eytosis, is governed by and proportionate with the degree of solu- 
bility of these substances in fat. 

And finally we asked ourselves whether other cells namely plant- 
cells were affected, as regards their mobility, by the substances soluble 
in fat. 


I. Errrcr oF ALCOHOL, BUTYRIC ACID, PROPIONIC ACID AND PERUVIAN 
BALSAM ON PHAGOCYTOSIS. 


The experimental method adopted here was identical with the one 
we had applied before. We investigated namely the percentage of leuco- 
cytes which had taken up carbon from a suspension, to which slight 
quantities of the substance to be investigated had been added in one 
_ case, and not in another. 

First preliminary experiments had to be carried out to establish 
how much of the substance would have to be added. 

Table I may serve as an answer as regards alcohol, 


a. Lffect of Alcohol on Phagocytosis. 
TABLE I. 
The leucocyte-suspension has been in contact for one hour, at the ordinary room- 


temperature, with the fluids to be investigated. Thereupon the leucocytes have been 
enabled to take up carbon-particles for 25 minutes. 


: | Percentage of leucocytes having 
Fluids. | taken up carbon. 


| 


| 404) 


0 ne 0 

NaCl 0.90/, | 334 > 100 = 48.4°/, 

1 cc. Alcohol to 10ccm. eee x 
NaCl-solution | 322 7 OE De 0 


NaCl-solution | 543 


icc. Alcohol to 100ccm. 168 S< 100 = 30.99, 


1) This quotient denotes that 834 leucocytes were examined and that of these 
404 had taken up carbon. 
22 
Proceedings Royal Acad. Amsterdam. Vol. XIV. 
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Hence we see that Alcohol in a dilution of 1 to 100 has still a 
pernicious effect on phagocytosis. Therefore it was advisable to expe- 
riment also on weaker alcoholic solutions. 

The following table gives the result of this experiment. 


Efiect of Alkohol on Phagocytosis. 


ABLE Ul, 
. Percentage ofleucocytes having 
Fluids. taken up carbon. 
389 
NaCl 0.99/, 1179 -** 100 = 32.9°/, 
454 
1 ec Alcohol to 500 cc NaCl sol. 1002 XxX 100 = 41.50/, 
> » » » > > — 0 
1 1000 i= da 100 = 40. 90/, 
463 
> » » > — 0 
1 5000 » > 1113 < 100 = 41.5% 
> > » > > > — 0 
1 20000 se 100 = 34.30/, 


Hence we see that alcohol in a dilution of 1 to 500 causes pha- 
gocytosis to increase from 32.9 to 41.5, an increase of 27°/,. A 
dilution of 1 to 20000 has still a favourable effect on phagocytosis, 
but then it has already become slight. 

For shortness’ sake we shall not give an account of other experiments; 
we may state, however, that they gave the same results. 


b. Eject of Butyric acid and Propionic acid on phagocytosis. 
Eject of Butyric acid on Phagocytosis. 


TABLE III. 
: | Percentage of leucocytes having 
Fluids. taken up carbon. 
‚ 446 
0 = 0 
NaCl 0.99 1173 100 = 38. 10/, 
et Den 43 
1 cc butyric acid to 100.000 cc NaCl sol. 603 20100 71%, 
630 
1 » > » 500.000 » > » 1341 DE 100 =46. 90/, 
457 = 5 
1 > > » 1000.000 » > > [230% 100 = 36. 8/, 
287 


[esas » 5000.000 > » » | mo X100= 37.8% 
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We see from this table that in a dilution of 1 to 100000 butyric acid 
has a pernicious effect on phagocytosis; in a dilution, however, of 
1 to 500000 the phagocytarian capacity rises from 38.1 to 46.9, to 
return again to its normal value at a dilution of 1 to 1000000. 
Similar results have been acquired with propionic acid, as is seen 
from the following table. 
Effect of Propionic acid on Phagocytosis. 


TABLE IV. 
. | Percentage of leucocytes having 
Fluids. taken up carbon. 
5 201 ae 

NaCl 0.9"), 432% 133 = 46.59/, 
1 propionic acidto 1000 NaCl sol. wees 100 = 0 
1 > » 20000 » > e= 0 

310 ix 
1 > » 100000 » » | ES 100, 19), 

256 a 

102 
1 » » 500000 » » 375 P< LOO 2129/5 


As we see from the preceding table the phagocytosis in NaCl 0.9°/, 
amounts to 46.5 °/,. Already, an addition of propionic acid of 1 to 
100000 prevents it almost entirely, and a dilution of 1 to 500000 
still causes a considerable decrease. Therefore experiments were also 
made with slighter amounts of propionic acid. The following table 
contains the results of these experiments. 


Effect of Propionic acid on Phagocytosis. 


TABLE V. 
3 | Percentage of leucocytes having 
Fluids. taken up carbon. 
NaCl 0.9%, SEX 100 = 28. 1%/ 
PERO 314 
1 propionicacidto 500.000 NaCl sol. 992 XK 100 = 31.69/, 
; A AE 425 bit Py 
1 1000 .000 992% 100 = 47.1°/ 
. 456 33 ny 
1 > » 5000.000 » » 673 2< 100 = 52.8% 
389 
» » » » | — =E 0/ 
| 10.000 .000 | 934 2< 100 41 .60/, 


22% 
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Here too it appears that a solution of propionic acid 1 to 500000 
has still a deleterious effect on phagocytosis. A solution of 1 to 1000000 
causes it to increase from 38.1 to 47.1, which value rises even to 
52.8°', when the solution is 1 to 5000000, an increase therefore of 
52.8 — 38,1 

38,1 

Hence it appears that fatty acids impede phagocytosis even in a 
very slight dilution, whereas still weaker dilutions have a directly 
opposite effect. 

On comparing the effect of fatty acids, with that of ordinary 
mineral acids, on phagocytosis, the fact will he impressed upon us 
how poisonous the fatty acids are. For as we saw before‘), in a 
concentration of 1 to 7000 the impeding effect of sulfuric acid has 
already become very slight, whilst in a dilution of 1 to 500000 
propionic acid has still an even more hurtful effect. To some extent 
the cause of this difference will have to be traced to the greater 
penetrative power of the fatty acids, owing to their solubility in the 
lipoid surface. In this connection we are reminded of the symptoms 
of autointoxication which characterize acidosis, so well known in 
pathology. 


Xx 100 = 38,5 °/. 


c. Effect of Peruvian Balsam on Phagocytosis 
Considering that also in Peruvian Balsam an organic acid is found, 
viz. einnamic acid, we asked ourselves if perhaps Peruvian Balsam 
might not likewise increase phagocytosis. 
The experiments have fully confirmed this supposition. 
Therefore the following experiment was carried out: a big drop 


Effect of Peruvian Balsam on Phagocytosis. 
TABLE VI. 


| Percentage of leucocytes having 


Fluids. taken up carbon. 


470 


1. NaCl sol. 0.9/5 1057 X 100 = 44.49/, 


2. Extractof Peruvian balsam | 565 pn 
NACRE enn 


1 vol. extract (2) and 3 vol. 622 os 
NaCl sol. 1062 YM et 


vo 


has 


1 vol. extract (2) and 49 vol. 521 Sie 5 
NaCl sol. 1089 de 


1) Hamsurcer aud Hexma. On Phagocytosis, Proceedings of June 29 1907. 
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of Peruvian Balsam was shaken with 50 ec. of a NaCl-solution of 
0,9°/, and then filtrated. The filtrate had a nicely aromatic smell. 
Then various dilutions were made of this filtrate with 0,9 °/, NaCl- 
solution, viz. dilutions of 1 to 4, 1 to 10 and 1 to 50 NaCl-solution. 
We subjoin one of the series of experiments. 

This table shows that whilst in NaCl 0.9°/, the number of white 
blood-corpuscles having taken up carbon amounts to 44°/,, this value 
has become 63.2°/, under the influence of the undiluted extract. 
This means a considerable increase of phagocytosis. This increase is 
still plainly observable at a tenfold dilution; even in a fiftyfold 
dilution a slight increase could still be established. 

There is no doubt but the remarkably favourable results obtained 
with Peruvian balsam in the treatment of infected wounds, which 
has hitherto not been explained, must be attributed, partly at least, 
to an increase of phagocytosis’). Undoubtedly chemotaxis will be 
promoted likewise, based as it is upon an increased mobility of the 
phagoeytes. Indeed we have observed before, when studying the 
results of the action of calcium, that promotion of phagocytosis and 
promotion of chemotaxis go hand in hand. But the salutary effect of 
Peruvian balsam will probably not be restricted to the phagocytes 
only. It will very likely also affect the granular tissue, and the 
activity of other cells, which play a part in the healing-process. 


Il. PuHaGocytosis AND DISTRIBUTION-COEFFICIENT. 


In order to test by further observation our views on the cause of 
the greater mobility of cells under the influence of substances dissol- 
ving fat, we have asked ourselves whether there is perhaps some 
connection between the quantities of these substances to be added to 
the watery suspension, and the solubility of these substances in the 
lipoid membrane of the cells. If for instance a solution of lodoform 
in NaCl-solution is added to leucocytes, then the Iodoform will soon 
distribute itself between the lipoid of the leucocytes and the NaCl- 
solution. The proportion between the concentration of lodoform in 
the fat and in the NaCl-solution (water) is called distribution-coefficient 
as we know. It is obvious that the greater the solubility in fat and the 
slighter the solubility in water, the more of the lodoform will pass into 
the cells. In general it may, therefore, be expected that of a substance 
which is not so very well soluble in fat, but more so in water, a 
greater quantity will have to be added to the watery solution, if 


1) More detailed communications on this subject will be published in the “Feest- 
bundel voor Prof. Hector TrevB”, 
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one wishes a sufficient amount of this substance to enter into the 
exterior of the cells. 

Now the question is: Is this corroborated (in the present instance) 
by experiments? In other words is a weaker solution of Iodoform 
than of Alcohol sufficient to bring about an increased phagocytosis? 
For we know, that Alcohol is dissolved in fat much less easily than 
lodoform. This is indeed the case. It was found for instance that 
a solntion of 1 fodoform to 5000000 water promoted phagocytosis, 
whilst the amount of Alcohol necessary to do so should certainly 
be no Jess than 1 to 20000. 

Camphor dissolves easily in fat or oil, but in water with some 
difficulty. Hence the fatty surface of the phagocytes will be able to 
extract from a very weak, watery camphor-solntion the required 
amount of camphor. It is indeed found that a watery camphor- 
solution in a dilution of 1 to 1000000 greatly increases phagocytosis. 

Chloral dissolves pretty easily in fat, but also in water. And what 
do we find? That a much stronger solution of Chloral in NaCl- 
solution is necessary than of Camphor. And like this we might 
continue. The greater the distribution-coefficient of the substance 
between oil and water, the weaker the concentration of the watery 
solution may be. 

It goes without saying that a mathematical proportion cannot be 
expected here. In the first place it is very doubtful whether the 
same molecular amount of different substances dissolving fat, brings 
about the same weakening of the lipoid membrane. And secondly 
another factor comes into play, viz. the noxious effect of the pene- 
trating substance on the movement of the protoplasm, which effect 
will most probably be different in the case of different substances. 
Moreover the exterior of the cells is a fatty substance, but no fat. 
Nevertheless a manifest relation is found to exist between the relative 
solubility (distribution coefficient) of the substances in oil and water 
on the one hand, and the concentration necessary to bring about a just 
perceptible increase of phagocytosis on the other hand. We shall 
revert to this subject more explicitly elsewhere. For the present we 
would point out another remarkable phenomenon deserving mention 
in the same connection. 


When the weakest concentrations are sought of the substances dissolving 
fat, which cause paralysis of the phagocytes, then it appears that 
these concentrations correspond with those, which according to H. MEYER 
and OVERTON are necessary to cause narcosis, consequently to paralyze 
the ganglion-cells. And it has been established by these investigators 
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that the concentration of the fluids, necessary to produce narcosis, 
runs parallel to the distribution coefficients between water and oil. 
We shall give a few examples. 


Paralysis of Narcosis. 

Phagocytosis. (ganglioncells.) 
Chloroform nd rhea 
Chloral alan [iden ‘ie Hath 
Aleohol a o— foo ld 


Ill. Errect or CHLOROFORM ON THE GERMINATION OF WHEATGRAINS. 


Already in our former paper we pointed out that the facts, discovered 
with respect to phagocytes, correspond entirely with various phenomena, 
observed in other cells. Hence we remarked that just as phagocytes 
show a greater phagocytarian capacity when a slight quantity of a 
narcotic is added, (and are paralyzed by a greater quantity), the excite- 
mentstage in narcosis will probably have to be explained by an 
increased activity of the ganglion-cells. 

Eges of star-fishes and sea-urchins can be brought to a 
parthenogenetic development, according to J. Lors, by an addition 
of slight quantities of substances which dissolve fat. This too agrees 
with our views of what has been observed in the case of the 
phagocytes. For according to our interpretation this development 
may be explained by a softening of the egg-inembrane, of which a 
more rapid cell-division must be the consequence. If moreover we 
bear in mind that ciliated epithelium is stimulated by traces of 
aleohol or ether, then we are inclined to think that the influence of 
substances dissolving fat, on the mobility of cells is a widespread 
phenomenon in nature. For this reason we have investigated 
whether this influence might also be traced perhaps in p/ant-cells. 

For this purpose we chose the germination of seeds, a process in 
which a considerable division and growth of cells manifests itself. 
The seeds we chose were grains of wheat, and for the substance 
dissolving fat we took chloroform. 

A number of wheat grains (seed corn) were selected and soaked 
for some time in watery solutions containing slight quantities of 
chloroform. Another number of wheat-grains were left for some time 
in distilled water. Then the swollen seeds were allowed to germinate. 
For this purpose they were placed on a horizontal piece of gauze, 
which is used for dust-filters, and which was stretched over a square 
aluminium frame. This frame was placed in a square glass basin 
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on the surface of the distilled water with which this basin was 
partly filled. The grains were therefore placed, as it were, on the 
surface of the water. They were just moistened by it and were yet 
sufficiently at the surface to get plenty of air, necessary for their 
germination. Now it was observed regularly, after certain intervals, 
how many of the wheat-grains showed distinctly that their germination 
had set in. 

The seed was considered to have germinated when the white 
germ became visible through the broken seed-coat. 

We shall not detail the particulars we had to take into account 
in these experiments, but summarize one of the experiments in a table. 


Effect of Chloroform on the Germination of Wheat-grais. 


TABLE VII. 

The seeds have been Of 200 seeds have germinated after 
soaked for 18 hrs. in: Ene ES 
Distilled water Exp. A | 56 = 2871) | 87 = 43.59 

> 7. eB 54 — 279/, | 83 — 41.5, 
Chloroform 1 to 1000 42 = 21), sero 
» 1 » 10000 53 = 26,5%, 84 = 42) 


From this table it appears that Chloroform 1 to 1000 and 1 to 
10000 are detrimental to the rapidity of the germination, for after 
15 hours the percentages are 21 and 26,5 instead of 27.5°/, (the 
average between 28 and 27), whilst after 27 hours the injurious effect, 
at any rate of Chloroform 1 to 1000, still makes itself felt. 


Therefore an experiment was made with weaker Chloroform-solutions. 


Eject of Chloroform on the germination of wheat-grains. 


TABLE VIII. 
The seeds have been | Of the 242 seeds have germinated after 
soaked for 18 hours ; - 
in the following fluids: | 16 hours | 19 hours 23 hours 28 hours 
Distilled water 51 = 20.89, | 74 = 30 Oo | 84— 34.6, | 100 =41.20/, 


Distilled water, after that 1 hour 


=: 0! — 0 —} 0 — 0/ 


Chloroform 1/,0-000 58 — DSR 90/, 15 = 31 % 88 = 36.39/5 101 al „10/, 
> fid 712 = 29.70 |92—38 Of, | 104=42.99/) | 111=45.8/ 
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Hence we see that the Chloroform-solution '/,,, has worked unfa- 
vourably on the germination. Evidently the protoplasm has been 
paralyzed to a certain extent. In the weak chloroform-solution 1 to 
100000, however, the germination has been promoted. It appears 
that in this Chloroform-solution 72 erains have germinated after 16 
hours, whilst in the same time only 51 grains have germinated of 
those which were soaked in water. After 28 hours this accelerating 
effect of the Chloroform-solutions is still visible, but by no means 
so plainly as after 16 hours. After 40 hours, as was shown by 
other experiments, no traces of this favourable effect of Chloroform 
were any longer perceptible. 

We shall not add any more of these experiments. /t need only be 
observed that the same results were obtained if the grains were allowed 
to germinate not on water, but in humus. Also in plant-cells there- 
fore, we are led to think of an increased mobility of the cells, caused 
by Chloroform ; for without such mobility no division and germination 
can be conceived. 

It may be expected that also other substances dissolving in fat, 
will bring about the same phenomenon in plant-cells. We are extending 
our researches in this direction. It has already appeared, however, 
that various factors have to be considered. First the rapidity with 
which the substances dissolving fat, enter the seed and leave it again. 
Secondly the noxious effect of this substance on the protoplasm. In 
other words, care should be taken that the amount of the substance 
dissolving fat, which enters the cells is just sufficient to increase 
their mobility, but not large enough to impair, seriously at least, 
the vital functions of the protoplasm. On the other hand it should 
be contrived that the fat dissolving substance which has penetrated 
into the cell, does not pass too soon into the water, leaving the cell 
entirely before it has had time to effect an acceleration. 

We may add that our experiments lend support to the supposition 
of CzaPEkK, that the superficial layer of the protoplasm of plant-cells 
is of a lipoid nature’). 


Summary. 


The opinion put forth in the preceding treatise, that the acceleration 
of phagocytosis by substances dissolving fat, must be attributed to a 
weakening of the fatty surface with the result that the amoeboid 


1) FE. Czarex, Ueber die Oberflächenspannung und den Lipoïdgehalt der Plasma- 
haut in lebenden Pflanzenzellen. Ber. d. Deutschen Botan. Gesellsch. Vol. 28 Dez. 1910, 
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motion is facilitated, finds an additional support in the following 
3 arguments: 


I. Also other substances dissolving fat, taken at random, and which 
were formerly not experimented upon, viz. Alcohol, Butyric acid, 
Propionic acid and also Peruvian Balsam, were found to accelerate 
phagocy tosis. 

Alcohol was found to increase phagocytosis in a concentration of 
1 to 500— 20000 ; Propionic acid in a concentration of 1 to 10.000000. 

On comparing these results with the effect of mineral acids such 
as HCl and H,50, we are struck by the noxious effect which mere 
traces of Propionic acid and Butyric acid have on phagocytosis. For 
whilst the bad effect of Propionic acid commences already at 1 to 
1000,000, that of H, SO, manifests itself only at 1 to 7000. 

That Peruvian balsam should increase phagocytosis was to be 
expected, as it contains cinnamic acid, likewise an organic acid. 

The remarkably favourable, hitherto unexplained, effect of Peruvian 
balsam on infected wounds, may be explained, partly at least, by 
an increased mobility of the phagocytes and of other cells playing 
a part in the healing-process. 


Hl. Lf the weakest concentrations of the fat dissolving substances 
are sought in which the phagocytes show a plainly perceptible acceleration 
of phagocytosis, then these are found to run parallel to the degree 
of solubility of these substances in fat; in other words to the 
distribution coefficients of these substances between water and oil. 

Moreover the remarkable fact is observed that the same concen- 
tration of substances which dissolve fat, necessary to cause paralysis 
of phagocytosis, also effects narcosis of tadpoles and of mammals. 
As we know the concentrations necessary to bring about narcosis 
are, according to the investigations of H. Meyer and Overton governed 
by these distribution-coefficients. 


HI Not only animal cells (phagocytes, ganglion-cells, eggs of 
lower marine animals, ciliated epithelium) show an increased mobility 
under the effect of slight quantities of substances dissolving fat, but 
also in plant-cells the same fact is observed. Under the effect of 
Chloroform 1 to 100000 an important acceleration in the germination 
of wheat-grains was observed. Chloroform 1 to 1000 on the contrary, 
impairs the generation, evidently because a second factor makes itself 
felt, viz. paralysis of the protoplasm. 


Groningen, September 1911. 
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Chemistry. — “The essentiai oil of Litsea odorifera Val. (Trawas 
ol)”. By Prof. van Rompuren. (Preliminary communication,. 


(Communicated in the meeting of September 39, 1911). 


Some years ago I received from Dr. Boorsma of Buitenzorg a 
small bottle of an essential oil obtained by distilling with water 
trawas leaves which are sold at the “pasar” (market) at Buitenzorg as 
a medicine. The quantity. of oil was only sufficient for a preliminary 
investigation. Having been since in Java myself, I was able to purchase 
the whole of the leaves from some trawas trees, whilst Dr. pr Jone 
was kind enough to prepare for me the essential oil in the agri- 
cultural chemical laboratory at Buitenzorg. Meanwhile Dr. VaLrTON 
had taken in hand the determination of the tree which belongs to 
the family of the Laurineae and given it the name of /itsea odorifera 
Val. I am much obliged to these gentlemen for their trouble. 

The trawas oil has a pale yellow colour and a disagreeable odour. 
The Sp. Gr.,, of the different specimens of the crude oil varied from 
0,836 to 0,846 whilst the rotation in a 20 em. tube amounted to 
from —10’ up to —7°. Under the ordinary pressure the bulk of 
the oil passed over at 233°, under 10 mm. pressure most of it 
distilled between 120° and 125°. 

The oil does not give aldehyde reactions. If it is shaken with a 
solution of sodium hydrogen sulphite, a solid compound is formed, 
which after washing with ether and decomposition with sulphuric 
acid yielded a liquid which showed but a faint left-handed rotation. 
An aqueous solution of potassium permanganate is decolourised by 
the crude oil; if so much of the oxidiser is added that the violet 
colour no longer disappears and the mixture is then distilled in a 
current of steam, an oily liquid passes over with the water vapours, 
which gives with sodium hydrogen sulphite a crystallised compound. 

With semicarbazide and a little acetic acid the crude oil gives a 
crystallised semicarbazone ; a portion of it, however, does not combine 
with the reagent but gives a crystallised phenylurethane with phenyl- 
isocyanate. 

An elementary analysis of the fraction boiling at 253° gave results 
which showed that it might be a mixture of compounds of the 
composition C,,H,,O, C,,H,,O and C,,H,,0. 

In order to separate the ketones from the alcohols a large quantity 
of the oil was treated with semicarbazide and acetic acid. The semi- 
carbazone formed melted at 114°. The melting point increased a 
little on reerystallisation, but could not be got higher than 116°, 
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On treatment with dilute sulphuric acid the ketones were again 
liberated from the carbazone. A liquid was obtained which appeared 
to be optically inactive. Potassium permanganate still had a strong 
action, therefore so much was added that the permanganate colour 
no longer disappeared. If now a current of steam was passed through 
the liquid, a colourless oily liquid distilled over with the water 
vapours (m. p. 12°, Sp. Gr.,, 0.829, b. p.,,, 234°) which, on treatment 
with semicarbazide, gave a compound melting at 124°. 

The elementary analysis led to the formula C,,H,,O, the properties 
mentioned quite agree with those of methyl-n. nonylketone (2-undeca- 
none) the main constituent of the essential oil of Ruta graveolens. 
From the oxidised liquid could be isolated an acid which melts at 
49° and has according to the analysis, the composition C,,H,,O,. 
This proved to be 2-ketodecanic acid CH,.CO.(CH,),.COOH, which 
on oxidation with chromic and sulphuric acids yielded suberic acid, 
whereas on treatment with sodium hypobromite azelaic acid and 
carbon tetrabromide were formed. 

Cr Os 
CH,.CO.(CH,),.COOH > COOH.(CH,),.COOH suberic acid 
NaO Br 

CH,.CO.“CH,),.COOH —> COOH.(CH,),.COOH azelaic acid 

From the results obtained it follows that to the unsaturated ketone 
must be attributed the formula: CH, = CH — (CH,), — CO.CH,. I 
is, therefore, nonylene-(1)-methylketone or undecene (1) one (10). 

As no separation of the semicarbazones from the ketones could be 
effected by reerystallisation, another course was taken to isolate 
the unsaturated ketone and it was endeavoured to convert it first 
into a bromine addition product. Methylnonylketone however, is 
attacked readily, with evolution of hydrogen bromide, when acted on 
by a solution of bromine in chloroform or carbon tetrachloride. On 
the other hand a methyl-alcoholic solution of bromine *) acts very 
slowly on this saturated ketone. A solution of bromine in methyl 
alcohol is, therefore, allowed to run into the mixture until the liquid 
just assumes a yellow colour. The alcohol is distilled off and the 
residue washed with sodium carbonate solution to remove traces of 
hydrogen bromide. On now heating in vacuo at 160°, the saturated 
compounds pass over, leaving the bromine addition product behind. 
At 204°,, the greater portion of this distils as a colourless liquid 
which, however, becomes dark on keeping. 


1) According to Lopry pe Bruyn (B. 26, 272 [1893]) bromine acts very slowly 
on methyl alcohol; for this reason a methyl-alcoholic solution of bromine is much 
to be preferred to an ethyl-alcoholic one. 
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On boiling the dibromide with zinc dust and alcohol the bromine 
is eliminated and the unsaturated ketone can then be readily separated 
by distillation in a current of steam. After purification via the semi- 
carbazone it is obtained as a colourless liquid which melts at —7° *) 
andes baile. “at. 29500 SCi: ©:848. MR i= 52.47 (caleulated — tor 
C,,H,,0 =,52,51). 

The aleohols from the trawas oil obtained in the treatment with 
semicarbazide may be isolated in a similar manner. In this case a 
solution of bromine in carbon tetrachloride may be used. 

The saturated alcohol proved to be methyl-n.-nonylearbinol. It has 
a left handed rotation?) a = — 5°.40’ (7 = 1 dM). On oxidation with 
chromic acid in sulphuric acid solution methyl-n.-nonylketone is 
formed which was identified by the semicarbazone melting at 124°. 

The unsaturated alcohol also has a left handed rotation (a = - 5° 10° 
[== 1 dM.). The boiling point was situated at 233°; Sp.Gr,, = 0,835. 
On oxidation with chromic and sulphuric acids a ketone was obtained 
the semicarbazone of which melted at 113° whereas by oxidation 
with potassium permanganate 2-ketodecanic acid was formed. This 
alcohel therefore, consists of undecene (1) ol (10). 

The results of this research will be communicated more fully 
elsewhere. 


Utrecht, Univ. Org. Chem. Lab. 


Botany. — “Investigation of the transmission of light stimul in the 
seedlings of Avena”. By P. C. van per Work. (Communi- 
cated by Prof. F. A. F. C. Went.) 


(Communicated in the meeting of September 30, 1911). 
Sea. 

The investigations, which are recorded in this preliminary com- 
munication were carried on in the Botanical Laboratory at Utrecht, 
in a phototropie room which, in order to eliminate the harmful 
constituents of the air, is isolated from the laboratory building and 


forms part of the group of hothouses in the Botanic Garden. Accord- 
ingly these experiments have in general been carried out at higher 


1) This melting point must be given with some reservation as the unsaturated 
ketone may possibly contain traces of the saturated compound formed during the 
action of the zinc dust. These cannot affect to any extent the other properties. 

2) Power and Lees (Soc. 81, 1593 [1902]) found in Algerian essential oil of 
Rue an active methyl. n. nonylearbinol 2 = — 1°18' (7 = 0.25 dm.). 
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temperatures and with greater degree of moisture than is usually the 
case, but all this with favourable results to the experimental material. 
A further great advantage as regards technique was due to the 
quicker course of separate experiments, a point to which in this 
paper further reference will be made. 

By means of a ventilator fresh air is introduced directly from 
outside, so that the atmosphere in the phototropic room always 
remains pure; at the same time the temperature can be maintained 
more or less constant, for without ventilation the temperature would 
be raised as a result of the burning of red lights. The lighting is 
done electrically so that, briefly, this phototropic room is entirely 
arranged in accordance with the requirements of modern investigation 
on the physiology of stimulation. 

In this section I must at the outset call attention to an important 
phenomenon that has not yet been observed by investigators of 
stimulation-phenomena and that can give rise and doubtless has given 
rise to faulty or at least to unreliable results. I refer here to the 
ereat sensitiveness of the coleoptile of Avena to contact-stimulation, 
an observation which may perhaps in the future be extended to 
other seedlings. This sensitiveness to contact-stimulation was first 
noticed when it was found that phototropic curvatures can be 
inhibited by rutbing with the finger on the non-illuminated side. 
Since I was fully occupied with other experiments, a further investi- 
gation of this newly-discovered phenomenon was postponed, and I 
limited myself to a few very preliminary experiments, with the 
intention of obtaining a rough idea of the nature and degree of this 
sensitiveness to contact-stimulation. With some objects of widely 
differing degrees of hardness the coleoptile was rubbed on one side, 
in red light, while light stimulation was excluded. The following 
table shows the results obtained. 


| | 
| Number of Beinn £| Curvature Hence a | 
Object. times rubbed | = can ies | first noted curvature 
up and down. | REELS by naked eye. | arose after: | 
: 2 cae oo 
| | 
wood. 10 X 2h 25. | 2h 53. 28 minutes. 
wood. 20> | 2430. | 2046. 16 minutes. 
wood. 50 >< | 2h 36. 2h 45. 9 minutes. 
rd B et ES | 28 minutes. | 
soft gelatine. | 200 X guage t gh 48. 37 minutes. | 
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Naturally the first thing that strikes one is the great rapidity 
with which, to the naked eye, the reaction sets in; the next thing 
worthy of attention is the strongly marked parallelism between the 
amount of energy applied and the time of curvature, which hitherto 
has not really shown itself in the physiology of any stimulation effect 
at one and the same temperature of 18°C. Further we see that the 
softer the object is the longer must it be rubbed in order to obtain 
corresponding times of curvature. 

It is also certainly worthy of note that one can quite well obtain 
a contact curvature with soft gelatine, although after rubbing longer 
and waiting longer; we here recall the studies of Prrrrer on tendrils. 
In short, although these facts give only a cursory and very imperfect 
representation of the sensitiveness to contact-stimulation of the 
coleoptiles of Avena, they are doubtless remarkable enough to be 
worked out in a further investigation. 

Now this sensitiveness to contact-stimulation plays a very important 
part in experiments with the coleoptiles of Avena and when it 
is neglected may lead to all kinds of erroneous and unexpected 
results. 

A knowledge of the sensitiveness to contact-stimulation and of 
the typical contact curvatures was of the greatest importance in those 
of my experiments where it was necessary that the coleoptiles should 
be touched in various ways, either by cutting them, or by placing 
on them little caps or by covering them with closely fitting little 
cylinders; every investigator in this field must above all make the 
necessary preliminary studies of this point. For a few striking cases 
this paper may be referred to. 

At the same time the investigation of the susceptibility of the 
coleoptiles of Avena to stimuli has been enriched by a new field of 
work, which in certain respects raised the importance of this plant 
for the physiology of stimulation, yet, on the other hand, experi- 
mentation with so extremely sensitive an object thus becomes extra- 
ordinarily difficult. 

In the second place a few words must be said in this introductory 
section with regard to the determination of phototropic sensitiveness, 
as it has been carried out in the present investigation and as it might 
perhaps be carried out with advantage in all future phototropic 
experiments. The earlier view adopts as measure of sensitiveness, the 
quantity of energy which is necessary for the crossing of the threshold 
of stimulation; the smaller the amount of energy required for this, 
the greater the sensitiveness of the plant. But the recent investigations 


( 330 ) 


of Arisz') have made us somewhat sceptical with regard to the 
existence of a threshold of stimulation; fairly conclusive experiments 
have rendered its existence very doubtful. On the other hand there 
certainly exists a definite maximal curvature which appears after a 
definite time and at any definite temperature corresponds to a definite 
quantity of energy. 

The more sensitive a plant is, the less light is necessary to produce 
one and the same definite maximal curvature. Now in order to be 
able to compare plants of different sensitiveness with one another 
it is necessary to have a siandard to indicate that the different 
quantities of energy all correspond to one and the same definite 
maximal curvature. 

For practical considerations the angle of curvature cannot be taken 
as this standard, seeing that its determination presents great difficulties 
and would demand much time. Further, just as little can we accept 
the maximal curvature which is still just visible to the naked eye, 
because we can observe exceedingly small curvatures with the naked 
eye; and this would be a source of individual errors; but this 
method is moreover especially objectionable, because these curvatures 
only arise after a long time and the longer an experiment lasts, the 
more unfavourable it is for the object and for the result, especially 
in the case of seedlings which are operated upon by one or another 
method. 

We must indeed above all use a method in which the duration 
of the experiment shall be as short as possible. And seeing that the 
above described maximal curvature occurs after a definite time and 
it being so remarkable that, when two seedlings of different sensi- 
tiveness get such a quantity of light, that they produce the same 
maximal curvature, this maximal curvature is attained in the same 
time, this is also an indication, to express the measure of maximal 
curvature in terms of the time in which it arises. We are then able 
to make this time as small as possible, in which endeavour we are 
helped by carrying out the experiments at higher temperatures. 

In this investigation I have worked with maximal curvatures which 
occur at 25—27°C. after half an hour, an interval which might 
even be somewhat shortened in the favourable condition of high 
temperatures. In order to obtain this maximal curvature after half 
an hour, a definite quantity of energy is necessary. If now a plant 
is more sensitive than the object with which it is being compared 


1) W. H. Arisz. On the connection between stimulus and effect in the photo- 
tropic curvatures of seedlings of Avena sativa. (Proceedings Kon. Akad. v. Wetensch. 
March 1911. 
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we seek for the quantity of energy which is again necessary in order 
to give a maximal curvature, after half an hour. These two maximal 
curvatures will then be of the same magnitude, but the quantity of 
energy necessary, will be less in the case of the more sensitive plant. 
Further, whenever the sensitiveness is mentioned, the temperature 
should always be given, as this is of very great influence on the 
sensitiveness. 

Observation of the maximal curvature takes place by means of a 
glass plate provided with a millimetre scale on which an image of 
the coleoptile is projected by means of a lens. Nevertheless, with 
some experience it is possible to observe with the naked eye the 
maximal curvature by repeatedly looking at and comparing the 
experimental objects. Of course red light is always used. 

It so happens that Braauw and Fröscner have always worked 
with the quantity of energy, which is necessary to produce a maximal 
eurvature after 1'/,—2 hours, just visible to the naked eye. But as 
they did not pay special attention to the maximum of curvature, 
the values they obtained for the quantity of energy are somewhat 
divergent. 

Finally, it must be specially remembered that the coleoptiles 
execute, their strongest nutation in the median plane, i.e. the plane 
passing through the longitudinal axis of the grain‘), so that stimu- 
lation should always take place in a direction perpendicular to this, 
in the transverse plane therefore. 


§ 2. 

It is fairly intelligible that, now when the physiology of stimulation 
has developed more and more in every direction, renewed interest is 
taken in investigating the problem of transmission of stimulus, at 
the same time with some hope that from this side also a step might 
be taken towards the solution of the problem of stimulus, a problem 
obviously beset with great difficulties. 

Various investigators have already had the study of the trans- 
mission of stimuli in plants on their programme of work, but for 
all that it has remained in many aspects an obscure question and 
unfortunately the points at issue have quite recently again increased 
in number. 

Thus in this section I wish to criticise the recent investigation of 
JOYSEN JENSEN *), which, by its remarkable and somewhat unexpected 


lb A. A. L. Rureers. De invloed der temperatuur op den praesentatietijd bij 


geotropie. (Diss. Utrecht 1910 ) 
2) P. Boysen Jensen. La transmission de l'irritation phototropique dans ]’Avena. 
(Acad. roy. d. Sc. et des lett. de Danemark, 1911. NY. 1, 
23 
Proceedings Royal Acad. Amsterdam. Vol. XIV, 
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results as. well as by its violent conflict with the results of Frrring *) 
offers ample inducement to subject this alleged localisation of the 
transmission of phototropie stimuli to a new inquiry. 

So far as concerns experiments in the atmosphere of a room of 
usual humidity and temperature, my experiments were carried out 
in just the same conditions as those of Boysen JENSEN; they took 
place in the phototropic room of the laboratory building, at a 
temperature of 17° C. and a humidity of 70°/,. The illumination 
was always with the very suitable amount of energy of 400 candle- 
meter seconds. 

The phototropic curvature effect which was produced by unilateral 
illumination of the apex, transmits itself in the course of a certain 
time to the base, a phenomenon that since Darwin is interpreted as 
the transmission of the phototropic stimulus. 

Now if Boysen Jensen makes a transverse incision on the illuminated 
side, which I will always speak of as the front or anterior side of 
the coleoptile, then he sees that a basal curvature nevertheless, 
arises in unilateral illumination of the apex. If on the other hand, 
an incision is made on the posterior side he observes that in the 
atmosphere of the room, only the apex curves phototropically, while 
the base remains erect; in a space saturated with water vapour the 
base indeed curves phototropically in the latter case, but the curvature 
remains absent, when a mica plate is introduced into the incision. These 
results cause Boysen Jensen to conclude that the stimulus is only 
transmitted along the posterior side. Even in my very first experi- 
ments I found that the influence of the incision is much greater than 
might be concluded from Boysen JENsEN’s paper. When a unilateral 
incision is made I perceived a really considerable curvature directed 
to the side of the wound; this curvature must probably be in part 
put down to some traumatic stimulus, seeing that a curvature also 
takes place in air saturated with water vapour; since in that case, 
however the curvature occurs in much less degree, this is an 
indication that in the ordinary room air the curvature is in the first 
place due to the great amount of evaporation from the wound. This 
view is still further contirmed by the following experiment. If we 
make a unilateral incision and leave the coleoptile thus operated 
upon for about half a day in a space saturated with water-vapour, 
it will gradually recover from the curvature which had arisen; 
various coleoptiles then resume their normal erect position; not that 
the wound itself closes through the apposition of the parts separated 


DH. Firrine. Die Leitung tropistischer Reize in parallelotropen Pflanzenteilen. 
(Jhrb. f. wiss. Bot. Bd. 44. 1907). 
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by the cut; this never happens; the cut under all circumstances 
becomes speedily a gaping wound. If we now bring a coleoptile 
which has once more become erect, into the ordinary air of a room 
which by continuous ventilation is kept as pure as possible, then 
we again see a strong curvature take place towards the wound. 

Evaporation doubtless plays a predominant part or, generally 
speaking, the influence of the wound is very great in the ordinary 
atmosphere of the room. Is it therefore to be wondered at, that 
with a cut on the posterior side and with unilateral illumination of 
the apex in front, the base does not curve phototropically in the 
ordinary atmosphere of the room? 

As will follow from further experiments, the only right interpretation 
is that through evaporation from the wound the base has an inclination 
to curve backwards, so that its pbototropic curvature is annulled. 
That the apex itself under these circumstances indeed curves photo- 
tropically, is one proof the more of its extraordinary sensitiveness 
to light. 

These experiments emphatically show that any experiments in 
which incisions are made must per se take place in a space saturated 
with water-vapour; this requirement has not always been fulfilled, so 
that we have data in plant physiology on so-called traumatic stimuli 
and their transmission, which probably must be ascribed more to 
an evaporation-effect than to the effect of a stimulus; this applies 
for instance to the transmission of traumatic stimuli by dead elements. 

When Boysen Jensen finds that the base, in a space saturated with 
water-vapour, and with a posterior cut, curves phototropically when 
the apex is illuminated (Ll call the illuminated side the anterior), then 
this is caused by the fact that on account of the great decrease of 
evaporation, the force directed backwards is also much smaller and 
therefore the phototropical effect is hardly counteracted at all. But 
we must at once add, that in the latter case the extent of the basal 
phototropical curvature is dependent on the size of the wound but 
above all on the time, during which the incised coleoptiles remained 
in the atmosphere of the room before being brought into the space 
saturated with water-vapour. A few minutes, exposure to the air of 
the room can indeed be sufficient to prevent the phototropie curvature 
of the base in the atmosphere saturated with water vapour. Alike 
in the experiments of Boyskn JENSEN and in my own the incision 
was always made in the ordinary air of the room, because of the 
very considerable difficulties that attend the performing of the various 
operations and preparations directly within a space saturated with 


water vapour. 
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Therefore it is again easily understood why Boysen JENSEN 
obtained no phototropic curvature of the base in air saturated 
with water vapour when he introduced a mica plate into the posterior 
incision. It always takes some time to introduce a mica plate into 
the very fine incision, when working in a weak red light with an 
average of 8—10 seedlings, and taking care not to handle the objects 
more than is necessary; above all great care is necessary in placing 
the little cylinders round the bases. The result of this is, that the 
seedlings have already been exposed too long to the air of the room 
to give a phototropical curvature of the base, because the influence 
of the evaporation from the wound has already become much too great. 
This is my reason for repeating Boysen JENSEN’s experiments in such 
a way, that special precautions were taken to avoid making the cut 
needlessly large and that the seedlings operated on were only exposed 
to the influence of the air of the room for a minimal time. 

For this purpose each seedling is treated separately and finished 
completely; the cut on the posterior side is only made in the coleoptile 
and in particular does not extend to the leaves since these by an 
evaporation curvature counteract any curvature which might oceur 
in the base of the coleoptile. Hence a semi-circular cut is made, into 
which a crescent-shaped piece of tin-foil is introduced, so that the 
wound is really completely shut off. Next the base is covered with 
a little eylinder of black paper and the coleoptile so treated is at 
once covered by a bell-jar saturated with water vapour. Thus, from 
a box of seedlings, each coleoptile is separately worked through ; 
Specimens, in which the operation does ‘not succeed readily, are 
definitely excluded. When all the seedlings have been thus treated, 
unilateral illumination is admitted. 

The result of this experiment was according to expectation, but 
nevertheless equally surprising and convincing: for in these conditions 
the base actually executed a clear phototropic curvature. With this 
not only is the interpretation of Boysen Jensen disproved, but it is 
moreover shown that his results must really be ascribed to some 
influence of the evaporation from the wound. 

But also in a quite different way, I have succeeded in showing 
the inaccuracy of Boysen JeNseN’s interpretation. As has already 
been mentioned, when a cut is made on the posterior side. the base 
shows a strong curvature towards the wound. Yet if the apex is 
illuminated on its anterior side then the base remains erect, and 
does not curve towards the wound as indeed Boysen Jensen found. 
The question which at once presents itself is why, in this last case, 
the base does not curve towards the wound, for if Boysen JENSEN’s 
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localisation hypothesis is correct, if by the cut on the posterior side, 
provided with a mica plate, the phototropic connection between the 
base and the apex is indeed broken, then it must still be a matter 
of indifference to the base, whether the coleoptile is illuminated or 
not. Now, however, since we see that on illuminating the apex, the 
base does not curve towards the side of the wound, the suspicion 
arises that there is still, along the front side of the coleoptile, a 
transmission of the phototropic effect. This suspicion was confirmed 
when in addition to that on the posterior side, an anterior cut was 
made and was provided with a mica plate, so that the alleged 
transmission in front would be inhibited. I have carried out the 
experiment in such a way that I made first a cut on the anterior 
side, after which I let the plant recover from the operation as 
deseribed above, for about three-quarters of a day in a space 
saturated with water-vapour, so that it again became erect. Then 
on the posterior side a cut was made and provided with a mica- 
plate; immediately afterwards the apex was illuminated, while for the 
rest I allowed the plant to remain in the ordinary air of the room. 
This is therefore really the fundamental experiment of BoysEn 
JENSEN, only with the difference, that by taking special precautions, 
transmission on the front side is also prevented. The result of this 
experiment was again completely convincing; the base now curved 
indeed towards the side of the wound in spite of the illumination 
at the apex. The cut on the anterior side indeed exerts an influence, 
but the fresh cut on the posterior side preponderates and over-rules 
also the transmission of stimulus which possibly might have taken 
place from both incisions. This result furnishes proof that by the 
cut on the front side “something” is really held back which before 
prevented the base from curving towards the side of the wound. 
What can this “something” be other than a phototropic curvature 


effect? Therefore here also on the anterior side transmission of 


stimulus takes place. 

The following experiment furnishes direct proof that the trans- 
mission of stimulus can take place anywhere. In contrast with the 
foregoing experiment a cut with the arrangement of mica-plate was 
made both in front and behind, whilst the seedlings during the 
whole experiment remain in the ordinary air of the room, this 
again being an experiment, similar to Boysen JuNseN’s initial experi- 
ment, with the difference that the unilateral influence of the cut on 
the posterior side is inhibited by a cut on the anterior side. Control 
experiments indeed show that in such an experiment, without 
further illumination, the base remains erect. Suppose we now 
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illumine the apex on the anterior side, then we see unequivocally 
that the base executes a phototropic curvature, although it is some- 
times necessary to wait longer. This therefore is again proof that 
Borsen JeNsEN’s hypothesis cannot be accepted, but also, that the 
stimulus can transmit itself past the two wounds which often overlap, 
that is to say, it does not necessarily take a straight course. 

In short, all these experiments sufficiently show that Boysxn 
Jensen has not interpreted his results correctly. There is no question 
of localisation of the transmission of phototropic stimulus. The 
stimulus is transmitted, from the apex to the base, along any 
arbitrary line, so that the results of FrrrinG are thus upheld 
once more. 


§ 3. 


A second problem of the phototropic transmission of stimulus, 
with which I have occupied myself, and shall deal in this section, 
is the polarity of phototropic stimulus transmission and some newly 
discovered facts in connection with it. 

The polarity of phototropic transmission of stimulus was first of 
all discussed by Roruerr, but as he himself truly says, was not 
demonstrated by him with complete certainty. Since then no one 
has further concerned himself with it. 

_ When the coleoptiles of Avena are illuminated at the apex 
unilaterally, then the plant executes a phototropic curvature effect 
towards the base. If we now wish to investigate the polarity of 
this transmission of stimulus, we have only to illuminate the base 
in order further to trace to what extent any basal curvature is 
transmitted towards the apex. It should be clearly understood that 
henceforth the base and apex refer to the basal half and the 
apical half of the coleoptile. Accordingly before I adjusted the 
necessary little cylinders or caps, a very fine line of ink was made 
at the middle of the coleoptile, which might thus always serve as 
a guide. In order to be able to observe clearly the curvature of the 
apex, I fastened the basal part after illuminating it, by means of 
a closely fitting, unbendable cylinder of tin-foil, made by rolling 
the foil several times round a little glass-tube, of the same. width 
as the coleoptile. During the illumination of the base the apical 
portion was always covered by an accurately fitting cap of tin-foil. 
A really great experimental difficulty arises from the sensitiveness 
of the coieoptile to contact stimulus. We must proceed very 
carefully, and a knowledge of contaet-curvatures as such is of first 


( 337 ) 


importance. Thus, for instance, we must take special care that the 
little cylinder or cap does not, by being placed obliquely, vest with 
its edge unilaterally against the coleoptile, as may so easily happen; 
this causes very troublesome contact-curvatures, which might lead 
to error. We may probably conclude that the reason for Rornurrt’s 
failure in his experiments on polarity, must be ascribed to these 
contact-curvatures, which were unknown to him. : 

If we now set to work to discover whether any basal phototropic 
curvature effect can be transmitted to the apex then in any case 
we must first apply to the base such a quantity of light that it 
really curves, in order to be sure that the light has been perceived 
there. One is at once struck by the fact, that the base is very 
much less sensitive than the apex, in spite of the former not: being 
inferior in rate of growth to the latter, especially at the higher 
temperatures at which these experiments were made. I made a 
determination of sensitiveness as described in the first section and 
so found that the quantity of light which is necessary to cause 
a just observable maximal curvature at 25—27° C., after 1'/, hours 
is for the base about 20000 candle meter seconds, whilst that for 
the apex, at the high temperature employed reaches a value of 
only 18 candle meter seconds. A very distinct basal curvature was 
only obtained with 50000 candle meter seconds, a quantity of energy 
with which my first experiments were performed. 

The result of this first series of experiments was to show that 
after an illumination of the base in this way a phototropic curvature 
of the apex can never be observed. Now since for a possible apical 
curvature it might not be indifferent, with what quantity of light 
the base was illuminated, a large series of experiments were arranged, 
in which the base was illuminated with very different quantities of 
light, starting from 100 candle meter seconds and gradually mounting 
to several thousand candle meter seconds. But not in a single one 
of these cases could curvature of the apex be observed. This is 
therefore a clear proof of the existence of a polarity, of an irrever- 
sibility, in the transmission of a phototropic stimulus. 

In order now to trace how far this polarity was dependent on 
the influence of any external conditions, especially having in mind 
gravitation, we made two new series of experiments, in which 
first of all suitable coleoptiles were kept in an inverted position 
during the whole experiment, and in addition experiments in which 
the coleoptiles were fastened to a clinostat with horizontal axis. 

But in neither of these two series of experiments could any 
transmission from the base to the apex be traced. 
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Bearing in mind the great difference in sensitiveness between the 
apex and the base, I considered to what extent the greater sensitiveness 
of the apex might be caused by its being in general more trans- 
parent to light than the base, since the leaves which are found 
within the coleoptile, frequently do not completely fill the apex and 
since they are also narrower and thinner than those in the base; 
hence at the apex more cells of the coleoptile receive direct unilateral 
illumination than at the base, where the leaves are much thicker 
and broader and, in addition to being more opaque, offer a greater 
resistance to any curvatures. In order further to decide this question 
the leaves when very young were removed from the coleoptile, so 
that the base was then as transparent as the apex. However the 
great trouble which this gave was not rewarded by a positive result: 
the leafless coleoptiles behaved in exactly the same way as the 
normal ones. 

We will now pass on to the description of some experiments, 
of which the results may be able to throw new light on the 
physiology of stimulus.This paper has always been concerned with 
the polarity of the transmission of phototropic stimuli; but it must 
be specially borne in mind, that our terminology is only based on 
the outward visible effect, which we shall speak of as the phototropic 
curvature effect; and it is the polarity or rather the irreversibility 
of the phototropic curvature effect which has been demonstrated in 
the course of this investigation. The question will now be answered 
as to how fa the apex, even though it does not curve when the 
base is illuminated, is nevertheless influenced by the illuminated 
basal portion. Here we obtain the result that the darkened apex 
is indeed influenced by the illuminated base, namely in the sense 
that the base renders the apex more sensitive. For this experiment 
the apex is shut off by means of a closely fitting cap of tin-foil, 
and subsequently the base is illuminated; immediately afterwards the 
apex is freed and the base made immoveable by means of a closely 
fitting cylinder of tin-foil; then the apex is illuminated in order to 
determine the quantity of light which is necessary in order to 
establish after half an hour a maximal curvature and at the same 
time control plants are started in which the base had not been 
illuminated before, but which, for the sake of more accurate 
comparison, had been fitted with little caps and cylinders just as the 
actual plants of the experiment. The result now was that the quantity 
of light necessary to give a maximal apex curvature after half an 
hour at 25°—27° C., amounts to about 85 candle meter seconds 
for the control-plants, whilst for the seedlings in which the base 
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had been previously illuminated, the amount was only about 12 
candle meter seconds. Through ilumination of the base the apex 
therefore became more sensitive. 

This fact is very remarkable; for let us at once lay emphasis on 
the fact that the adequacy of a smal! amount of light necessary to 
make the apex curve, when the base is illuminated, is not at all a 
question of summation; for an effective summation only occurs in 
unilateral stimulation, whilst in the present case the increase of 
sensitiveness is on every side; summation does not therefore come 
into consideration. 

This diffuse enrichment with light energy might to some extent be 
compared with an all-round direct illumination of the apex, but, and 
here I wish to lay special emphasis, we know from phototropic 
attunement, that on the contrary an all-round illumination diminishes 
the sensitiveness; the conception of sensitiveness in the present investi- 
gation is therefore completely opposed to the notion of attuning and 
may m no way be identified with it. 

What has been established with regard to the influence of the 
illuminated base on the apex was also found to be true of the 
influence of the illuminated apex on the darkened base. | 

Since in the latter case we have the difficulty of the phototropic 
curvature effect being transmitted to the base, the top half of the 
coleoptile was cut off, three minutes after the illumination of the 
base. Three minutes, and most probably even less, were sufficient 
for the base to show already the influence of the illuminated apex, 
again in the sense that the base becomes more sensitive. Control 
experiments prove that by means of the current of sensitiveness 
alone, hence without the direct illumination following upon it, a 
curvature of the base never occurred. All that we know of the trans- 
mission of the curvature effect from the apex makes it improbable, 
that in the three minutes (a time which in all probability might be 
further diminished), the curvature effect would have already reached 
the base. We can confidently say that there is also here, as in the 
case of increased apical sensitiveness, a current of sensitiveness which 
as it were travels like a shock through the plant at the moment of 
illumination. 

§ 4. 

As a result of the experiments described above, we can say that 
it is here: very clearly found that perception and reaction are two 
wholly different processes. We have seen how on illumination a 
current of sensitiveness travels almost immediately through the 
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coleoptile and in it we-therefore see the perception reflected. But 
this current of sensitiveness in itself never gives rise to curvature 
effect ; for that, direct illumination is necessary, a second physiological 
principle, as it were of light which calls into existence a distinct 
process, namely the curvature effect, which thus manifests itself to 
some extent as independent of the perception process. When we 
seek to explain the facts described above we are thus justified in 
expressing in our hypothesis, the independent course of these two 
photo-physiological processes, and so the results of the present 
investigation have perhaps brought us a step nearer to the solution 
of the process of phetotropie stimulation. | shall now attempt to 
construct with the facts mentioned a hypothesis which may perhaps 
lead to further investigations in the field of the physiology of stimulus. 

Let us first of all take the really striking fact that the base is so 
very much less sensitive than the apex. We must duly consider 
that we are dealing with the following phenomenon: in one and 
the same small organ two parts are in proximity, only separated 
from each other by about 1 cm. and differing in age only by about 
one day, and these parts show a difference of sensitiveness to light 
to the extent of the apex being 1500 times more sensitive than 
the base. The question is whether such a difference of sensitiveness 
corresponds to a normal condition; can it be regarded as true under 
all circumstances ? is it a predisposition, independent of any illumination, 
a difference in the constitution of the protoplasm existing apart from 
any effect of light? 

Is it probable that the plasma of one and the same young tissue 
growing vigorously and healthily in every part, can in the course of 
one day decrease so enormously in sensitiveness that the apex possesses 
an almost proverbial sensitiveness, while with respect to the base 
there has even been a time (I am thinking of Darwin) when the 
latter was regarded as insensitive to light? 

Such a phenomenon must be based on something else than a 
decrease of sensitiveness in the ordinary sense of the word. It points 
to a certain definite influence which the illumination as such exercises 
on the coleoptile, and suggests a certain change which the plant 
undergoes by means of the illumination. If in this polarity of the 
sensitiveness of apex and base, we were inclined to see a suggestion 
of the polarity of the transmission of stimulus, the admission of a 
change which is brought about by the /ight itself corresponds with 
the fact that the polarity of phototropic transmission of stimulus is 
also not influenced by external circumstances which lie outside the 
actual illumination. 
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The specific change which the plant undergoes under the influence 
of illumination, we will call phototonus. The phototonus is then seen 
to bring about the difference in sensitiveness between the apex and 
base and by reason of this in the last resort, the polarity of the 
transmission of stimulus also. 

In the foregoing section empbasis has been laid on the fact that 
this phototonus can absolutely not be compared to the “attuning 
phenomenon”. This phototonus expresses itself as a wave of sensi- 
tiveness which in a short time runs through the plant organ and 
must, on the ground of experiment, be regarded as distinct from the 
phototropic curvature effect. From the experiments on the sensitisation 
of the base when the apex is illuminated, it is clear that the process 
of sensitisation is primary, and the curvature effect secondary. The 
rapidity with which the phototonus spreads through the coleoptile, 
taken in connection with the very remarkable polarity in sensitiveness 
of apex and base, gives rise to the surmise that we have here to 
deal with a polar displacement followed by a polar massing of ions; 
in the apex an accumulation of ions specially sensitive to light, in 
the base of those less sensitive to light, and it is this process which 
first shows itself on illumination; this phototonus would therefore 
be the actual process of perception; experiments prove that this 
process is an independent one. We then get as a secondary process 
the specific influence of direct light on the two accumulations of ions; 
this also is an independent process and is very probably of a chemical 
nature, a photochemical process therefore '). This photochemical process 
causes the curvature effect; to what extent the actual curvature is 
directly caused by any change of permeability which might be set 
up photochemically is left undecided. The ions in the apex which 
are very sensitive to light cause there also a very intense photo- 
chemical process, which in its turn brings about an equally powerful 
transmission towards the basal portion, while in the base the ions 
which are slightly sensitive to light cause a weak basal photochemical 
process with a correspondingly weak transmission of negligible 
magnitude; it is thus that the phenomenon of irreversibility of the 
transmission of phototropic stimulus arises. 

If we take the general standpoint of the physiology of stimulus, 
that where there is absence of or little sensitiveness, absence of or 
slight transmission of stimulus is to be expected, then the well-known 
slowness of transmission of vegetable phototropic stimuli is explained 
by the fact that the base is so slightly sensitive. 
aay A. H. Braauw. Die Perzeption des Lichtes. (Recueil des Travaux Botaniques 
Néerlandais. Vol. 5). 
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To sum up, we have been able to analyse the process of phototropic 
stimulation into the primary electro-physiological perception process 
which causes the remarkable polar division of sensitiveness between 
the apex and the base and by this means has become the actual 
cause of the irreversibility of the phototropic curvature effect and 
in addition, secondarily, the photochemical process which brings about 
the curvature. Possibly we may be able to refer the decrease of the 
phototropic curvature effect by means of greater quantities of energy, 
as also rectipetality, to the origin of polarisation currents, to which 
the polar accumulations of ions in their turn give rise. 


Utrecht, September 1911. 


Chemistry. — “The photochemical transformations of Ferri-trichloro- 
acetate solutions’. By Prof. F. M. Jarcer. (Communicated by 


Prof. v. RoMBURGE). 


(Communicated in the meeting of September 30, 1911). 


§ 1. When carrying out some few years ago a series of investi- 
gations relating to the photochemical transformations of certain 
iron-salts by exposure to the light, I noticed that the almost 
colourless solution, which forms, if freshly precipitated ferric hydroxide 
is shaken for some days, in the dark, with an excess of an aqueous 
solution of trichloroacetic acid, — rapidly deposits, when exposed 
to the light, a white crystalline substance; while, simultaneously, 
a colourless gas collects in the closed limb of the U-tube employed. 
Although a more fully detailed article on the many questions which 
present themselves, will appear shortly, a few preliminary communi- 
cations are already following here, regarding this remarkable photo- 
chemical reaction. : 


§ 2. Originally the solutions were prepared by shaking freshly 
precipitated ferric hydroxide, after prolonged and complete washing, 
in stoppered bottles with an aqueous solution of thrichloroacetic acid 
for some days in the dark. The colourless solution may be kept 
unaltered in the dark for an indefinite time; but when exposed to 
daylight, it splits off, after some time, a white crystalline substance 
with a peculiar odour. If an excess of Fe,O, is taken, the solution 
obtained is orange-yellow; it is then not sensitive to light, but it 
regains this property as soon as the solution is again rendered 
colourless by addition of an excess of trichloroacetic acid. 
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Afterwards the solutions required were always prepared by double 
decomposition of the pure barium-salt of trichloroacetic acid with 
ferric sulphate. The pure acid, twice distilled in vacuum (b.p. 94°,8 
under 12 m.m. pressure) was converted by means of baryiumhydroxide 
into the barium-salt, which erystallises with varying quantities of water. 
A preparation with 25,3 °/, of La was precipitated with a ferric sulphate 
of 22,5°/, of Fe and the solution was filtered several times in the 
cold. It has a pale yellow colour and gives no precipitate either 
with BaCl, or H,SO,; it is, moreover, not sensitive to light, but 
can be brought in such condition by means of an excess of trichloro- 
acetic acid. 

Another time it was tried to obtain a solution of the salt as 
concentrated as possible. A solution of the barium-salt containing 
4 mols. pro litre, was mixed with a solution of ferric sulphate 
containing 1.338 mol. pro litre. The baSO, now separates in a 
colloidal, very viscous mass, which prevents a complete decomposition 
from taking place, even when one of the solutions is poured in a thin 
stream and with constant stirring into the other. The filtered liquid 
is always rich in Da-salt, whereas the brownish precipitate, on 
washing with water, yields a reddish-brown solution, which contains 
an excess of ferric sulphate. The direct filtrate is almost colourless 
and very viscous; after being analysed it is treated cautiously with 
ferric sulphate until it gives no precipitate with ABaC/, or dilute 
HSO, On repeating the experiment such incomplete decomposition 
was noticed constantly. 

Although the quantity of the highly concentrated solution thus 
obtained, amounted only to 200 cm’, many of its properties were 
studied just because the phenomena observed with these very strong 
solutions were much more simple than with the diluted ones. A 
solution containing 32,33 °/, by weight of iron salt, corresponding 
to about 0,06 gram-molecule of salt in 100 grams of solution was 
especially employed. 


$ 8. Properties of the solution. It has a brownish-yellow colour 
but gradually turns a little darker on exposure to the air; by an 
excess of water it turns more of a yellowish-brown, and by an excess 
of trichloroacetic acid it becomes colourless. 

With a little H,SO, it becomes nearly colourless; with dilute 
H, SO, also, but with a very faint tinge of sea-green. 

With a little NO, (S.g. 1,4) it turns almost colourless ; with an 
excess, pale yellow. With a little strong HCI it turns greenish-yellow ; 
with an excess intensively’ orange-yellow. 
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With acetic acid it turns yellow, with alcohol yellowish-brown, 
with ether blood-red and after shaking repeatedly with ether all the 
ferric salt may be extracted. The dried ethereai solution yields on 
evaporation, besides a little trichloroacetic acid, a reddish brown 
crystalline mass which, on analysis, appears to have a varying 
composition and contains about 10°/, of C, 56°/, of Cl and 10 to 
11°/, of Fe. It always contains too little C for a normal ferric 
trichloroacetate. Undoubtedly it is a mixture of two hexatrichloroacetato- 
derivatives. 

A freshly prepared solution gives with Ay NO, a scarcely perceptible 
Ag Cl-reaction; old solutions yield more Ag C/. Indeed, the same 
phenomenon is. also found with strong solutions of the acid itself; 
it is based, as we shall see, on an oxydation by atmospheric oxygen. 

The solution exhibits all the reactions of the ferric-ion: with 
potassium thiocyanate a red, with potassium ferroeyanide a blue 
colouration; with NWH,OH and alkali-hydroxides a precipitate of 
colloidal e,O,; with H,S a separation of sulphur, with JK a 
liberation of iodine; with Na,HPO, a white precipitate soluble in 
excess of trichloroacetic acid; with (NH,),S a black precipitate of 
FeS. The solution has an acid reaction. The analysis shows that the 
relation of Fe: Cl in the solution is exactly 2 atoms of Fe to 9 atoms 
of Cl. There is no doubt that the behaviour is that of a solution 
of a true ferric salt. 

§ 4. Behaviour in the light. The 
concentrated solution is soon decomposed 
in daylight with evolution of a colourless 


mene... 


gas and separation of a heavy, white 


crystalline precipitate with a peculiar 
odour. 

The gas, on analysis, proved to consist 
of pure carbon-dioxide. The white 
substance was filtered off, sharply dried 
and repeatedly recrystallised from ether 
and alcohol. On slow evaporation the 
crystals shown in fig. 1 were formed. 
They are rhombic-bipyramidal as could 
be proved also by etching figures. 

Axial relation: a:b:e =1,7992: 
ds GP a 

Forms: a ==100}, predominant and 
very lustrous; m= {110}, also yielding 
Fig. 1. | sharp reflexes; 7 = {101} narrower and 
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reflecting but dully; the planes @ and rare frequently striped parallel 
to the D-axis. 
The erystals are somewhat elongated along the c-axis; they do not 
possess a decided cleavability. 


according according 


Angular values : ees Calculated: to G.: to B.: 
a: m — (100) : (110) = * 60°56’ a 60°54’ 61° 0 

a:r = (100): (101) = * 29 34 tes 29 35 29 40 
te 10, Gig) ==" 56554 56° 4 58 13 58 0 
r:r = (101):(101) = 120 54 120 52 12050 120 40 
m:r =(110):(01)= 6458 65 0 ° 6457 65 5 


In convergent polarised light, the two branches of a dark hyper- 
bola are noticed on a; the axial plane is probably parallel to {100}. 
Strong double refraction and everywhere normal extinction. 

From these determinations it follows that the substance is nothing 
else but ‘pure hevachloroethane C,Cl,, studied by Broorr *) in 1824 
and later, in 1904, by Gossngr*), who obtained his crystals from 
carbon disulphide. GossNER finds as optical axial plane {100}, with 5 
as acute bisectrix; the double refraction is strong and negative, the 
dispersion: @ <v. Sp. gr. of the crystals: 2,091. 

The measurements of Brooke and of GossNER are placed next to 
mine for the purpose of comparison; in those of GossNer, the 6- and 


c-axis have been interchanged, but from his axial values — using 
the plan adopted here — the axial relation is readily calculated as 


AEN TS LE ed Eaten a Ug AD 

This leaves no doubt that the two preparations are perfectly identical. 
A chlorine-determination after Linsie’s method gave 89,75°/, Cl; 
caleulated 89,87°/, Cl. On account of incomplete decomposition, 
Carius’ method always gave too little C/. The melting point is situated 
at 186° C.; the substance then begins to evaporate almost at once; so 
its triple-point-pressure can differ but little from one atmosphere. 


§ 5. It soon became evident, that the splitting into CO, and C,C7, 
needs not to be the only reaction, unless special precautions are taken. 
First of all it was noticed that the same solution gave CO, + C,Cl, 
in one vessel, whereas in other apparatus the liquid turned yellow, 
and free chlorine, readily detectable, was formed together with a 
very little chloroform; in the absence of an excess of free acid Fe, 0, 


1) Brooke, Ann. of Phil. 23. 364. (1824). 
*) Gossner, Zeils. f. Kryst. und Miner. 38. 151. (1904). 
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was also deposited. After a long search it was found that the cause 
of the reaction could not be traced to the different kinds of glass 
used, but was directly connected with the presence of free oxygen 
above the surface of the liquid. This prevents the separation of 
hexachloroethane, but on the other hand, causes the formation of CZ, , 
HCl, and Fe,O,. In this and in other cases as will be shown 
afterwards more in detail — it has been proved that trichloroacetic 
acid in aqueous solutions acts in a remarkable manner as an oxygen- 


carrier, and that the free acid itself is oxidised with elimination 
of free chlorine. Such can be proved by the catalytic oxidation of 
JK-solution by air if CCl,.CO,H is present; a reaction which also 
takes place in the dark with measurable velocity. Further by the 
auto-oxidation of 2N.- and 4N.-acid solutions, if they are kept in 
contact with air; by the auto-oxidation of ferric-chloride-solutions, 
which all begin to get charged with C/-ions etc. 

These oxidation phenomena explain why, from a solution prepared 
from 240 grams of crystallised bariumhydroxide + 250 grams of 
trichloroacetic acid and decomposed with 100 grams of anhydrous ferric 
sulphate, after seven months, a quantity of hexachloroethane was 
obtained which amounted to only 42°/, of the theoretical yield. In the 
solution was still found, by titration, 0,118 gram-atom of chlorine as 
ion; besides about 25 grams of free trichloroacetic acid, which were 
obtained by direct extraction and then identified. The solution gave 
all the reactions for ferrous-ion besides these for the ferric-ion. As 
these reactions had taken place in three open bottles the cause must 
be attributed to the action of the air. In the study of the photo- 
chemical decomposition it is, therefore, necessary to carefully exclude 
every trace of free oxygen. 


§ 6. Light absorption. A solution of 16 grams of ferric salt in 
100 grams of the liquid exhibits in a layer of 10 em. thickness the 
complete absorption of the visible violet, of the blue and of about 
*/, of the green in the visible spectrum. If then to the solution are 
added 16 grams of trichloroacetic acid, the now colourless solution 
has a much smaller absorption-power ; still, with a 10 em. thick 
layer, about */, of the visible violet also disappeared. 

The solution was now placed in four troughs which were covered 
with glass plates as monochromatic as possible ; yellow, green, red 
and blue*). As might have been expected, no action whatever was 
observed, even after several weeks, in the red and yellow troughs ; 
on the other hand, after a short time, action occurred in the blue 


1) From Scuorr & Gen, Jena. 
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and somewhat later also in the green troughs. The decomposition in 
the blue light proceeded about 3 or 4 times more rapidly than in 
the green one. 

A similar solution was placed in tubes and troughs constructed of 
uviol glass, and the light of three uviol lamps was concentrated 
thereupon by means of a uviol lens of 120 mm. diameter. After 8 
hours’ exposure a measurable quantity of C,Cl, had already deposited. 
(Juantitative experiments in a small uviol thermostat and also in a 
quartz apparatus with the aid of a quartz lamp are now being 
carried out; they prove anyhow, that the decomposition-velocity 
depends distinctly on the concentration of the solutions. Generally, 
the action of the ultraviolet light is again a particularly strong one. 


§ 7. Further decompositions are caused by the electric current 
and by an elevation of temperature. The latter first causes a brown 
colouration owing to increased hydrolysis ; afterwards evolution of 
CO, and a turbidity due to a deposit of Me, O,, and liberation of 
chloroform. Quite analogous, for instance, is, as I noticed, the decom- 
position of a solution of thallous-tribromoacetate into CO, and CH Br, 
when heated at 70°, and the photochemical transformation of a solution 
of ferric-tribromoacetate, which always yields CO,, /e, 0, and 
bromo form. 

The electrolysis of the ferric salt shows nothing much in parti- 
cular. The specific resistance of the solutions is great and at first 
they always turn brown. At an increased current-density, an evolution 
of gas takes place at the anode and this gas is nothing else but 
free chlorine. Simultaneously we can observe at the cathode the 
formation of a ferrous salt, also the presence of much HZC! which 
causes the resistance to gradually decrease. Hence, both the thermic 
and the electrolytic decompositions of the ferric salt are different 
from the photochemical one. 

In regard to the above stated comparisons between the three 
transformation-forms of the ferric solutions, one might also imagine 
that it was practically a question of a photochemical splitting of 
trichloroacetic acid, in which the /e-ion would exercise its wellknown 
photocatalytic action. It is, therefore, obvious to also compare this 
splitting of the CCl,.CO’,-complex with the thermochemical and 
its electrolytic decomposition. 

The thermochemical decomposition has been thoroughly studied ; 
CO, and CH Cl, are always the main products in the desintegration 
of the trichloroacetic acid molecule. This happens, for instance, on 
boiling the solution of the alkali, barium, thallous and of the ferric 

24 

Proceedings Rayal Acad. Amsterdam. Vol. XIV. 


(348 ) 


salts. This form of decomposition is therefore, quite distinct from the 
photochemical splitting. The question is what the electrolysis of the 
acid might be able to teach us ? 


$ 8. In the study of the photochemical decomposition of the ferric 
salt of trichloroacetic acid we found C, Cl, and CO, as the main 
products. This splitting of the acid is apparently quite analogous to 
that observed in the electrolysis of the carboxylic acids and their 
salts‘). KorBr found that the acetates, in favourable circumstances, 
give mainly C,H, and CO,; Kaurrer and Herzoe, however, get 
with monochloroacetic acid different results, namely, always a 
liberation of Cl and formation of formaldehyde; Herzoa (Diss.), 
however, also found in addition methylene-chloride (in the case of 
bromoacetie acid, methylene-bromide and with iodoacetic acid, me- 
thylene-iodide and also iodine); Crum Brown and Watkesr obtained 
from ethylpotassium-malonate the diethyl-ester of succinic acid; also 
from succinie acid, adipic acid; from adipic acid, sebacic acid and 
from the latter suberic acid. KaurLER and HerRrzoe succeeded, moreover, 
in proving, by means of an anode charged with iodine, that the 
formation of C,H, from acetic acid does not take place according 
to the mechanism suggested by K&kuLE and Bourerorn (Ann. d. 
Chem. 181 79. (1864) and Ann. de chim. phys. (4), 14. 157 (1868) 
neither in the manner represented by Scnarr (Z. für Electrochem. 
3. 86. (1896)), but simply according to: 


2CH,.CO.0+26—>2CH,.CO.0=2C0,+2CH, =2C0, +C.H,. 


The intermediary formation of the C'H,-groups was proved by the 
generation of CH,/, which was fixed as phenyldimethylammonium 
iodide and determined as such. 

Hence, if, in the electrolysis of trichloroacetic acid, C, Cl, could 
indeed be obtained besides CO,, the photochemical splitting of the 
iron salt would be quite analogous to an electrolytic process. 

This fact is of great theoretical significance. With our very imper- 
fect knowledge of the mechanism of the photochemical reactions several 
theories as to its nature have originated which each have their pro 
and contra, according to the particular cases in which they are applied. 


1) Korse, Lieb. Ann. 69. 257 (1849); Jann. Wied. Ann. 37. 408. (1880); Crum 
Brown and Watker, Lieb. Ann. 261. 107. (1890): Kaurier and Herzog, Berl. Ber. 
42. 3858. (1909); Feist, Berl. Ber. 33. 2094. (1900; von Miter and Horer, Berl. 
Ber. 28. 2427 (1895); ErBs and Kratz, Journ. f. prakt. Chemie, N. F. 55. 502. 
(1897); Ess. ibid. (2). 47. 104; C. Herzoa, Inaug. Diss. Zürich, 1909; TRorGeR 
and Ewers, J. f. prakt. Chem. (2). 58. 127. (1898). 
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For a number of years the opinion has gained ground in different 
quarters, that the photochemical reaction would be quite analogous 
to the thermochemical one at a much higher temperature of the 
system; that, therefore, the light chiefly increases in a high degree 
the “temperature” in the system of the reacting substances, which 
would explain the great reaction-velocity and the small temperature- 
coefficient thereof, etc. 

Opposed to this view in a certain sense is another theory, lately 
defended especially by Bancrort, in which the great analogy between 
the photochemical reaction and the processes, occurring in the electro- 
lysis at the cathode or the anode is pointed out. In particular, the 
analogy with cathodie reductions occupies the first place. It cannot 
be denied that the comparison is, in many cases, strikingly correct. 
The decomposition-form of ferric-trichloroacetate might serve in a 
certain sense as an argument in favour of this theory, if the electro- 
lysis of the acid actually proceeded in the sense of KorBu’s synthesis. 

The following may serve to prove also the incorrectness of this 
presumption. 


§ 9. If a dilute (N/,,) aqueous solution of trichloroacetic acid is 
electrolysed between platinum electrodes, a current of about 0,05 amp. 
and 5 volts being used, the only result is an evolution of O, at the 
anode and double the volume of H, at the cathode. Yet, a little 
Cl, may be detected towards the end at the anode besides some 
Cl-ions in the liquid itself *). 

Afterwards a N/, solution was taken and submitted to electrolysis, 
a current of 0,17 amp. and 8 volts being used. At the commencement 
most of the gas is being evolved at the negative pole; the potential, 
however, slowly falls to 7,6 volts and after an hour the proportion 
between the volumes of the two gases has undergone but little 
modification. After four hours, however, both volumes have become 
equal; at the anode the evolution of the gas becomes more and 
more rapid whilst at the cathode a more and more retarded evolu- 
tion takes place. The liquid itself gets rich in C/-ions, owing to 
which the resistance gets less and the intensity of the current a little 
greater. After another 3'/, hours, the volume of gas at the positive 
pole is already much larger than that at the negative one, and con- 


1) This fact has always escaped notice in experiments on the determination of 
the electrolytic dissociation constant of trichloroacetic acid. It is very much the 
question, whether the well-known extraordinarily large value of K for this acid, as 
deduced from Osrwarp's experiments, is not to be attributed in part, to the pre- 
sence of HCi in the solutions. 
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tains chlorine to a large extent. The potential fluctuates, with shocks, 
between 7 and 7.4 volts. 

Next a 0.68 N.-solution was taken and electrolysed with 0.3 amp. 
and 7.75 volts; the matter is now quite different and the same as 
that observed in the electrolysis of a 2 N.-solution with 0.46 amp. 
and 7.6 volts. In this latter case were formed immediataly, at the 
positive pole, large gas-bubbles, which ascend by jits and starts, 
while a continuously and slowly ascending stream of small gas 
bubbles is noticed at the cathode. At the same time is formed at 
the liquid-meniscus above the anode a turbid looking drop, which, 
gradually increasing in size, detaches from the meniscus and falls 
down on account of its much greater density. Later, it was found 
that an 8N solution of the acid gives C/,, CO,, COCI,, and H, and 
O,, but no gwd product. 

After 50 minutes the volume of the gas at its negative pole had 
increased to 15 ce, that at the anode, however, to 88,3 cc. The 
anodic gas was practically colourless and contained C/,, CO, and 
CO but also to a very large extent phosgene COC, as was proved 
by its various properties and by comparison with phosgene-gas, 
expressly prepared for this purpose from CC/, and fuming sulphuric 
acid. 

In order to have a survey as to the relative velocity of the evolu- 
tion of gas at both poles, a few observations taken from one series 
of experiments are communicated in the table below: 


Time : Anodic gas-volume: Cathodic gas-volume: 
(in minutes) (in ¢.c¢.) (MCC) 

2 2.5 7 

6 9 4 
13 20 10 

19 33 10.5 

26 52.5 10.8 

ol 69.5 440 


We notice that after a given time the evolution of hydrogen at 
the cathode almost ceases. Probably the hydrogen is used up for a 
reduction and as the whole of the liquid present in the U-tube is strongly 
charged with phosgene and chlorine and a considerable quantity of 
HCI is also formed therein, it is very probable that this H, is ab- 
sorbed to form H/C/. In these experiments the potential fell continu- 
ously until the end value of 7.25 Volts was reached. 
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The analysis of the anodic gas showed that its composition is not 
constant, particularly as regards the chlorine-content. For instance, 
of the 88.3 c.c. mentioned above only 6,7 ¢.c. consisted of C/,; the 
remainder consisted of COC], and CO, with a little free O, and CO. 


The heavy, turbid liquid was collected; on being washed with 
water it generally at once solidifies. Yet, it seems as if the product 
is not always the same in all conditions of temperature; for instance, 
the mass resulting at O° remained permanently liquid under water 
whereas the product prepared, as usual, at 22° generally solidified 
suddenly like a strongly undercooled melt. This product, however, 
has always the horrible odour which reminds at once of chloral 
and phosgene, and experimenting with this substance consequently 
becomes a veritable torment. 

It is decomposed by water; after some time it disappears in the 
liquid of the electrolyte. In that decomposition it yields volumes of 
phosgene. The melting point of the substance, after repeated pressing, 
when determined in a capillary tube, was 32°—34°. With water, it 
yields COC/,, trichloroacetic acid and C/-ions. Hence, when heated 
with AOA and aniline it gives the carbylamine-reaction, thus proving 
the presence of CHC/, which has formed from the CC/,COOH on 
boiling with potassitumhydroxide. 

Analysis. The substance was prepared by electrolysis of a 27.7°/, 
trichloroacetic acid solution, a current of 1,19 amp. and 17 volts 
at 22°.5 being used. It deserves notice that the liquid formed in the 
electrolyte has always a somewhat lower temperature than the 
surroundings. The substance was pressed many times and then dried 
in a vacuum desiccator; 0.943 gram of the substance lost 0,3706 er. 
in weight thereby. 

The residual mass was then analysed in duplicate according to 
Carius. Found 75,62 °/,—75.59 °/, average 75,61 °/, of C7. 

The compound is, therefore, nothing else but érichloroacetic-trichloro- 
methyl-ester : CCl, . CO, . CCI, — which requires 75,8 °/, of Cl. 

This substance, I noticed, was indeed obtained by E.Bs and Kraatz 
as electrolysis-product from the solution of the Na-, and Zn-salts of 
trichloroacetic acid. They, however, could „of analyse it as it was 


always obtained by them contaminated with water and consequently 
in a continuous state of decomposition. For this ester is decomposed 
even by traces of water according to the equation: 

CCl, .CO . OCCI, + H,O = CCI, . CO. OH + HCI + COCI,, 


which also fully explains the formation of COC/, at the anode and 
that of HC! in the liquid. The melting point is given as 34°, therefore 
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quite analogous to my own determination. The fact however, that 
the ester is formed principally at the surface of the liquid, also if 
a 4 N.-solution of the Ba-salt is electrolysed, seems to indicate, that 
the COCI, plays some role in its formation. Perhaps: 
CCl, . CO. 0’ + HCI + COCI, = H,O + CCl, . COOCCI, ? 

As this substance has always been previously described as a liquid, 
we must assume that it remains readily in the condition of an under- 
cooled melt; this also in connection with the low melting-point and 
the depression thereof caused by the H,O and the decomposition 
products '). Indeed afterwards I found, that the pure ester, prepared 
by chlorination of trichloroacetic-methylester in the sunlight, remains 
liquid in a closed, evacuated vessel for several months! 

In dry ether it dissolves readily; in alcohol or moist ether with 
violent evolution of gas. With NM, it forms a white crystalline 
substance of a comparatively high melting-point, which appears to 
be trichloroacetamide. 

I also wish to observe that catalysts such as A/,C/,, for instance, 
readily split the ester into C,C/,-+ CO,. It would not be a matter 
of surprise, if also the catalytic action of the light could do this. 
In that case the photochemical decomposition of the ferric salt, the 
formation therein of CO,, C,Cl,, HCl, and free CCI, . COOH, might 
be explained by assuming an intermediary formation of this substance; 
we should then have a complete analogy of the photochemical reac- 
tion with an electrolytic process. If, however, this should not be the 
case, — and up to the present, everything points to this, -— the form 
of the said photochemical reaction does not seem to tally either with 
the one or the other of the two theoretical views. 


§ 10. The fact that this singular compound is given in BELLSTELN’s ®) 
manual as being identical with the pentuchloroethyl-ester of chloro- 
formic acid induced me to more carefully study both substances. 
During this investigation I came across a short treatise of ANscHiiTz 
and Eméry*), which authors had already prepared both compounds 
in 1898 for exactly the same purpose. Although my results agree 


1) It should be observed that the formation of a compound: CCl; . CO. OCCIs in 
the electrolysis of trichloroacetic acid is in complete accord with the experiences 
of C. Herzog (Diss. Zürich 1909), who observed with monochloro-, monobromo- 
and dichloroacetic acid the formation of the analogously constituted esters during 
the electrolysis of the sodium salts. 

2) Bemstrein’s Manual, Vol. I. 471. (1893); corrected in Suppl. Vol. I. p. 167. 
(1901). 


3) Anscutirz and Emery, Ann. der Chem. 273. 56. (1892). 
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with theirs, a few particulars of the research may be communicated 
here because, at the end of their treatise, they seem to want further 
confirmations of their data which are opposed to those of H. Mür- 
LER*). Moreover, a few additional datt may be mentioned here. 

The idea that CCl,.CO,.CCl, and Cl. CO.0O.C,Cl, should be 
identical is derived from Croiz?). He bases his view chiefly on the 
fact that both esters lead, with H,O, NH,OH, alkalis, alcohol ete. 
to the same end-products. 

Like CCl,.CO.OCCI,, the compound «Cl. CO. OC,CI, is also 
converted by water into trichloroacetic acid, carbon-dioxide and 
hydrogen-chloride; the phosgene formed at first is decomposed by 
water into CO, and 2 HCI. 

The reaction with NM,, which in both cases leads to trichloro- 
acetamide, also seems to prove such. It is, however, plain that by 
accepting, — according to Croïz, — the splitting off of COC/, as the 
first reaction-stadium, we can obtain from both esters the same 
products, although they are differently constituted. 


Cl NH, 
ie | ge 
‘—( + NH, = COCI, + HCI + C=0 
-OCCI, : CEL, CCl, 
and 
CCl, CCI, 
ye Es | a 
Hil, + NH, = COCI, + HCI + C == 0 
ie < 
(0.CCl, NH, 


and something similar applies also to the other reactions he has given. 

If therefore, Croiz’s arguments cannot at all be considered as 
final, they may now, after the experiments of the German authors 
and those of myself, be considered as totally unsatisfactory. 

Pure, repeatedly distilled chloro-formic ethyl-ester was, with exclusion 
of all moisture, chlorinated in bright sunlight *). From the yellow, 
very heavy liquid the chlorine is expelled by CO, and the product 
distilled under reduced pressure. As the main fraction was obtained 
a colourless liquid having the same odour as CCI, . CO. OCCI,, 
which boiled at 129° under 80 mm. pressure, at 116° under 50 mm. 
pressure and at 104° under 22 mm. pressure. After fractionating 

1) Miitter, Ann. der Chemie. 258. 61. (1890). 

2) Croëz, Ann. de Chim. et phys. (3). 17. 300 (1846). 

3) In these experiments [| have been zealously supported by my assistant Mr. 
J. B. Menxe, to whom I again bring my best thanks. 
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twice, the ester appeared to boil without decomposition at 205°,2 
under 758 mm. pressure. The solidifying point was constant at 23°,7. 
The compound, like the trichloroacetic-trichloromethyl ester, has a 
strong tendency to undercooling ; after inoculation it crystallises 
immediately, but with little linear velocity. The heat of erystallisa- 
tion is rather considerable. The sp.gr. at 23°,5 was 1,7336. 

From the melt, the substance crystallises in thin, colourless, mono- 
clinic plates or needles with rectangular limitations. They are frequently 
blunted at the angles and show right extinction. The crystals exhibit 
a strong double-refraction; the smallest elasticity-axis coincides with 
the longitudinal direction, which direction is also that of the optical 
axial plane. In convergent light an optical axis is visible at the border 
of the field of view; the bisetrix is of a negative character, while 
the dispersion is exceedingly feeble so that it could not be ascertained 
for what wave-length the axial angle is the largest. 

With NH,OH it gives trichloroacetamide with strong evolution 
of heat. It differs from CCI. CO. O.CCI, although the esters are 
so analogous that they may almost be mistaken for each other. The 
penetrating odour of phosgene and chloral, which both esters possess, 
is however much more pronounced with the CC/,.CO. OCC, than 
with the pentachloro-derivative, a fact, which is no doubt directly 
connected with the other point of difference, viz. that C/CO,C,CY, is 
evidently decomposed by cold water much more slowly than the 
trichloroacetic acid derivative. Moreover their melting points differ more 
than 10°. According to AnscHürz and Emery the substance obtained by 
chlorination of trichloroacetic-methyl-ester boils at 96° under 22 mm. 
pressure; the pentachloro-derivative obtained by myself at 104°. 

The difference between the two substances, therefore, admits of 
no doubt; a quantitative comparison as to their reaction-velocities 
is in progress. 


$ 11. As regards the mechanism of the studied photochemical 
decomposition it has been shown, by the experiments made up to the 
present, that the decomposing substance can be considered as the normal 
ferric-trichloroacetate: (C Cl, CO. O), Fe. 

With very concentrated solutions contained in uviol-glass tubes, a 
separation of C, Cl, takes already piace after eight hours’ exposure 
to the light; with dilute and consequently brown-coloured solutions 
a little trichloro-acetic acid should be added first for the purpose of 
decolourisation, that is to say for modification of the light absorption. 
Still it is doubtful whether that addition really accelerates the process ; 
from the data at disposal I should feel more inclined to conclude 
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to a retarding action; which might then perhaps be explained in that 
sense, that it is really the (CC7,CO. O’)-ion, previously combined 
with the e-ion in some very definite manner, and split off from this, 
which is resolved. All this is still problematical. One should rather 
feel inclined to put this photochemical reaction quite on a level with 
that of ferric oxalate : 

Fe, (C, 0), > 2 Fe (C, O,) + CO, 
and : 

Het Ol CO), 2 fe (Ce Ci, : CO), +2 CO, CO, OL 

or if we assume a splitting of ions; 

2 He + (C, O,)" > 2 Fe +2 CO, 
and: 

2 Fe +2(CCl, CO. OY 2 Fe +2 CO, + C, Cl, 
It is, however, still the question whether this conclusion is fully 

justified and whether it is not probable that several more intermediary 
stages occur; this will have to be elucidated by further research. 


§ 12. Finally we may mention a few experiments with solutions 
of ferric-pentachloroproptonate, of which a sensitiveness to light was 
fully to be expected on account of the experience, gained during this 
investigation. 

The acid for this purpose was handed over to me by my colleague 
BoksrkeN to whom I again bring my thanks. The melting-point is 
situated between 210° and 215°; the chlorine-coutent, according to 
B.’s statement has been found as 72.05°/,—71.78°/,; theory : 72°/,. 

The preparation of the Ba-salt by neutralisation at the temperature 
of the room, presented difficulties in so far that a sweet smelling oil 
separated even in the dark. Nevertheless, the neutralised solution was 
precipitated with the calculated quantity of ferric sulphate and by 
repeatedly filtering in the dark and in the cold a clear greenish-yellow 
solution was obtained. This is very sensitive to light and gets very 
soon decomposed into CO, and a heavy colourless oil with formation 
of large quantities of Cl-ion in the solution. The oil was separated, 
purified and dried and identified as C,Cl,. The photochemical splitting 
of ferric-pentachloropropionate is therefore perhaps represented by: 


/CO,-CCl,.CCl, AO el os 
Pe—COUCEL EEK GOL LOON de Be-C0,.COL-CCh, 
CO: OEE PO 
etc., 


until, probably, FeCl, alone finally remains; the colour of the liquid 
is brownish yellow. 
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From this it appears that this photochemical transformation is quite 
analogous to that which the acid itself, according to BOËSEKEN, under- 
goes by heat. From what has been stated above, this reaction cannot 
be put on a level with tbe photoehemical decomposition of the tri- 
chloroacetate, without further evidence. 


Labor. for Inorg. and Phys. Chem. 
15 September 1911. of the Univ, Groningen. 


Chemistry. — “A remarkable case of tsopolymorphism with salts 
of the alkali-metals’. By Prof. F. M. Jarcer. (Communicated 
by Prof. P. van ROMBURGH.) 


(Communicated in the meeting of Sept. 30, 1911). 


§ 1. The numerous researches which have been made to explain 
the morphotropic relation of the alkali-metals, may be said to have 
led to no other view but the conviction, that the problem of the 
mutual replacement of these metallic atoms is one of an almost 
hopeless complexity. 

The most accurate researches in this dominion, — those of Turron, 
— lead the author, with complete negation of all other well esta- 
blished facts, to the conclusion that anyhow the metals A, Rb and 
Cs possess plainly an isomorphotropie relation, which numerically 
runs parallel with the rise of their atomic weights, and that (NH) 
and 77 are, in many respects, to be placed outside the series; but 
that with an eventual form relation the (.V//,)-radical exerts an 
influence which stands between that of 4 and Cs. As to the optical 
properties, no regularities seem to occur. As is well known, Turron’s 
beautiful researches only relate to the alkali-sulphates, the alkali- 
selenates and the monoclinic double sulphates and double selenates 
of the formula: R', Me" (SO,),, 6H, O and R', Me" (Se O,),, 6H, O. 

Even in these researches it seems here and there, that the con- 
clusions drawn must be considered as being foo general. For instance, 
with the selenates, the 7/-compound is very analogous to the /d- 
salt; the difference in molecular volume is here only 0,4°/,, as 
against 1,4°/, between the Ab- and (VH,)-salt. With the sulphates 
this difference between the Ré- and 77/-salt is about 0,8°/,, between 
Tl- and (NH,)-salt only 0,08°/,, and a similar trifling difference 
between (.VH,)- and 7/-salt is also observed with ammonium-zinc- 
sulphate and thallous-zine-sulphate (0,08°/,), so that the place of 
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the (NMH) between the Ab and the Cs, is in these respects less 
correct than in the proximity of the 77. 

That however, as soon as we consider the great number of facts 
which have been collected by other investigators besides Turron, — 
but little is left of these supposed general rules may be seen from 
a short recapitulation : 

1. The acid: tartrates of K, Rb, Cs, NH, and 77 are rhombo- 
bisphenoidie and form an isomorphous series. In this the Ré and the 
Tl-salt are placed the nearest to each other, then follows the (VH,)- 
salt, the K-salt and finally the Cs-salt. 

2. On the other hand, the FRdb- and Cs-salts of the neutral 
tartrates ave trigonal; the 77-salt is monoclinic and trigonal, whereas 
the (VH,)-salt, although also monoclinic with comparable parameters, 
is certainly „ot isomorphous with the monoclinic form of the 7/-salt. 

In connection with the following it should be observed that with 
the Zi-salt the angle 9 = 86°43’; with the (N H,)-salt, 8 — 87°37’. 

3. Now, proceeding to the complete series, which are related to 
inorganic acids, we may mention here, besides the sulphates, sele- 
nates and double sulphates investigated by Turron, the A-, (N H,)-, 
RL-, Cs- and Ti-alums, derived from aluminium (Pwrrersson), those 
from vanadium (Piccint) and chromium, those from gallium and 
tron (SORRET). those from rhodium, indium and iridium. There is 
here nowhere any indication of polymorphism, but with the ordinary 
alums for instance a quite regular modification of the physical pro- 
perties has been noticed, which gives no occasion to assign to the 
CN H)-salt a particular position in the series. 

4. Of the chlorates the K-, Rb- and Cs-salt are probably isomor- 
phous; the 7/-salt is isodimorphous and has one form which is 
isomorphous with the A-salt; the (NV /7/,)-salt, however, is trigonal- 
pseudo-cubic, like A-bromate. The latter is isodimorphous with 
K-chlorate. 

5. In the series of the perchlorates which is isomorphous, the 
Tl is also placed nearest to the Pb. 

6. A-persulphate: K,S,O, is triclinic-pinacoidal: the Rb-, Cs-, 

(NV H,)- and 7/-salts are monoclinic and isomorphous. Here we have, 
therefore, an isodimorphous series. 
7. The K- and Rb-platinum-nitrites are monoclinic ; Cs-platinum- 
nitrite is also monoclinic, but totally differs from the two others: 
finally, the 7’/-salt is again monoclinic but still again different from 
all other salts, so that we have here a very interesting case indeed 
of an isotrimorphous series. 

Of the same compounds, but erystallising with 2 H,0, the A-salt 
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is triclinic, the Rb-salt monoclinic, the (VN H‚)-salt rhombic, although 
so analogous to the Rb-salt, that it should be regarded as pseudo- 
symmetric. Finally in the series of the alkali-platinum-jodo-nitrites, 
the A-salt is tetragonal the Rb-salt triclinie-pseudorhombododecaedric, 
the Cs-salt monoclinic, with a pseudorhombododecaedric habit. 

8. The K- and Rh-chromates are rhombic-bipyramidal; the Cs-salt 
is dimorphous, namely rhombic and ditrigonal-scalenoedric ; and finally 
the (NH,)-salt is monoelino-prismatie, but certainly dimorphous, — as 
it can form with (NH), SO, mixed crystals of great concentration. 

The K- and Cs-dichromates are isomorphous: the (NH)-salt is 
monoclinic and totally different from the two other salts; the b-salt 
is dimorphous, namely monoclinic and triclinic, whereas the mono- 
clinic form is probably isomorphous with the (.VH,)-salt. 

Still more complicated is the matter with the trichromates. The 
K-salt is monoclino-prismatic; the Zb-salt is hexagonal and rhombic; 
the Cs-salt is trigonal and quite different from the hexagonal /d-salt; 
finally the (NH,)-salt is rhombic but quite different from the second 
form of the Rbd-salt. We must therefore assume here an isotri- or 
isotetra-morphous replacement of the alkali-metals. 

9. But by far the most complicated of all is the behaviour of the 
alkali-metals in their nitrates ! 

The K-salt is dimorphous: rhombic-pseudo-hexagonal and trigonal; 
the Rd-salt is rhombic but „ot isomorphous with the A-salt; at 161° 
it becomes cubic and at 219° trigonal, while all the conversions are 
reversible; the Cs-salt is rhombie and cubic; the 7/-salt is trimor- 
phous, namely rhombic, cubic and hexagonal. Finally, the (.V/,)-salt 
is tetramorphous: rhombic, monoclinic, tetragonal and cubic, whereas 
according to WarufÉranT the tetragonal form again returns at — 16° C. 
Here we have a rich field for the study of the binary systems 
concerned, which is still very incomplete. 


§ 2. The above summary, which could be easily extended by 
quoting other examples, for instance, from the nitrides, polyhalogenides, 
hexafluosilicates, tetrachloro- and tetrabromoaurates may prove our 
contention, that the mutual morphotropic relations of the alkali-metals 
form an exceedingly complicated problem, and that it is unwarrantable 
to lay down rules, which are not supported by a sufficient number 
of facts. 

A peculiar contribution to the above question is given here, 
During an investigation concerning trichloroacetic acid, I obtained 
the acid potassium-salt of this acid ; it forms extraordinarily beautiful 
erystals, which on investigation showed a few peculiarities of 
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importance. I then prepared also all the other salts of the series, 
whose general formula is represented by R’CO,.CC/,-HCO,.CCl,. 
The results of the investigation are given below. A detailed description 
of these compounds, also that of the acid thallium-tribromoacetate 
(investigated by way of comparison) will be given first. 

$ 3. J. Porasswum-satt: KCO,CCI,. HCO,CCi,. 

The analysis gave 10,60 °/, A; calculated 10,68 °/,. 

Sp. Gr.: at 18°C., 2,005; molecular volume: 182,04. 

Large clear, very lustrous crystals, which are generally flattened 
along two parallel planes. Small isometrically developed, colourless 
octahedra also occur. The crystals are represented in fig. 1. 

Tetragonal-trapezohedric. 
GG: 0,7808. 


Potassium-salt. 
Fig k 


Forms observed: o = {111}, large, with a high lustre and well 
developed; «= {311}, with four planes above and four below in the 
alternate spacial-octants, but often wanting, and in all cases small 
and rather dull; <= {511}, very small and narrow, dull and mostly 
quite absent. 


Angular values: Measured: Calculated : 
O20 Later) = 63°73! ~~ 
on (Eine ity 84-20 84° 20) 

0.2 ge (TN == ED Se 29 57 
OF tie RME, +55 04 56 0 
en Mav de (Pes 68 12 Dor Oi 


2:0 =(311):(411)= 68 48 68 44°/, 
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Angular values: Measured: Calculated : 
o:@—=(4d1):(31) = 29 55 29 57 
0:2 —=(1411):(311) = 86 49 86 50'/, 
o0:e%—(111):(311)= 68 49 68 44°/. 
poe (Sl MD 10°26 10-26), 
goot: (ASS 76429 76 24 


A distinct cleavage was not found; the symmetry must be deduced 
from the development of the forms, while etching experiments carried 
out for the purpose of further confirmation did not give positive 
results. 

The crystals are optically monaxial and do not exhibit cireular 
polarisation. Refraction and double refraction are both strong; the 
latter is positive. 

Topical parameters: y: Ww: w = 6,1545 : 6 1545 : 4,8061. 


Il. Ammontum-satt : (NH) CO, CCl, . HCO, CCl,. 


The analysis gave: 4,92°/, NH,; calculated: 4,94°/,. 

Sp. Gr. at 19° 1,775; molecular-volume — 198,80. 

Large octahedra, besides some smaller ones which are generally 
flattened along two parallel planes; the habit is that of the potassium- 


salt. The crystals are shown in Fig. 2. 


Ammonium-Salt. 
Fig. 2: 


Tetragonal-trapezohedric,  * 


Gag ROM le} 
Forms observed: Only o = {111}, large and very lustrous; in 
the smaller erystals the planes were mostly dull and inflected, but 
in the larger ones they gave very sharp reflexes. 


( 361 ) 


Angular Values : Measured: Calculated : 
0:0 = (441): A1) =* 62°41' - 
ee di DN 1 OT garage 
0:0 = (411): A11) = os Kol A Go, ET f 


A distinct cleavage was not found. 

The compound is isomorphous with the potassium-salt. 

The crystals are optically monaxial; the character of the double 
refraction is positive. They exihibit no circular polarisation. 

Topic parameters: x : Ww: w = 6,3197 : 6,3197 : 4,8522. 


Ill. Rvpiprm-satt: KOCO,CCl, . HCO,CCl,. 

The analysis gave: 20,68°/, RO; calculated : 20,65 °/,. 

Sp. gr. at 18° C., 2,150; molecular volume = 191,21. 

The first crystallisation-experiments showed at once, that we were 
dealing here with crystals of a quite different habit. Further inves- 
tigation proved indeed that the /é-salt has a form quite different 
from that of the two former ones. 

Colourless, very thin, elongated-hexangular little plates which 
often form on the surface of the liquid, or deposit on the walls of 
the vessel. 


The crystals are shown in Fig. 3. 


Rubidium-Salt. 
Fig. 3. 


Monoclinic-prismatic. 
a:b:c=1,4649 : 1: 3,1596 
p= 86° 90"/,’. 
„Forms observed: c = {OOI}, large, lustrous and strongly predomi- 
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nant: ¢ = {O11}, well developed and yielding sharp reflexes ; m — {110} 
also always present and better reflecting : w == {112}, narrow, some- 
what dull and sometimes wanting altogether. 

In the orthodiagonal zone the forms: {1.0.18}, {105} and {102! were 
sometimes met with, in a very rudimentary form. The crystals are 
elongated along the clino-axis. 


Angular values: Measured : Calculated : 

eig (ONES === 72° 24,” — 

Crm = (OEPS 88 A —— 

m:m == (110): (410) —* 141 16 = 

ig =O 37 2 ole oF 
Gg (OE On) == 8d 12 ao odd 
Ce (001) G1) 0 AS 60 52 
drm (142) 210) Ar dd Bs de 


Probably, a not very distinct cleavage is present along {001 }. 
The substance is optically biaxial; the exact situation of the axial 
plane could not, however, be traced microscopically. 

Topical parameters: 4: W: w = 5,0670 : 3,4590 : 10,9290. 


IV. Caxzswm-satt: CsCO,CCI, .HCO,CCi,. 

The analysis 28,90°/, Cs; calculated 28.98 °/,. 

Sp. gr. at 20°C. 2,143; molecular volume 214,18 °,,. 

The salt is very soluble in water. At first, small square plates 
are deposited; later, on slow evaporation, splendid thick very lustrous 
plate-like crystals, which sometimes have a surface of several em.’ 

It is characteristic, that they may be cleaved as completely as 
mica, parallel {001}. The crystals are represented in fig. 4. 


Caesium-salt. 
Fig. 4. 


Monoclinic-prismatic, pronounced pseudotetragonal. 
a:b:¢e=1,0484 : 1: 0,9706 
B = 88°42’. 
Forms observed: c= {001}, strongly developed and reflecting; 
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o={111}, very broad and very lustrous; mm ={110}, brightly 
reflecting, but much narrower than 0; w= {111} very narrow and 
mostly wanting. The erystals are thin or flattened upon {OOL!, and 
sometimes elongated along a side c: 0. 


Angular values : Measured: Calculated: 
c:0 = (001): (411) =* 53°56 Eos 
c:m = (001):(110)=* 89 6 os 
0:0 =.(411):(441)=* 71 24 ee 
o:m==(111):(410) = 87 29 67°301/,’ 
ie (idly Se 0928 92 24?/, 


An exceedingly perfect cleavage is present along {001}. On {001}! 
diagonal extinction; in convergent polarised light a beautiful biaxial 
interference- image is observed. The pseudotetragonal character of 
the compound is also shown in the fact, that the first bisectrix stands 
nearly perpendicular on {001}, and that the axial angle is exceedingly 
small. The dispersion is extraordinarily strong, has a weakly-inclined 
character, while oe <v; the axial plane is {010}. The double re- 
fraction is negative. 

After some time some of the clear crystals become locally opaque, 
like porcelain. 

Although monoclinic, the whole character of the Cs-compound is 
so different from that of the #d-compound, that an isomorphism of 
the two salts cannot be assumed. 

Topic parameters: x: wy: w = 6,2170 : 5,9585 : 5,7835. 


From the last motherliquor of the caesium-salt, are sometimes 
obtained large, rudimentary crystals, which are flattened prisms and 
generally exhibit no well developed terminal planes; on analysis 
they appear to contain a trifle more than the quantity of caesium *) 
required, but to show accurately Cs: C/=1: 6. 

They are also monoclino-prismatic ; the parameters are: 


a= e= 09968: 1 : 0;2538 
Ra S07 152/,/ 


The forms observed are: m= {210}, broad and lustrous; p= {110}, 
narrower, but brightly reflecting; a= {100} and 6 = {010}, about 
equally broadly developed as p; ¢ ={001} small and very lustrous; 
o = {211} very lustrous and sometimes fairly well developed. 


1) The crystals contain Cs only; this was proved spectroscopically. 
25 
Proceedings Royal Acad. Amsterdam. Vol. XIV. 
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Angular values: Measured: Calculated: 
am (100) ALORS 265 10° == 
02 0==(ODD)\e (211) = === 104, 18 == 
o:m = (211) : (210) =*107 23 —- 
me Pp PAO eae) == 16-20 48° 20: 
pb (MOO) = Ad 30 A5 30 
o:m = (211):(210) = 72 37 72 37 
0: 0 =(211):(211)= 45 24 45 24 
de AOR = B02 25: „SO -18"/. 
em al 0E =p) 2d OG 

No distinet cleavage was found. The habit is thick-prismatic with 
elongation along the vertical axis. 

On §100! normal extinction, on {110} obtuse extinction, sym- 
metrically orientated in regard to the c-axis. The etching figures on 
m and a prove the said symmetry. On {100} one branch of the 
dark hyperbola is visible; the optic axial-plane is {010}. 

On account of its two monoclinic forms, the caesium salt must, 
therefore, be considered as dimorphous. 


We Thallousssalte MCO COR HCO, CC, 

The analysis gave: 38,3°/, 77; calculated 38,46°/,. 

Sp. gr. at 18° 2,822; molecular volume — 187,74. 

Small and also larger, colourless very lustrous crystals of the form 
of the K-, and (NH,)-salt. They give sharp reflexes and may be 
measured very accurately. 


Thallo-Salt. 
Fig. D. 


Tetragonal-trapezohedric. 
mec 0 1672. 


Forms observed: 0 = {111} large, predominant and yielding almost 
perfectly sharp images; m= {110}, narrow, but always present and 
brightly reflecting. 
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Angular values : Measured: Calculated : 
Ont Ga AO) =* § 42°40’ = 
0:0 =(411) (411) = 62 40 62°39?/,’ 
m:m=(110) (110)= 90 0 90 0 
bro Re AD 85 20 85 20 
Ooo tij 447 20- 117 20° 
o:o =(111) A11) = 94 40 94 40 


No distinct cleavage was found. The compound is certainly isomor- 
phous with the A-, and the (NH )-salt; the parameters are nearly 
identical with those of the ammonium-salt. The erystals are optically 
monaxial without circular polarisation. 

In contrast, however, with the A-, and (V//,)-salts, they possess 
a negative double refraction. 

The clear crystals, if kept for a long time, sometimes become, 
locally, opaque and white like porcelain. While retaining their out- 
_ ward shape, they gradually become so altogether. 

Topic parameters: 4: wy: w = 6,2547 : 6,2547 : 4,7987. 


§ 4. VI. In order to confirm experimentally the presumption of 
a possible existence of eventual monoclinic, less stable modifications 
of the thallium-salt, the THALLOUS-TRIBROMOACETATE was prepared and 
investigated. 

And indeed, the monoclinic form proved to be here the more stable 
one, and the analogy with the form of the rubidtum-salt of the 
previous series is at once a striking one. 

AcID THALLIUM-TRIBROMOACETATE: 77CO,CBr,. HCO,CBr,. The 
analysis gave: 25,6 °/, 77; calculated 25,59 °/,. 

Sp. gr. at 18°, 3,923; molecular volume = 203,16. 

Small, colourless or very pale, very lustrous crystals, which mostly 
have the form of thick erystal-plates of quadratic shape. They are 
shown in Fig. 6. 


Acid Thallous-Tribromoacetate. 
Fig. 6. 


25% 
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Monoclino-prismatic. 
abe Nebo 33007. 
P= 87°48" 


Forms observed: c = {001}, large, very lustrous and predominant ; 
104} and r= {101} about equally strongly developed, and giving sharp 
reflexes ; q = {011} reflecting very perfectly, broad and never want- 
ing; s— {013}, very narrow and mostly absent ; w = {112} yielding 


good reflexes; 0 = {112} even refleets better still. 


Angular values : Measured: Calculated : 
Cg =O OI 9 78° 87 = 
Cs OO st) *66 38'/, — 
d:r == (101): 401) = #50 197/, = 
ec :§ = (001): (013) = 47 44 7049 
s :q — (013): (011) = 154 3519517 
r :e = (101): (001) = 63 2 63 2 
ec :0 = (001): (412) = 63 59 63 57 
o :m = (412): (110) = Did 27 14%), 
meo {410) A 26 48 26 45°/, 
w:c —=(112): (001) = 62 4 Gen 


Indistinctly cleavable along {101}. 

On {001} the extinetion is parallel and perpendicular to the 
direction of the b-axis; an axial image was not observed. 

Topic parameters: 4: py: w = 5,2928 : 3,4115 : 11,2601. 


§ 5. From all these experiments may, therefore, be deduced the 
remarkable fact, that the acid alkali-salts of trichloroacetic acid form 
an isopolymorphous, and in all probability an isofetramorphous, series 
with three monoclinic and one tetragonal-trapezohedrie modification. 

It seems very peculiar that the two first terms of the series are 
tetragonal and isomorphous; that the Ab-salt exhibits the second, the 
Cs-salt the third and fourth possible form; and that, — with a further 
increase of the atomic weight, — the original optic monaxial form 
of the 7/-salt returns, but this time with an opposite optical character ! 

The 7/-salt is the nearest situated to the (A,)-salt and is also 
very adjacent to the A-salt. The two forms of the Ad- and Cs-salt 
exhibit — notwithstanding their great differences — an undeniable 
analogy, while, from the analysis of the thallous-tribromo-derivative, 
it appears that the eventual, more labile form of the thallous-salt, 
occurring in mixed crystals, will probably be the nearest situated to 
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that of the Rb-salt; the analogy with the second form of the Cs-salt 
is, however not so conspicuous. 

By these relations it has been clearly demonstrated how complicated 
the family-relation of the erystal-building alkali-molecules is, and 
how much the expected isomorphism may be confused by the occurrence 
of polymorphism. 


§ 6. Efforts to find definite transition-points with the acid of the 
erystallisation-mieroscope, were without result. On heating, an 
apparent melting-phenomenon occurs in the crystals, to be attributed 
to the fact that the split-off trichloroacetic-acid-molecule, causes the 
occurrence of a liquid phase in the pores of the crystals, which then 
become porcelain-like and opaque, while they are crossed with 
innumerable cracks. On account of the decomposition of the substance, 
it is not possible to prove the occurrence of another modification by 
a thermic method. 


$ 7. Mixing-experiments. 

Although a more complete investigation of the mixing-phenomena 
of these salts must be postponed till later, still a few experiments 
have been made, for a first orientation, which already have brought 
to light some very peculiar phenomena. 


1. Thallium-, and Ammonium-salts. 

From mixtures of the thallous- and the ammonium-salt erystallise 
small, well formed quadratic octahedra, afterwards larger ones of the 
type of the (VH,)-salt. The first crop of crystals are optically posctive. 
In the last fractions there were found small crystal-clear, tetragonal 
double-pyramids, which were faintly negative; the axial image was 
normal. In the very last fractions there were found similar crystals, which 
however, possessed a strongly negative double refraction. Their angular 
values agree with those of the 7% and the (V//,)-salt. There can 
be no doubt as to the complete isomorphism of the two compounds; 
probably, their mixing-series is an uninterrupted one. 

2. Potassiwin-, and Rubidium-salts. 

From mixtures of the potassium-, and the rubidium-salt are first 
deposited crystals, which are quite analogous to those of the pure 
Rb-salt. Later, small little plates appear with hexagonal limitations. 
Measurements showed that they were well built, possess monoclinic 
symmetry, and that their angles differ but little from those of the 
Rb-salt. 

(001) : (011) = 72°35’ (measured) (110) : 110 = 111°10' (measured) 
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The first angle is 11’ larger, the latter 6’ smaller than that of the 
Rb-salt. From the last fractions however, — which, of course, are 
very rich in potassium-salt, — both monoclinic crystals and tetragonal 
double pyramids are deposited. They are monaxial and faintly positive. 

3. Potassium-, and Caesium-salts. 

Up to the present the mest peculiar phenomenon, however, was 
found with mixtures of the potassium-, and the caesiwm-salt. The 
latter is exceedingly soluble; from the mixed solution are deposited 
first mixed crystals, richer in potassium. Although possessing a 
somewhat different habit (Figs. 7 and 8), these crystals, which, 


Fig. 7. Fig. 8. 
Mixed crystals of Potassium- and Caesium-salt. They exhibit the form of 
the Rubidium-salt. 


though small, were irreproachably built, appeared to exhibit the 
monoclinic form of the /d-salt! The remarks made in the description 
of the thallous-tribromoacetate also apply here: the monoclinic form, 
which was the more stable one in the /d-salt, appears to also occur 
by preference in the mixed erystals as an exceedingly stable struc- 
ture. If we adhere to the principal difference between Rd- and Cs- 
forms, there must, probably, be three hiatus in this mixing series. 
That indeed the form of the monoclinic Ré-salt and not that of 
the monoclinic Cs-salt was present is proved by the following mea- 
surements : 
Clg =O = (O11) = 7232 mm (10): (410) — 111°40’ 
mg = (110) (OLB are. 
cxtm== (001) 21440) — "88a" "ge 2g = O11) (011) =e 
MW (110) : (O11): 38-4 
The angles in the different mixed crystals of this series diverge 
about + 4’ and —5’ from the above values. 
Up to the present, no tetragonal mixed crystals have been observed ; 
also no monoclinic ones in the second form of the Cy-salt. 
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4. Potassium-, and Ammonium-salts. 

From mixed solutions of A- and (NH,)-trichloroacetate, on slow 
evaporation, mixed crystals are deposited which exhibit solely the 
tetragonal-bipyramidal form, and often possess a pronounced lay er- 
structure. They are optically positive, — even the crystals deposited 
later; the interference image is often a little distorted, which points 
to a not quite homogeneous structure. 

5. Rubidium-, and Thallium-salt. 

From mixed solutions were obtained the mixed crystals of the 
form of the Ab-salt and chiefly in the habit of Fig. 7. The angle 
(110) : (110) was 72°42'/,' (014): (044) = 111°41". Up to the present 
no individuals of the Z/-type have been noticed. 

6. Caesium-, and Thallium-salts. 

Even with a very small 7Zv/-salt content, mixed crystals of the 
form of the Ad-salt are deposited from the solutions of the two 
trichloroacetates. At a very large concentration of the Cs-salt, 
however, there were also found — besides thes aid monoclinic forms, — 
monoclinic, rectangular thick plates, which were cleavable towards 
{O01} and exhibited in convergent light a beautiful axial-image, with 
a very small axial-angle, a strong dispersion: 9 >v, and with the 
first bisectrix nearly L upon {O01}. The character of the first diagonal 
was negative. The following measurements were taken: (OOI): 
MELDE babi add (110) == 37's 110-001) —= 899’, The 
mixed crystals, therefore, possess the first form of the pure caesium- 
salt; those with the second form have never been found as yet. 

7. Caesium-, and Rubidium-salts. 

As in the case of the caesium-thallium-salt-mixtures, mixed crystals 
of the &b-type appear first; these possess chiefly the habit shown 
in Fig. 8. 

The following measurements were taken : (110) : (110) = 72° 24'/,’; 
(044° : (011) — 111° 20'/, 001) : (111) = 61° 4’ ; (411) : (110) = 27° 21’; 
(001) : (110) = 88° 25’. 

At a very great concentration of the caesium salt, however, one 
finds very thin, square, little plates, which appeared to be mixed 
crystals of the first caesium-type, which are deposited alongside 
with the other mixed crystals. They are biaxial, with a very small 
axial angle and negative character of the bisectrix. The dispersion 
is weak: 9 << v and with rhombic symmetry. Mixed erystals of the 
second Cs-type have neither here been met with as yet. 

Inorg. Chem. Lab. of the University. 

Groningen, September 1911. 
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Botany. — “The action of the respiratory enzymes of Sauromatum 


venosum Schott’, By Dr. TH. Weevers (Communicated by Prof. 
FACE Co Want), 


(Communicated in the meeting of September 30, 1911). 


The production of heat in the spadix of Aroideae has been long 

known; it was first observed by Lamarck in 1777. Since it has 
een repeatedly investigated *) and was found to be a process invol- 
ving absorption of oxygen. Kraus’) showed that in the tissue starch 
and sugar are used up, whilst CO, and sometimes organic acids are 
produced. 

In 1901 Hann *), in a short paper, stated that in the press juice 
of Arum maculatum an enzyme is present, which decomposes glucose 
with formation of carbon dioxide. After removal of the CO, by 
boiling, the liquid still had an acid reaction. He observed neither 
formation of alcohol in the air, nor in a hydrogen atmosphere, al- 
though in the latter case also the glucose was decomposed and CO, 
was formed. 

This short note was not followed by any detailed communication, 
so that it seemed to me desirable to investigate whether the interest- 
ing results of HaHy’s inquiry were confirmed with other objects. 

Sauromatum venosum Schott appeared to me to be suitable for 
investigation on account of its size and the ease with which it can 
be obtained. 

For the purpose of orientation, | rubbed up in a mortar the fertile 
as well as the sterile part of a spadix, and made the pulp up to 
250 ¢.c. with water. One half of this was at once boiled for 5 
minutes; to the other half a few drops of toluene were added and 
after the flask had been closed by a plug of cotton-wool it remained 
for 48 hours at 16° C. Its contents were then boiled, a certain 
amount was filtered off from both halves and the reducing sugar as 
well as the organic acids were determined in the filtrate. (Indicator 
phenolphtaléine, which gave a sharp endpoint.) 

In the flask in which autolysis had taken place were found 10 mg. 
glucose and 8,0 ec. 0,1 N. acid, in the control flask 80 mg. glucose 
and 0,5 c.c. 0,1 N. acid. 


1) Saussure, Ann. sc. nat. 1822. 

Vrouk and pe Vriese, Ann. Sc. nat. 1836. 

GARREAU, Ann. Sc. nat. 1851. 

2) G. Kraus, Abh. naturf. Ges. Halle, 1882. Ann. Jard. bot. 1896. 
5) M. Haun, Ber. chem. Ges. Bd. 33, 1900. 
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So this preliminary experiment showed, that in the autolysis sugar 
was decomposed and organic acid formed. In further experiments 
however a different plan was adopted. After the tissue had been 
rubbed fine in a mortar, | strained the pulp through the finest 
plankton gauze; the fluid thus obtained, which was almost’ perfectly 
clear, was heated with a threefold quantity of 95°/, alcohol, the 
precipitate filtered, washed out with aleohol and dried in the air 
in the dark till all the alcoho] had evaporated (about 12 hours). 

The powder then obtained i.e. a crude enzyme or a mixture of 
enzymes was used for further experiments and was found to have 
a strong glucoclastic action; similarly the pressed-out, dried mass had 
this action, even after treatment with acetone. 

The former result was unexpected because Haun, with a crude 
enzyme prepared in the same way from Arum maculatum, only 
obtained a very weak action and because more investigators in this 
field hold the view, that destruction of cell-structure and treatment 
with alcohol weakens the action of the respiratory enzymes in tissues 
rich in water, and even destroys it. 

ZALESKI *) says: “Ueberhaupt kann man sagen, dass die Zerstörung 
der Struktur am stärksten die Atmung derjenigen Objekte vermin- 
dert, die im Zustande tätigen Lebens sich befinden, oder wasserreich 
sind. Noch stärker wird die Kohlensäureausscheidung zerriebener 
Objekte nach dem Behandeln derselben mit organischen Lösurgsmit- 
teln wie Aceton und Alkohol vermindert, und manchmal hört diese 
ganz auf.” 

This cannot therefore be generally valid, at least not for the object 
here investigated, which is rich in water and is in condition of 
active life. 

In exactly the same way I have been able to obtain from the 
fresh leaves of Sauromatum a crude enzyme, that decomposes glucose 
while forming CO, and organic acid. The action was however weaker. 

The dried preparation of the enzymes was generally used at once 
for the experiments, after some days the activity diminished, although 
it did not completely disappear. 

If I made the preparations by treating the press juice with acetone, 
I obtained a precipitate that was similarly active after removal of 
the acetone. 

The experiments were made as follows. 

The enzyme preparation was mixed in a flask of 750 ce. capacity, 
with 1°/, glucose solution sterilised by boiling, and with some 


1) W. Zatesxkt Atmungsenzyme der Pflanzen. Bioch. Zeitsch. Bd. 31. 1911, 
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drops of toluene. In experiments with access of air, a regulated 
current of air sterilised *) and free from carbonic acid came into the 
closed flask, and the issuing current of air passed first through a 
calcium chloride apparatus and then through a potash-bulb (with 
CaCl, tube). The increase of weight of the potash bulb indicated 
the amount of carbonic acid formed, whilst in some experiments 
this was also shown qualitatively with baryta water. 

For the experiment in a hydrogen-atmosphere the flask was first 
filled with hydrogen that had been purified with dilute-potash, 
after which, with the necessary precautions the enzyme, a solution 
of sugar and a few drops of toluene were introduced. Then during 
the experiment a purified current of hydrogen passed through the 
flask and carried the CO,, which had been produced, into the potash 
bulbs; at the end air free from CO, passed through, in order to be 
able to determine the increase in weight of the bulbs. 

The experiments always lasted 48 hours *), only once did I deter- 
mine the CO, produced in successive periods of 3 and 6 hours, but 
found no great differences. Indeed the method was not suitable for 
successive determinations with small intervals, since after terminating 
the experiment by heating the liquid in the flask above 70°C., one 
ought to pass the current through for a short time longer in order 
to get all the carbonic acid into the potash bulbs *). 

The liquid in the flask was always boiled for a moment at the 
end of the experiment and the first distillate was tested by means 
of the iodoform reaction for alcohol, the result was always negative, 
both in the aerobic experiments and in those in a hydrogenatmos- 
phere *). 

Then the liquid was cooled, made up to a definite volume and 
filtered. I determined the quantity of organic acid in the filtrate, 
equally that of the glucose, the latter one before and after boiling 
with dilute hydrochloric acid ®. Control experiments, in which the 
liquid was boiled immediately after mixing, gave the total quantities 


1) For this purpose the air passed through strong caustic potash, to which 
some toluene had been added. 

2) The experiment with a preparation from the spadices took place in daylight; 
since organic acids in aqueous solutions are gradually decomposed by light, the 
quantities found are somewhat too small. 

3) If traces of CO, should remain behind, the result would naturally be too low. 

4) Only a few drops were distilled over. Generally the odour indicated traces of 
butyric acid. 

5) The glucose determinations were made according to N. ScHoort’s method. 
Ned. Tijdschrift voor Pharmacie 1899. The quantity after boiling with HCl was 
generally as great as before boiling, the former values are given. 
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of reducing sugar and organic acid at the beginning of the experiment; 
the latter in the experiments with the alcohol precipitate from the 
spadices amounted to 0,1 cc 0,1 N at most. 

Below are given some of the experiments. 


if 


aie 


Experiment in CO, free air. 
400 mg. crude enzyme, acetonic preparation. 


Decrease of glucose from 437 to 360 mg. = 77 mg. 
Increase of the potash bulbs by CO, production 34 mg. 
Increase of organic acids dB eN 


Experiment in CO, free air. 
750 mg. pressed and dried tissue powder, that had been 
treated with acetone. 


Decrease of glucose from 457 to 217 mg. — 240 mg. 
Increase of potash bulbs by CO, production 140 mg. 
Increase of organic acids Zp 2.6. OLNE 


The glucose can be more strongly decomposed, so that after boiling 
with HCl only traces of reducing sugars remain; in these experiments 
K,HPO, was generally added, which according to the investigations 
of ZaLrsKI and ReINHARDT’) stimulates the action of the enzymes. 
This made a determination of organic acid difficult, because the 
potassium phosphate had an acid reaction and the quantity added 
perhaps partly entered into combination during the experiments *) 


IL 


By: 


Experiment in H atmosphere, potassium phosphate added. 
800 mg. crude enzyme (alcoholic preparation). 

Decrease of glucose from 437 mg. to 2 mg. — 435 mg. 
Increase of potash bulbs by CO, production 165 mg. 


Experiment in air free from CO,, potassium phosphate added. 

1.500 gr. pressed out material, which had first been dried at 
60° C.; then acetone had been poured over it and it had 
again been dried at 60° C. 

Decrease of the glucose from 485 mg. tot 5 mg. = 480 mg. 

Increase of potash bulbs by CO, production 187 mg. 


Finally two more experiments with the crude enzyme from the 
leaves; no potassium phosphate was added. 


1, W. ZareskKr and H. Rewuarvt Biochem. Zeitschr. Bd 27. 1910. 
2) Compare the investigations of A. Harpen and W.J. Younc. Biochem. Zeitschr. 


1911. 
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V. Experiment in air free from CO, 

1.200 gr. crude enzyme (alcoholic preparation). 

Decrease of glucose from 375 mg. to 340 mg. = 35 mg. 
Increase of potash bulbs by CO, production 27 mg. 

Increase of organic acid from 1 c.c. to 3.2 ¢.c.=2.2 cc. 0.1 N. 


VL Experiment in hydrogen atmosphere. 

1.200 gr. crude enzyme (alcoholic preparation). 

Decrease of glucose from 375 mg. to 343 mg. = 32 mg. 
Increase of potash bulbs by CO, production 14 mg. 

Increase of organic acid from 1 c.c. to 3.5 c.c. = 2.5 cc. OA N. 


Decomposition of glucose has taken place in all my experiments, 
in those in the air, as well as in those in a hydrogen atmosphere, 
carbonic acid and organic acids are always formed, but no alcohol, 
an enzyme identical with zymase cannot therefore have acted in this 
case, the more so because in the experiments of KostyrscHew and 
PaLLADIN’) the production of organic acid never occurred at all. 

In the anaerobiosis of Agaricinae KosryrscHew *) also found production 
of CO, without formation of alcohol; ParLapiN and KosryrscHew *) 
pointed out, that in the absence of carbohydrates carbonic acid is 
similarly formed by old etiolated shoots of Vicia Faba, but without 
alcohol. 

Indeed in all these experiments, which were for the most part 
conducted with intact parts, killed by freezing, formation of acids 
never took place, at least it is never mentioned. Only in the much 
discussed experiments of STOKLAsA c¢.s.*) is there any question of the 
production of acid. In these the press juices of sugar-beet, barley, 
peas and lupin seedlings were treated with alcohol and the precipitate 
was used for the experiments. On addition of glucose the latter was 
decomposed and there resulted CO, and organic acids, but also alcohol. 
The organic acids were chiefly lactic acid, then acetic acid and 
formic acid, whereas it will be shown below, that these acids were 
absent in my Own experiments. 

The above described action of the respiratory enzymes of Sauro- 
matum seems therefore to be very specilic and shows much agreement 
with the action of the press juice of Arum maculatum only ; the 
considerable formation of acid reminds us of the metabolic processes 


1) Pattapin & Kostytscuew. Ber. d. d. bot. Ges. 1906. 

2) Kosryrscnew. Ber. d. d. bot. Ges. 1907. 

3) Pattapin & Kosryrscnew. Ber. d. d. bot. Ges. 1907. 

4) J. Sroxtasa, Aporr Ernest, Kart Cuocensky. Ber. d. d. bot. Ges. 1907. 
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of Fungi in which so often acids are formed and of the nocturnal 
production of acids in Crassulaceae, in which according to more 
recent investigations the formation of acid may be connected with 
the decomposition of carbohydrates '). The question now is, what 
acids are formed in the decomposition of glucose by the enzyme of 
Sauromatum venosum ? 

The quantity of liquid which was not required for the other 
experiments was evaporated, extracted with ether and the ethereal 
extract used for further investigations. The small quantity available 
was not sufficient for macrochemical investigation, I therefore 
made the analysis in about the same way as that described by 
H. Brnrens *). 

The ether was distilled off and water added. First of all I tried, 
whether the acid was volatile with steam, this turned out not to be 
the case, only a minute quantity passed over, too small for further 
investigation. Moreover the liquid had already boiled for a few 
minutes as described above, and the odour then indicated traces of 
butyric acid. 

The acid reaction is therefore not caused by formic, acetic or 
propionic acid, nor by higher fatty acids. 

By sublimation on a microscopic slide a sublimate was only obtained 
at a fairly high temperature, when the substance was coloured brown. 
The sublimate was not crystalline even when breathed on, so that it 
cannot be oxalic or succinic acid. The test with lead acetate for 
malonic acid yielded an equally negative result. 

On the other hand the aqueous solution gave distinctly Bere’s 
test © i.e. a yellow colouration with a solution of two drops FeCl, 
45° B and two drops HCI 22°B in 100 ce. water. This reaction is 
peculiar to organic acids with one or more CHOH groups, oxyacids 
therefore of which the best known are lactic, tartaric, malic and 
citric acid. 

The test for cobaltolead lactate as well as for potassium and 
silverbitartrate gave a negative result, the two first mentioned acids 
are absent. On the other hand, testing with AgNQO,, there was proof 
of the presence of citric acid, as shown by the crystals of silver 


1) Hueo pe Vries. Verh. Konink. Akad. v. Wet. 1884. 
G. Kraus. Abhandl. naturf. Ges. Halle 1884. 
O. Warsure. Unters. bot. Inst. Tübingen 1886. 
A. Mayer. Landw. Versuchsst. 1887. 
K. Puriewitscu. Bot. Centr. 1894. 
2) H. Benrens. Anl. zur mikrochem. Analyse 4e Heft 1897. 


3) Bera et GerBer. Bull. soc. chim, 1896. 
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citrate (see BRHRENS). Citraconic acid must therefore be present in 
the sublimate and after adding NH,, evaporating and redissolving in 
water, crystals of the thallous salt of citraconic acid were actually 
obtained on adding thallous nitrate. 

Once I obtained crystals of silver malate, after the addition of 
AgNO,, it might therefore be possible, that.malic acid was here 
formed as well as citric acid. 

Both acids are known to be final or intermediate products in the 
decomposition of sugar, I have already mentioned malic acid *) in 
this connexion, and Weuxmer*) has shown that Citromyces spec, 
Penicillium luteum and Mucor pyriformis, when grown in sugar 
solutions produce citric acid; this acid also frequently occurs in 
Phanerogams (comp. CzareK. Biochemie der Pflanzen). 

Whether in addition to citric and perhaps malic acid, other less 
known acids are also formed by the enzyme in the decomposition 
of glucose is of course still an open question. 

If we calculate the quantities of acid found as ecitrie acid 
[(C,H,OH (COOH), + H,O, mol. weight 210] we find: 


I experim. for 77 mg. glucose 34 mg. CO, and 63 mg. citric acid 
II 23 >? 240 9? 23 140 3) 3? 2) 175 9? 3) 

V > 33 35 99 22 27 bP 993 33 1 

VI 99 bP 52 be} 33 14 2 2 | 17.5 23 9) 


It is my intention by using more material to determine the quantity 
of citric acid formed, for only then can it be ascertained whether 
the decomposition of sugar to CO, and citric acid is complete. It 
seems natural at the same time to investigate what enzymes are 
present in the crude enzyme, whether oxygen is absorbed in the 
process and how the object behaves after freezing by PALLADIN's 
method, questions which the method explained above leaves un- 
answered. 

The results of this investigation can be summarised as follows. 

By pressing out and precipitating the press juice with alcohol or 
acetone, there can be obtained from the spadix of Sauromatum 
venosum Schott. a crude enzyme, that decomposes glucose with the 


1) A preleminary experiment was carried out in order to obtain from the leaves 
of Echeveria spec. in the same way as here from Sauromatum a crude enzyme 
that produced CO, and malic acid from glucose, but with negative result. 

The malic acid of Crassulaceae, which has been investigated by J. H. ABERSON 
(Ber. chem. Ges. 1898) yields in sublimation little or no fumaric and maleic acid, 
but gives an amorphous silver salt. 

2) C. Wenner. Ber. d.d. bot. Ges. 1893. 
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formation of carbonic and organic acids, but without any production 
of aleohol neither in the air nor in a hydrogen atmosphere. 

Destruction of the cellular structure and treatment with alcohol 
or acetone do not therefore inactivate the respiratory enzymes in 
the present case, their power of decomposing sugar remains very 
marked. 

In the same way a crude enzyme is obtained from the leaves of 
Sauromatum, which is similar, but has a weaker action. 

In the ether extract of the acid liquid citric acid was demonstrated, 
which acid very probably must be formed by the respiratory enzymes 
at the expense of the glucose. 


Amersfoort, September 1911. 


Zoology. — “Pleistophora gigantea Thélohan a parasite of Crenila- 
brus melops.” By N. H. SWeLLENGREBEL. (Communicated by 
Prof. Max Wepre.) 


(Communicated in the meeting of September 30, 1911). 


Among the neosporidia the microsporidia distinguish themselves 
by their spores, which are smaller than those of the allied myxo- 
sporidia and do not possess such distinct polar capsule and polar 
filament as the spores of the latter group. 

According to Mincuin (1903) the microsporidia are ad into : 

1. Polysporogenea ; the trophozoite (i.e. the vegetative generation) 
forms many pansporoblasts, each of which contains many spores. 

2. Oligosporogenea; the trophozoite transforms itself entirely or 
partly into one single pansporoblast. Each pansporoblast contains 4, 
8 or many spores. 

The parasite that I wish specially to describe here has the following 
life-history. Trophozoites with one or more nuclei are found in 
the connective tissue of the skin and in the mesenterium of Creni- 
labrus melops. After encystment the trophozoites form by successive 
division an unequal number of sporoblasts, each containing two 
nuclei. These sporoblasts become spores by the formation of a 
thick membrane. The spores have one or two nuclei, whilst there is 
nothing that points to the existence of a polar capsule with polar 
filament. 

Tréronan (1895) described a microsporidium, Glugea gigantea, 
found in the abdomen of Crenilabrus melops. He has not been able 
to investigate the development of this parasite, but only states that 
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by none of the expedients known the polar filament could be indicated 
in the spores. It is difficult to decide whether the parasite described 
here is the same as that of THkLonan, but as in neither of them a 
polar capsule is found, and they have the same host, in whom, 
according to AvrERBACH, (1910) no other microsporidium lives, it is 
very likely that these two parasites are identical. The microsporidium that 
I intend to describe here is however no Glugea, because the trophozoite 
is directly transformed into a pansporoblast, and produces an unequal 
number of spores, consequently it belongs to the genus Plezstophora 
and I propose to call it Pleistophora gigantea. If P. gigantea is 
identical with Glugea gigantea then the latter name must be dropped, 
if not, the two names continue to exist beside each other. It will 
however be hardly possible to decide if this identity exists or not. 
For this THELOHAN’s description is too incomplete. 


2. Material and methods. 


The different stages of the development of P. gigantea were found 
in a big tumour, situated at the ventral side of the head and the 
thorax of Crenilabrus melops. The tumour extended from the posterior 
margin of the gills along the pectoral fins to the ventral fin. The 
tumour was caused by hypertrophy of the connective tissue; it did not 
show any inclination to infiltration, neither the gills and the organs 
of mouth and thorax, nor the parts of the skeleton were effected by 
it, it was a pure outgrowth of the skin. The tumour was so heavy 
as to deprive the fish of its hydrostatic equilibrium. 

Portions of the periphery and the centre of the tumour were fixed 


in corrosive aleohol of ScHaupINN; washed in water, aleohol and 
iodine, hardened in absolute alcohol, mounted in paraffine, and cut 
into sections of 3—5 u, which where coloured with haematoxyline 
of EnrricH, DELAFIELD or HEIDENHAIN or with Giemsa’s solution. In 
order to discover polar filaments living spores were examined. With 
none of the reagents used (caustic soda and potash, sulphuric-acid, 
hydrochloric acid, nitric-acid, methyl-alcohol, ether, iodine, distilled 
water), was it possible to demonstrate a polar filament. 


3. The life-history of Pleistophora gigantea. 


The youngest stages of the development of the parasite that [ 
could discover, are uni- or melti-nucleate cells 9.8—11.2 u long 
and 4.6—6.3 u broad, situated between the connective tissue of 
the tumour (fig. 1). Probably these cells multiply by schizogony, 
it seems at least that stages as those of fig. 1 point to this fact; 
they are each surrounded by a thin membrane. These cells represent 
evidently the vegetative stages of the development, they are the 
trophozoites. In the beginning these cells are quite diffusedly spread 
between the fibrils of the cellular-tissue. Afterwards they unite into 
smaller or larger groups (fig. 2) and surround themselves at last 
with a membrane, which, though very thin, is after all thicker than 
that of the separate individuals. 


Fig. 3. 


In the individuals that have united into groups and are surrounded 
by a cyst-wall (the pansporoblasts) the nuclei range themselves 
26 
Proceedings Royal Acad. Amsterdam. Vol. XIV. 
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into groups of two nuelei. This is occasioned by the division 
of the nuclei whilst the daughter nuclei continue to lie against 
each other. The encysted individuals are now divided into a 
number of smaller cells (fig. 4—5) containing each two nuclei 
lying close together. The formation of these cells does not take place 
by schizogony of the originally encysted individuals, they separate, 
by the formation of buds, repeatedly part of their protoplasma from 
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the mother cell, and with it at the same time one of the groups of 
two nuclei. 

The cysts formed in this way containing tbe bi-nucleate sporo- 
blasts are of very different sizes. The smallest have a diameter of 
11—49 u, the largest which usually contain only ripe spores and 
show only at the periphery a layer of sporoblasts (fig. 6 represents 
part of the periphery of such a cyst), can become 0.49 by 0.36 mm. 
to 1.44 by 3.82 mm. and even reach still larger dimensions. 

By the formation of a thick cyst-wall the sporoblasts, i.e. the round 
bi-nucleate cells change into the real spores, which have also 
two nuclei. Besides the bi-nucleate spores some are found with 
a single large nucleus, so that it is probable that the latter 
is formed by the fusion of the two sporoblast-nuclei. If this 
were the case, then we should have to regard this phenomenon 


Bigs. (iG 


as an autogamy. The spores are 5—6u long and 4—5 u broad. 
Besides the single or double nucleus no other organs as polar capsules 
and the like are to be observed in the plasma; in and beside the 
nucleus however sometimes chromatoid granules are found, which 
show in their microchemical reactions distinct affinity to volutine. 

As I remarked before the spores formed in this way are united 
into smaller or larger cysts. Besides these however spores are found 
that are diffusedly spread between the connective tissue. It is likely 
that these spores originate in trophozoites that were not united 
into groups and surrounded by a eyst-wall. As I have however 
never been able to observe the formation of these diffusedly spread 
spores in particulars, | cannot decide with certainty on this point. 

The reaction of the host’s tissue against the parasitic invasion 1s 

26* 
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very different. Small isolated individuals containing few nuclei are 
sometimes found surrounded by thick layers of multinucleate connective 
tissue. Round larger aggregations of multinucleate trophozoites only 
an insignificant growth of connective tissue is to be observed, and round 
the larger cysts the connective tissue is paucinucleate. On the 
spots where spores are diffusedly spread between the connective 
tissue frequently multinucleate giant-cells are found. They contain 
2--15 nuclei and obtain a dimension of 28—48 u. 

Sometimes a large cyst is found surrounded by many smaller 
cysts; this phenomenon is most likely to be regarded as a secondary 
infection, of which the large cyst is the primary seat. 

It is a pleasant duty for me to pay my sincere thanks to Dr. KERBERT, 
Director of the “Kon. Zoöl. Gen. “Natura Artis Magistra’, for his 
kindness of placing the material for this investigation at my disposal. 


EXPLANATION OF THE FIGURES. 


Fig. 1. Trophozoites in diffused infiltration (nuclei of connective tissue between the 
parasites), 
Fig. 2. The trophozoites unite into small aggregations. 
Fig. 3. Encystment of small aggregations of trophozoites. 
4. Pansporoblasts divide into sporoblasts. 
Fig. 5. Small cysts with sporoblasts, pansporoblasts and spores. 
6. Periphery of a large cyst with sporoblasts and spores (in figs. 5 and 6 
only the circumferences of the spores are sketched). 


= 
da 
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. Ripe spores. 
The figures have been drawn with Zetss’s camera: fig. 1—6 with oil 


= 


immersion 2 m.m. ocul. 4; fig. 7 with ocul. 18. 
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Geology. — “On peculiar sieve structures in igneous rocks, rich in 
alcalies’. By Dr. H. A. Brouwer. (Communicated by Prof. 
G. A. F. MOLENGRAAFF). 


(Communicated in the meeting of September 30, 1911). 


The following poicilitic structures, occurring in nepheline-syenitic 
rocks from the Pilandsbergen (Transvaal), are very instructive with 
regard to the insight which they allow into the order of succession 
of the erystallizations in magma’s which are rich in alcalies. 


1. Zntergrowths of dark minerals with felspars 
and felspatoids. 


A tardy crystallisation of the alcalipyroxenes and alcaliamphiboles 
is known in alcaligranites, alcalisyenites and nephelinesyenites. 
Sieve structures in which the crystals of the dark minerals are 
ramificated between the colourless ones are found e.g. in the paisa- 
nites and the alcaligraniteporphyries from ZiNper (Sokota) *). This 
structure is very common in rocks from the Pilandsbergen and is 
beautifully developed in aegirineamphibolebiotitenephelinesyenite- 
porphyries from Wijdhoek (701), in which principally the alcali- 
amphibole is ramificated in skeletons of equal optical orientation 
between the elements of the groundmass: nepheline, sodalite, felspar, 
biotite, fluorspar, iron compounds and traces of apatite *). Macros- 
copically those crystals are visible as round spots of a few m.M. in 
diameter contrasting with a grey, medium- to finegrained “ground- 
mass”. The larger crystals of biotite and aegirine, which are very 
subordinate, show the same poicilitie structure. The biotite also 
occurs in small crystals in the groundmass, whilst the pyroxene, 
amphibole, and larger crystals of felspatoids are only crystallized 
after the colourless minerals. 


The same sieve structures enclosing the colourless minerals, are 
found in crystals of molengraaffite and astrophyllite. 

In lavenitebearing lujauriteporphyries from Wijdhoek (701), the 
larger crystals of molengraaffite and aegirine are speckled with small 
crystals of nepheline *), whilst the felsparcrystals are completely free 
from inclusions. 


1) A. Lacrorx. “Sur les microgranites alcalins du territoire de Zinder.” C.R. 
Ac. des Sciences, t. CXL, 1905 p. 22.. 

*) See Pl. IV, fig. 1 and 2 in H. A. Brouwer. “Oorsprong en samenstelling der 
Transvaalsche nepheliensyenieten.” The Hague. Mouton and Co. 1910. 


1) See, ibid. fig. 9, p. 158. 
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Poicilitie intergrowths of astrophyllite with felspatoids occur in 
adjacent astrophyllitelujaurites, where numerous idiomorphic pseudo- 
morphoses of zeolites and analcime after nepleline, and also aegirine 
are enclosed by large crystals of astrophyllite. In the lujauriteporphyries 
from Wijdhoek (701) which are rich in pectolite, strongly pleochroic 
erystals of eucolite poicilitically enclose nepheline and sodalite, whereas 
sometimes they are intersected by lath-shaped felspars as is found 
to occur with the augites of the diabases. 


2. Mutual intergrowths of felspars and felspatoids. 


In the aegirineamphibolebiotitenephelinesyeniteporphyries mentioned 
sub 1, we find besides the interlaced crystals of the dark minerals, 
numerous large crystals of idiomorphic nepheline, which only between 
crossed nicols contrast with the finegrained mixture. Sometimes 
this nepheline is free from inclusions, sometimes it is filled with 
short laths of felspar. Some of the erystals of nepheline are enclosed 
by an amphibole skeleton and themselves enclose numerous small 
crystals of felspar and biotite. All transitions from nepheline free 
from felspar to nepheline rich in felspar can be seen; in an inter- 
mediate form the inclusions are limited to the marginal parts of the 
crystal. 

Consequently in this rock real phenocrysts of nepheline must have 
been crystallized before the finegrained mixture was formed. 

In a lesser degree the enclosing of felspatoids by felspars, and the 
crystallization of nepheline with angular forms in the spaces between 
the felspars, is a common phenomenon in the rocks of this region. 
In these rocks also occur large felspatoid crystals, enclosing the 
smaller ones. 

Macroseopically the rock is mediumgrained with lightgreen felspars 
and lightbrown nepheline; aegirine is very subordinate. Under the 
microscope we see the peculiar structure between crossed nicols: the 
erystals of idiomorphie nepheline and sodalite which are very abundant, 
the microperthitic felspar, and the aegirine enclose innumerable small 
idiomorphie and rounded crystals of nepheline (and sodalite); the 
erystals which are rich in inclusions are reduced to skeletons. The 
felspatoids are partly decomposed to cancrinite; we find complete 
pseudomorphoses, with the form of the original crystal, which consist 
of one crystal of cancrinite with sieve structure. It is interesting 
that the enclosed small crystals of felspatoids are not altered at all; 
there must be a cause why they could resist the CO, bearing 
agencies, may be as a result of changed chemical composition of the 
magma during the crystallization. 
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3. Intergrowths of other minerals. 


In astrophyllitelujaurites we mentioned the poicilitie intergrowth 
of astrophyllite with felspatoids. In schistose lujaurites from Tusschen- 
komst (331) which are very rich in aegirine, crystals of astrophyllite 
which are allotriomorphic with regard to felspars and felspatoids, 
enclose innumerable needles of aegirine with different orientation: 
the aegirine can fill up more than half of the crystal. 

Thus in these rocks astrophyllite is the latest product of erystal- 
lization, whereas it is one of the first crystallized minerals in aegirine- 
amphibolefoyaites from Wijdhoek (701), where its idiomorphic 
crystals lie scattered in the other minerals. The eucolite mineral 
which is strongly altered to catapleite, is idiomorphic in these rocks, 
whereas in a lujaurite from Kruidfontein (649) it is allotriomorphic 
with regard to felspars and felspatoids, and encloses innumerable 
small crystals of aegirine. 

In this rock eucolite is the latest product of crystallization just 
as in the astrophyllitebearing aegirineamphibolefoyaites from Wijd- 
hoek (701), where it has been formed simultaneously with aegirine- 
spherolites, which are younger than all other minerals. 


In the molengraaffitebearing lujaurites from the southwestern. part 
of Wijdhoek (701), crystals of a pectolite mineral occur, which are 
crystallized in angular forms between the other minerals, and enclose 
numerous needles of aegirine. Between crossed nicols the aegirine 
contrasts against a strongly birefringent back-ground showing equal 
optical orientation over a large distance whereas the connection 

etween different parts of one single crystal is often broken. 

In a lujauriteporphyry from Wijdhoek (701) which is rich in pectolite, 
this mineral is either jammed in angular form between the other 
minerals, or it encloses poicilitically the felspatoids and aegirine of 
the groundmass, whilst lath-shaped felspars occur in them with 
idiomorphic forms. Especially with the felspatoids it is often interlaced 
with sieve structure. In the same rock both the felspatoids are en- 
closed by eucolite, aud the sodalite principally is enclosed by the felspars. 

The crystallization of the pectolite already belongs to the pneu- 
matolytie period in which the material for the growth of the minerals 
was partly given by reabsorption of these minerals which had been 
crystallized previously. According to this we see it accompanied by 
abnormal analcime, spherical aegirine, albite and fluorspar. 


All that has been said above, tends to prove that the order of 
succession of the crystallization is not constant in these rocks, and 


( 386 ) 


gives an illustration of the strong force of erystallization of some 
minerals under certain circumstances, which enables them to erystal- 
lize in large crystals still in a nearly completely solidified magma. 
For the development of large crystals, the circumstances must have 
been most favourable shortly before the end of the crystallization, 
because the same minerals were often already formed in small crystals 
before. Further the richness in pneumatolytical and thermal minerals 
is characteristic for all the rocks of this region; according to this the 
loss on ignition is always very considerable. 

Probably under certain definite pressures and temperatures the 
above described structures can be formed in magma’s which, in conse- 
quence of their richness in pneumatolytical gases, are very flnid, 
whilst the changes in the succession of erystallization are principally 
determined by the chemical composition of the magma. 

In connection with this, we find that in rocks rich in nepheline, 
although they may have widely different structures, nepheline is 
constantly the first mineral to crystallize, whereas in rocks poorer in 
nepheline this mineral has crystallized after the felspars. This we 
see as well in rocks in which the felspar encloses the nepheline, as 
in rocks in which the nepheline encloses the felspar. In lujaurite- 
porphyries from Wijdhoek (701) the felspars enclose numerous needles 
of aegirine, whilst the felspatoids contain those sometimes, but only 
in the marginal zone. After the crystallization of the larger felspatoids, 
a mosaic of small idiomorphie crystals of felspatoids was formed, 
still later the erystals of molengraaffite and aegirine enclosing the 
small felspatoids poicilitically. 

These rocks are relatively rich in nepheline; after a period of 
crystallization of larger crystals of felspatoids followed the crystalli- 
zation of the larger felspars and small needles of aegirine, while 
the crystals of felspatoids grew on slowly. Then the principal part 
of the felspatoids crystallized as a mosaic, probably under suddenly 
changed conditions, and at last the larger perforated crystals of aegirine 
and molengraaffite were formed. 

In the aegirineamphibolebiotitenephelinesyeniteporphyries which are 
rich in nepbeline and poor in dark minerals, a period of crystallization 
of felspatoids free from inclusions, and of some felspar was followed 
by the crystallization of small short felsparlaths and some biotite, 
while the larger crystals of nepheline grew on simultaneously; 
smaller crystals of this latter mineral were not formed, which is 
evident from the occurrence of perforated crystals of nepheline 
englobing the felspars only. The inclusions are often limited to their 
marginal zone. The amphiboles and pyroxenes have been formed 
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only in large crystals, and exclusively after the colourless minerals. 

In the aegirinenephelinesyeniteporphyries from Olivenfontein (145), 
which are very rich in nepheline, the first crystallized mineral is 
the apatite; it was followed by small crystals of nepheline and 
sodalite, still later by larger crystals of perforated nepheline, sodalite 
and felspar, simultaneously with the enclosed small needles of 
aegirine ; finally the perforated aegirines could still be formed in 
large crystals. 

On account of the tardy crystallization of the larger crystals the 
order of succession of the erystallizations can be studied more easily 
in these rocks than in their normalgrained equivalents. 

The sieve structures described above, can be distinguished from 
those of the contactrocks and crystalline schists by the occurrence 
of exclusively idiomorphic or rounded inclusions, according to their 
relative age. From the real phenocrysts of the porphyric rocks the 
larger crystals here deseribed differ in this respect that the inclusions 
ave not ranged after the laws of crystallization of the enclosing 
crystal. 

As the perforated crystals usually show a perfectly idiomorphic form, 
we see that the rule according to which the relative age of the 
crystals in igneous rocks is proportional to their idiomorphism, does 
not hold good here. 


Mathematics. — “An extension of the integral theorem of Fourier.” 
By Mr. J. Drosrp. (Communicated by Prof. J. C. Krurver). 


(Communicated in the meeting of September 30, 1911). 


As is known, for an extensive class of functions flv) the equation 
b 


H(z) = [ue w (wv, y, a) f(y) dy 
0 


a 
becomes an identity in a, if we put b=—a=o and ww, y, a) = 
= cos a(v—-y); in this way we find the integral theorem of FourteR 
which can be regarded as a limiting case of the series of FOUrIER. 

In the theory of the integral equations HiBeRrT and Scumipt have 
proved developments in series of which those of Fourier are special 
eases. The following is a theorem which is in such a manner an 
extension of the integral theorem of Fourier. 

Let A (x,y) be a continuous symmetrical kernel, 7, (x), ..., Gs (v), . - . 
a complete system of normalized orthogonal functions of that kernel 
and belonging to the limits of integration a and 5, and 4,,...,4,.. 
the corresponding roots (“Eigenwerte”). 
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b 
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we find 
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converges absolutely and for constant w uniformly in (y,«). So if 
fy) is a continuous function of y and if m > 0, we find 
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if both sums appearing here converge. If we put 
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Let p now be an integer, satisfying the condition 
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We find then, if 


f(x) = fe) h(y) dy 
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The sum appearing here converges according to § 2 of Scumipt’s 
paper on integral equations in the Math. Ann. vol. 63, whilst from 
the given suppositions about fl) follows that the sum in the first 
member of (1) is equal to fix). For limm =o follows therefore 
out of (1) 
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From (2) follows that the TE value of p is two. If we take 
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whilst p = 3. 
It is easy to see that after a choice of g and d we can alway 
suffice by taking 
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and therefore 


g (a) = (sin’a) ? 


or also, if r is an integer and 
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g(a) = sin” a. 
Another example is 
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Mathematics. — “Homoyeneous linear differential equation of order 
two with given relation between two particular integrals’. 


(1** Communication). By M. J. van Uven. (Communicated by 
Prof. W. Kaprryn.) 


(Communicated in the meeting of September 30, 1911). 


We consider the homogeneous linear differential equation of order two 
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ae ee ige). EE Ee 
If we replace the independent variable ¢ by an other 7 connected 
with ¢ by the relation 
hae aa va vO 1% a ce al 
then on account of the formulae 


de de df dae dw ae de df 


Rn Tir Nae) aa ae 
the differential equation (A) passes into 
Oa i 07 Gi Gg 
dT? Vie haar es 
df 
de — 


n 


df r 
when we put — =f' and 


on 
dt ik 


The new coefficients are therefore 


Ee 
He i 
If we put 
dQ dq 
Bie as Oe ae? 


we have 


gat? & _ 140 dff! 
Vs ed 


and 
q+ 2pq 


"13 ’ 


QU + 2PQ= 
so that 


Q'+2PQ q'+2pg 
en = 3 —_— — E. . . . . . . . . (3) 


Q?2 q? 
The differential form / remains therefore invariant when one 
independent invariable passes into the other. 
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Out of the second equation (2) we still find 


Vg BEN 
Nen VAN 
VQ 7 AT Vg, 
or 
oO = ged dt RPA FG. os eee (4) 


The function +t remains likewise invariant for the above mentioned 
transformation apart from an irrelevant additive constant. 

The form / written as function of + has therefore the form which 
is independent of the chosen independent variable; it will therefore 
be characteristic for the connection existing between two particular 
integrals. 

All functions built up exclusively of / and t+ or deduced from 
dl @I ° we 
Ek ‚fra ete. will be equally proof against trans- 


formation of the independent variable. 


these, as 


If we now choose :t as independent variable then according to 
(4) f' =Vq, hence according to (2) @=1 and in consequence of 
(3) £=2P, hence P=3T/. The differential equation (A) assumes 
in this way the following standard form : 


a 4. ats ao A oh. Nome en (5) 


As in this equation only / and + appear, all invariant functions 
(built up evidently out of the coefficients and the independent variable) 
can be expressed in / and t. 

Let us now consider the so-called canonical form of the differen- 


du 
tial equation, i.e. the form in which the coefficient of En is zero: 
; 
da BEE 5 (0) 
mk’, gm a AE tere ae ike 
dt,? 1 1 
we then notice that out of (2) ensues 
dt — | pdt fra 
ann saat) Pe or Wi < HE page ees) 
dt 
and 
af pa 
hie en ne adh EG) 


The expressions (5) and (6) for dé, and g, will be characteristic 
for the connection existing between the particular integrals and will 
therefore be invariant, that is 
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—f Par =| pdt 


e GL = 6 dt 
and 
af var 2 pdt 
Qe = ge 
Let us moreover still show this. 
A dr al) 
Par == EAN at nld Es ii ( a )+ p zel de NAi 
ai? rd NAT dT dt 
(=) dT 
dt 
= — dlog iT + pdt, 
sO 
=| Ba : —{ pa 
i an 
or 
—| Par fv 
e dl =e dt. 


dT 
whilst 


DEN e= en Q 
BON ah 
so that 


To get di, and 


t g, expressed in / 
start from 


and + we 
the standard form (B), i. 


have but to 
e. to put in (5) and (6) 
p= >> gd dr, So) we find 
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— —| Idtr 
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(8) 


( 394 ) 


Instead of / and t+ we might have taken g, and ¢, as standard 
functions. We find the expressions for / and r in q, and /, most 
easily out of (8) and (4). These expressions furnish 


Ws dl vs a Ee 
3 
aa 


1 

If we now start from the differential equation given in the general 
form (A) then the definition of / as function of ¢ does not make an 
integration necessary, whilst to get T as function of ¢ we have 
but to integrate once. The formation of / as function of r (by elima- 
nation of f) requires therefore but one integration. 

The construction of q,‚ as function of f, requires on the contrary 
(see (5) and (6)) two integrations. It will therefore be in general 
easier to find /(r) than ¢,(¢,). 

Let us now suppose a relation between two particular integrals, 
we can then make it our task to find the form of Zr) or of q(t). 
It will then often be easier to determine /(t) than q,(t,). Hence we 
shall work in many cases with the standard form (5). But also the 
canonical form will often be able to serve us by its greater conciseness. 

We shall now suppose the connection between two particular 
integrals 2(f) and y(t) of (A) to be given in one of the two forms: 

NEE te si) arte. oS) a ee 
or 
Oe Ct OENE 

The latter equation will serve in particular as basis when £ (x, y) = O 
is an algebraical equation of order 7. In this case we shall make it 
homogeneous by introducing the factor of homogeneity z (where after 
the operations have been performed z is put equal to 1) and we 
shall then write it 

EEEN OAT A a ee 

Our first work is to express the functions / and gq, in one of the 
two integrals, e. g. 2. We commence with equation (11) and we 
introduce the following abridgments : 


dq d¢ da _ a , ay _ ay „ dg, tn 
enn SS Sa mm) 23 
Fae mane aed dt? de 7 eS ae 
da dz dy dy dl i 
= B OR Sdk ed —— t 
dt dx* dt 7) ae J dt ii 


The two functions «(¢,) and v,) satisfy the differential equation 
which we shall write in the canonical form : 


From this ensues 


or 
(aa A enh EEE ie = (14) 


If we take er and y to be (rectangular) coordinates then (11) 
represents a certain curve. To each point of this curve belongs a 
certain v, hence a certain ¢,. If we now consider the radius vector 
connecting a point of the curve with the origin O, then it will 
describe an area whilst describing the curve of which the element 
dS is equal to § («dy —y dz). So for equation (14) we can write: 

dS 

— —=C€ 

dt, 
or 

AN DE 
C 

when the constant of integration is put equal to zero in connection 
with the choice of the direction zero of the radius vector. 


The equation (15) now expresses that the canonical variable t, is 


1 
proportional to the area described by the radius vector out of O. 
If we keep in mind that 
tE NE RC igh 
we then have according to (14) 
Cig Git De 2 an ie RE hee} 
whilst from (C,) ensues 
pet! Spora Eg p= 0. 
Elimination of x” with the aid of (C,) furnishes then 
fa 
Dl ne el ae VN A 
Pra 
By eliminating 2 out of (16) and (17) we finally arrive at 
CP xx 
ee eR Rave © a een) 
(04 .—4) 
For dt, we find the expression 
1 
a = (ESSEN BE, So) ie Uses. ear ene aan 
‘ 


from which we conclude that the differential equation (C’) can be solved 
by one single quadrature as soon as is known which connection there 
is between two particular integrals. 
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We shall now find dr and J as functions of 2. 
Out of (9) follows 


1 ° 


G ey il 
om Bae (epa) dx =de. LA fas , 
4 Lf r—Y 


(ega)? 
or, if we put 


Sar 
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LG r—Y. ) (a) 
we find 
ay == vu A Te RE (21) 


According to (10) holds 


5 dq DE 
i 2 _f) — 
NS dt, er ada 


or on account of 48) and (19), 


nT ge 
1 
2 d (#Gxr—Y c —2 d == 
| DE arte (ee aa — - (epe) W in 
EE N CPi —Y Efa da ( 
wy? 
de l 
OE wp 2 d EEE 
=p 2) leg) er a 
da nf da rx 
i ts 
=p 2 U 2ap?, 
hence 
WZ” 
D= Ve : (22) 
as 2 


or according to (20), 
EPE) Daar OLYax’ 
iN ee 
Dax? (epa)? 
If now we take the equation F'(zy)—=0 or F(«,y,z)=0 as 
basis of our considerations, we find first of all 
Fre + F,y' =0. 
o a function for the present not closer 


[== 


If we understand bv 


defined of ft, we can put 
ne A Hi rn en eer 
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The equation (14) tells us then 
— v(t Foy) =, 


or with the aid of the homogeneous equation (13) 


oF. Sy, 
thus 
c 
en F. 
and 
de ck’, 
dt, Re" 
or 
F dz 
dt, = ; 


where the factor z has been introduced in the denominator for the 


sake of homogeneity. 
Differentiation of (26) according to ¢, gives: 


D= — = ¢ eds: ah 
ES fF 
CQ Y 7 EN mf | Rl a aw yf 
arn [PAP yh y — FyyPs) — Fab — Fy:F x)| 
Gorn AS 6 te af a he by is 
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By application of the formulae 
(n—1) Pe = @F yz + YP’ ay + Fre ete., 
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n(n—1)F = t° Fy + Zeyh ey a. yyy + 2eF,. + 2y fy + F:,=0 


the form between | | can be reduced to 
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Let us put 
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we then find 
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so that from (C) follows 
Ged 


{ ed SS 
th (n—1)?F-* 
The factor 2* serves to make the order of the numerator equal 


(29) 


to that of the denominator. 
We deduce from (9), (27) and (29) 


Aes 
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or 
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22 1 
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For / we find 
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or, if we put: 
NO ON ee 
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— 


where the factor 22 takes care that the degree of the denominator is 


as high as that of the numerator. 
Before passing on to a discussion of special equations y=¢(w) or 
F (a,y) = 0 we wish to make a few general observations. 
As the functions 
ree Pe es 
y= ye + dy) 
satisfy likewise the given differential equation, the equation 


nd (6) 


Sve 


or 
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ya + dy =p (aw + By) 

will have to determine the same functions /(r) and q,(¢,) as y = g(x). 

Now the curve y= q(w) undergoes on account of the substitutions 
(53) a homogeneous linear transformation, where therefore the line at 
infinity and the origin remain invariable. It is therefore a matter of 
course that the bearing of the curve with respect to these einvariant 
elements will come particularly to the fore. The form of the func- 
tions Jt) and q,(¢,) will therefore be generally governed by the 
mutual position of the points of contact of the tangents out of the 
origin. Indeed, we read from (29) 1. that g, gets an infinite value 
in the points, for which at the same time holds /““=Oand F. = 
i.e. in the points of contact of the tangents out of the origin, 2. 
that g, vanishes in the points which satisfy at the same time “=O 
and z=0, i.e. in the points lying at infinity whilst 3. q, tends 
to zero in the points indicated by =O and H=— 0, i.e. in the 
inflectional points. Equation (82) on the other hand shows us 
that / becomes infinite in the points lying at infinity, in the points 
of contact of the tangents out of-the origin and in the inflectional points. 

That the part played by the points at infinity can be studied more 
conveniently out of (29) and (32) than out of (18) and (23) is one 
of the chief reasons why we have included the equation lr) = 0 
in our considerations. 


Geology. — “Notes on the Sopoetan Mountains in the Minahassa’. 
(Second part). By Mr. M. Koprrsere. (Communicated by 
Prof. C. B. A. WrcHMANN). 


(Communicated in the meeting of Sept. 30, 1911.) 


The eruption of 1906. 


According to the official telegram of the Resident of Menado and 
a communication of Mr. A. Limpure, the meritorious observer of 
the seismic phenomena at Tomohon, both quoted in the Natuur- 
kundig Tijdschrift voor Nederlandsch-Indié, Vol. LXVII, p. 55/58, 
the symptoms of new voleanic activity in the Sopoetan-mountains 
were first observed on the 17" of June early in the morning, in 
the form of a dense column of smoke, afterwards accompanied by 
occasional showers of ashes and mud, among others at Amoerang and 
at Tondano. After information from the natives a new crater had opened 
at about 800 M. distance from the Sopoetan-crater, about */, bouw 
Le. +1750 M.* in extent, measuring +45 to 50 M. in width, the 
contour taken as a circle, from which sand or grit and stones in redhot 
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condition were ejected to a height of about 300 M. and in falling 
back had been piled up to a wall around the hole, which on the 
21st of June was already about 300 M. wide and 10 M. high. 

In July to September the place was occasionally visited by Dr. theol. 
S. Scuocn, then curate of Sonder. An account of one of these visits, 
inserted in the weekly paper Tjehaja-Sijang of Sept. 15 1906, published 
at Menado in the Malay language, and information kindly forwarded 
by Dr. Scnocm, enable me to complete those reports, though all the 
circumstances are not yet cleared up. 

The atrio of the old Rindengan-voleano to the north of the Sopoetan- 
cone was again the scene of the phenomena, but whilst in 1901 
the activity showed itself at the abrupt end of the formerly (First 
part p. 230) mentioned hill-range irradiating from Sopoetan just 
where this range is breaking off at the Pentoe, it occurred now in 
the upward part of the atrio cut off by this spur into a separate 
basin. Tnere two new scoria- or cinder-cones have arisen surrounded 
by a tield of blocks, all sketched on the map in the first part of 
these notes (Proceedings of the meeting of June 24 p. 222) from 
the indications of Mr. Scuocu. The height of the north-western cone, 
indicated on the map by 4, above the level of the valley is estimated 
/, of that of Sopoetan, ie. at about 150 M., that of the 
south-eastern cone at 40 M. and that of the edge of the block-field 
to the side of the Ketengen-wall at + 15 M. Nearer to the cone the 
block-stream was much thicker. Among the single scoria-flakes some 


at about '/ i 


were seen of dimensions of more than two fathoms (3.5 M.). 

In the beginning of June there was not a vestige of this entire 
mass of grit and stones, which may safely be valued at a volume 
of more than ten million cubic meters. It has emerged in the second 
half of June and in July, and has gradually moved on “‘in the 
shape of a wide black and red stream” in the direction of the 
solfatare of 19015, which it had reached already at the time of 
Dr. ScHocn’s first visit in the middle of June. Since that time it 
seems to have come to a stand-still, so that the solfatare itself has not 
been covered over. On 18 of August Mr. ScHocu stood there against 
“the high separate mass”, but the stones were then still so hot and 
steamed so vehemently that he had to abandon every idea of scaling 
the talus. Not before September he succeeded in doing so, “after a 
troublesome ascent, because the stones lay so loose’. On the surface 


1) *... aloe disorong dengan gagah ka sabelah barat laoet sampat kepada 
„kawah jang meletoes pada tahon 1901, maka roepanja soeatoe koeala hitam 
„dan merah amat lebar jang kebatoe batoean didjalannja”. Dr. ScuocH in Tjehaja- 
Syang l.c. 
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Mr. Scnocnu observed extensive furrows in the direction of and 
undoubtedly caused by the onward movement, as it were, a desolate 
crag-landscape in miniature, with hills and valleys directed towards 
the solfatare of 1901”. 

In accordance with the view expressed before, (first part page 
226), that the opening through which such a mass has gradually been 
shoved out, must be located under the highest point, the mass of 1906 
must have taken its point of issne at the cone 4, which is also Mr. 
SCHOCH's final impression, and is clearly indicated by a photograph 
of the stone- and grit-mass sent me at the time by Mr. Scmocm and 
now in the records of the Menado-exploration at Batavia. The state- 
ments of the natives afford further affirmation that this cone worked 
first. Evidently this is the new crater mentioned in the Resident’s 
and Mr. Limpure’s first reports. 

In the beginning a real eruption took place on the spot of cone 
4 from a new crater, which surrounded itself in a few days with 
a wall. But as early as June 21 the redhot cinder- and grit-mass 
showed itself; so at least | think we have to comment the passus in 
the last-mentioned report that the crater “seems to consist of two 
orifices which will certainly become one, as between these vents 
there is but a redhot mass as separating-wall’””. Hereat we must 
observe that likewise at the Roeang at the verge of the cinder- 
mass and of the crater here and there powerful fumaroles indicate 
the existence of canals or less tightly packed spots (Comp. my 
quoted report, Jaarb. v. h. Mijnwezen 1909 Pl. 12). 

Whether and in how far the cone 5 has also contributed to the 
formation of the block-stream cannot be decided with certainty from 
the reports. In the middle of July and on August 18 Mr. Scuocu 
found this cone in strong eruptive action. From a hole at the southern 
side of the top redhot stones and grit were ejected amidst a column 
of fire and a large dense column of smoke, as high as perbaps 
100 M. above the crater, and fell down on the flanks, so that this 
mound became gradually higher. In the meantime detonations were 
heard, as is likewise reported by Mr. Limpure of the crater that was 
first in action; on August 18 however these detonations were con- 
siderably less violent than a month before. It seems that previously 
the material was ejected from this crater, or from cone 4, to a greater 
distance; Mr. ScHocn at least found on his return, when ascending 
not Kéténgén but one of the Sempoe-tops itself, on the slope (which 
on our map must be the adjacent hill-spur on the east-side) many 
obviously new stones. Every now and then the activity of cone 5 
seemed to shift. Mr. ScHocu repeatedly saw that towards the south, 
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i.e. behind the column of fire and smoke, a new cloud of smoke 
appeared and stones were thrown up, a phenomenon that was, however, 
every time only of short duration. 

The activity of cone 4 was at that time restricted to the pushing 
out of white and blue smoke at the outside, whilst a noise was 
heard “like the rumbling of near thunder or heavy breakers on a 
coral-reef””. (The Malay itinerary mentioned above). It was then 
comparatively quiet, and it is not to be wondered that in the 
beginning Mr. Scnocn regarded not this cone but cone 5 as the 
principal seat of the activity and the point of issue of the block- 
stream, the more so as the height of this pinnacled mountain, then 
sloping down smoothly by being covered with sand and grit, was 
over-estimated. Relating to these facts Mr. ScHocH wrote me moreover : 
“By the violent winds in August and September however all the 
“sand and grit was blown away and only the naked blocks of rock 
“were left, so that it had the appearance of a high benteng. That 
“it was higher in September than in August was an optical delusion 
“caused by the greater serenity of the atmosphere in September, and 
“because I was then in the immediate vicinity”. On all sides dense 
clouds of smoke escaped then from this skeleton of blocks, whilst 
the stones taken from the slope were still very hot. Cone 5 on the 
contrary was entirely extinguished; the bottom of its funnel-shaped 
crater was “perfectly dry, sandy and without any smoke”. Its 
activity, however important and imposing it may have been, has 
consequently only been a transitory episode of the complex of phe- 
nomena of 1906. 

It would certainly be remarkable if the masses of blocks and grit 
had emerged from two separate crater-vents and had united into 
one single stream, without leaving behind in its relief any trace of 
that twofold origin. It is only by a further local investigation that 
the desirable certainty in this respect may be obtained. I must con- 


sequently confine myself to point — if need be as a hypothesis — 
to the possibility, in my opinion even the probability, that the course 


of events has been as follows: On the spot of cone 4, where, as 
Mr. LimpurG was informed, as early as the end of May some activity 
in the earth could be observed, most likely consisting in a slight 
upheaval, and only there the grit- and seoria-mass has emerged, 
initially by explosion, so that an encircling wall was piled up, 
which afterwards, as the mass was pushed on more quietly, was 
filled in and propped up, had become irrecognizable as a crater, and 
during the further process of pushing on and extending of the mass 
to all sides, (Mr. Scnocu compared the spreading out of the field 
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of rocks to that of the circles in the water when a stone is plunged 
into it), could be preserved as a higher part only. In the time of 
or shortly after the beginning another crater-orifice had been formed 
at 5, and the gases and vapours egressing there with explosive 
strength, when the mass of stones had reached the spot, caught the 
material and piled it up, but here by way of rearrangement, to an 
encircling wall, which now contrary to what happened at 4, was 
preserved as a well-developed crater-cone, because the force dimi- 
nished only after the moving on had ceased and consequently the room 
within the encircling wall could no more be filled up neither from 
below nor from the sides. Mr. Scuocu’s before-cited information about 
the state of this crater comes apparently to the support of this 
hypothesis. 

It might even be that the formation and the activity of the crater- 
hill 5 should have to be taken entirely as a secondary phenomenon. 
There was here at the foot of the Sopoetan-cone, to the left of the 
uppermost, now wholly covered gullies of the Pentoe, a moist spot 
in the dry and barren grit-plain, a pool a few centimeters deep, 
known as Ranoe Menono, and already mentioned by Koorpers, who 
had a camp in the immediate neighbourhood. Evidently there is 
here some permanent afflux, perhaps originating from infiltrations 
in the Sopoetan-crater, but to a hydrostatic level of only a few 
centimeters above the ground. When the redhot mass of rock reached 
this spot a sudden evaporation was to start with eruptive force, by which 
the loose material of the einder-stream may just as well have been 
re-arranged as a crater-wall, as it could be done by eruptive agency 
from a true crater. To preserve this mound in its place, it was in 
this course of events only necessary that as long as the moving ot 
the mass was still going on the re-arranging action had not decreased 
too much, ie. that the arriving material had not too much cooled 
down. And this may readily be admitted, as still on the 18 of August 
Mr. ScHocu saw the stopped stream steaming also at its end near 
the solfatare of I901, about 600 M. away from the starting-point, 
and found the mass there still too hot to allow of trying an ascent, 
whiist the cone 5 is only 200 M. removed from the point of issue. 
In my opinion the irregularity observed in the eruptive activity at 
cone 5 tallies better with this explanation than with the supposed 
existence of a real primary crater there. If this explanation is correct, 
then this quite parasitic crater would only have operated with material 
of the stream, whilst cone 4, like the solfatare of 1901, moreover 
must have ejected material of a different nature, among others the 
light-coloured material of the old erater-bottom. Indeed among the 
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cinder or scoria specimens sent me at the time by Dr. ScHoca there 
were also grey, white, and yellow pieces which are exclusively taken 
from cone 4, whilst the stream and cone 5 consist entirely of the 
dark cinder- or scoria-material, reminding Dr. Scuocn of cokes, which 
in petrographical nature seems to agree with the material of Sopoetan 
proper. Want of time prevented my further examination of these 
specimens. A serious argument against such a secondary, purely 
hydro-thermical mode of origin might be drawn from the fact that 
fire-phenomena have been observed. Dr. Scrocn speaks even of a 
mass of flames which was occasionally seen; this may however be 
oceasioned by the red-hotgrit thrown up by the violent ebullition. 

Something of this nature likewise might have taken place on a 
smaller scale at the solfatare of 1901, if it had also been submerged, 
and the stream of blocks had not come to a stop a few paces back. 
It seems that this solfatare has gradually subsided, but in 1901, 
according to Dr. Scnocn’s Malay itinerary, it was again in activity 
with the old strength, so that for him too it was impossible to 
descend into the hole on account of the sulphur-vapours and the 
excessive heat of the bottom. 

With sufficient certainty we may conclude from the information 
in hand that the “cokes’-mass was not in a liquid state at the time 
of ejection. The cineration has taken place underground. Both in 
this respect and in the manner of eruption and moving onward, 
which is to be conceived rather as a toppling over each other than 
as a moving on by propelling, the phenomenon forms a repetition of 
that of Roeang in 1904 (O. ¢. p. 223/224 and 256/258). The differences 
originate in the pre-existing relief of the surface and the relative 
quantity of the ejected matter; at Roeang a comparatively small 
erater which was filled and from which the mass descended along a 
fold of the mountain-flank, here a comparatively large valley-basin, in 
whieh the mass rolled down from one or two eruption-seats and 
extended itself freely, and was not large enough to pile itself up to 
a somewhat important height against the walls, so that the cones 
risen on and round these eruption-seats could retain their dominating 
relief, whereas at Roeang, if originally they have likewise been formed 
in the space of the crater, after the filling up, they could no more 
be detected. In so far as L can remember from the photograph sent 
by Dr. Scnocn, the relief form of the stopped mass is what it ought 
to be under these circumstances, a gradually sloping heap of stones 
culminating in the two cone-shaped elevations, and towards the free 
sides a comparatively low and not too steep talus, round which 
still some loose material is spread. It is to be presumed that in the 


( 405 ) 


north-west, against the little range radiating from the Sopoetan-cone 
the circumference of the mass of stones adapts itself more to the 
level-lines than the sketch on the map indicates, and that the Pentoe- 
bed on detailed surveying would prove to be more submerged; in 
this way the otherwise rather puzzling stream-shaped extremity near 
the solfatare of 1901 will probably have to be amended. I have 
however found no freedom to depart from Dr. Scrocn’s indications. 

If at any time a “Nachschub” of great importance is coming on, 
then firstly the remaining part of the atrio will be filled, and then 
a stream of blocks will go down into the Pentoe-ravine. The similarity 
with Roeang would then, or even now if the quantity of the new 
material had been greater, be readily perceptible. Another stream might 
spread itself then in the grit-fields between Sopoetan and Manimporok 
running down southward to Tombatoe. With voleanoes however, and 
especially here, it is to be kept in mind that: “le vraisemblable 
c'est Pimprevu’, and it might very well happen that in that case 
the cinder-hearth would seek its outlet in the ring-wall of Sempoe 
and then streams of blocks would take the way of Masem or the 
direction towards Kelelondei. 

Later reports are still wanting; we may assume that since September 
1906 cone 4 has gradually ceased to smoke, which was in fact the 
only after-effect. Not until 5% or 7 of June 1907 a new activity is 
reported, (Nat. Tijdschr. v. N. J. Dl. LXVIIT p. 120) with a violence 
“similar to that of the year before’, (A. Limpura); from the crater 


that was then formed, —- unfortunately it does not appear which of 
the two crater-cones is meant, — ‘dense columns of smoke emerged, 


and at night a glare of fire was perceptible’. (Controller of Amoerang). 
A great “Nachschaub” did not occur then; this appears from what 
has been said. Presumably even little or no material has been 
ejected, otherwise the solfatare of 1901 would most likely have 
become partly or entirely choked, and this would soon have been 
perceived. The statement of the controller of Tondano, that on 25" of 
June after the earth-quake of that day ') increased activity of Sopoetan 
could be observed, makes us suppose that at that time the activity 
had already been abating again. Passing and without lasting conse- 
quences as the phenomena of that year evidently were, they are 
however in my opinion of importance as a proof that the activity 

1) In the reports of the earthquakes (Nat. Tijdschr. l.c. p. 174) only a shock 
at 1h 4™ loc. t. at Ratahan on that day and an other in the night of 25 to 26 
about 1! Joe. t. are recorded from the Minahassa, It is not clear which shock is 


meant. 
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of the hearth has not yet been closed and at a repetition would 
most likely choose the same way. 

After that time no more volcanic phenomena are reported from 
the Sopoetan-mountains or from the Minahassa. Prof. Dr. Wichmann 
was kind enough to call my attention to a lecture by Jom. AHLBURG, 
(Monatsberichte der Deutschen Geologischen Gesellschaft, 1910 N°. 3 
p. 191 and N°. 11 p. 665), who visited N. Celebes and the Minahassa 
in 1909. After a notice about the previous history, reduced already 
by WicHMANN to its exact value *), we read there as follows: 

“Noch vor einigen Jahren ereignete zich ein neuer Ausbruch; bei 
“diesem ganz unvermuteten Ausbruche trat in der Senke zwischen 
“Soputan und Kelelondei eine gewaltige Lavamasse aus, die noch 
“heute” (so 1909 or 1910), “im Innern glühend ist und in Be- 
“wegung zu sein scheint. Dieser Lavaausbruch ist um so bemerkens- 
“werter, als grössere Lavaergiisse in der Minahassa, wie überhaupt 
‘im Indischen Archipel zu den Seltenheiten geh6ren”; (Le. p: 193) 
and “...Die Senke (zwischen Soputan und Kelelondei) steigt etwa 
“150 m. (gerechnet vom Kessel zwischen Soputan, Manimporok und 
“Sempoe, dem Lagerplatz der Gebrüder Sarasty) empor, und in 


“ihrem oberen Teile gewahrt man — vom Soputankrater ostrand 
“besonders schön zu sehen — einen flachen, langgestreckten Lava- 


“kegel. Der Kegel liegt dem Soputanhang zu; die Oberfläche zeigt 
“deutliche Einbrüche und klaffende Spaltenrisse nach der Soputan- 
“seite (dem Steilhang des Kegels) zu; der Strom (nach Süden ge- 
“richtet) teilt sich an der Ostböschung der Senke (am Kelelondei) ; 
“die Oberfläche zeigt typische Blocklava; aus dem Innern autsteigende 
“Dimpfe (die im Verein mit der ausstrahlenden Hitze ein Näher- 
“kommen verhinderten) färben die Kruste weisz und gelb. Der 
«“Ausbruch fand statt am 18 Juni 19087) (nach Angabe des Hukum 
“tua von Langowan), ohne vorherige Erderschütterungen. Bemer- 
“kenswert ist, dasz der neue Kegel unterhalb der Hauptfumarole 
“des Soputankraterrandes (Ostseite) gelegen ist, dasz in derselben 
“Richtung der tätige Masemkrater und die Schlammpfuhle bei 


1) Ibid. 1910 N°. 8/10: Ueber den Vulkan Soputan in der Minahassa, and 1911 
Ne, 4: Ueber die Ausbrüche des Soputan in der Minahassa. 

| hope to revert afterwards to some geological information about N. Celebes by 
Mr. Auupure that is at variance with my observations. Here 1 only want to remark 
that where tbe author takes the volcano-mountains to consist of Manimporok, 
Kelelondei and Sopoetan, the further indication “von diesen ist besonders der 
“Soputan in neuerer Zeit wieder in Tätigkeit getreten”’, is in sofar incorrect that 
the Sopoetan-cone has nothing at all to do with these eruptive phenomena. 

2) A clerical or printer’s error for 1906; as also to be induced from the first 
words of these quotations. 
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“Langowan, èndlich die heiszen Quellen bei Passo und eanz im 
“Osten der neugebildete Parasit Batu Angus baru (Strasse von Lembe) 
“liegen..... ik 

“Hinzufiigen will ich noch zu diesem Berichte, dasz ich mich der 
“Lavamassa auf ca. 400 m. genähert und mit einem Zeisselas meine 
“Beobachtungen (auch kleine Skizzen danach) gemacht habe.” (Le. 
p. 667/668). 

In order to rightly understand these communications and in 
connection with our map, we observe in the first place that instead 
of east everywhere north-east should be read”), and further that 
the name of Kelelondei is applied in the sense of the SARASIN's, 
for the elevation called on the map Sempoe. That the depression 
between those two mountains is dividedg by an edge into two basins is 
then however not noticed by the author, unless since 1906 the new 
mass should have been piled up more than a hundred meters higher, 
and consequently the Keêtengen-wall should have ceased to be a 
characteristic line in this mountain-landscape. But then pretty surely 
the solfatare of 1901 would have been submerged and through the 
two overflows the mass would have heen poured out of the basin. 
That but for Mr. AntsurG nothing should have transpired of such 
indeed enormous changes, where there are established in the Minahassa 
and in the nearest surroundings exact European observers, who with 
scientific zeal are gathering information, is certainly most unlikely. 
From what is told and still more from what is not told, I suppose 
that in reality Mr. A. has not seen and could not have seen anything 
more than what is described above according to Mr. Scnocn’s indications. 
Only some more material might perhaps have been added in 1907, 
and the cone 5, to which in my opinion only an ephemeral existence 
may be attributed, might have disappeared. I can, however, imagine 
that when looking from the lofty north-eastern Sopoetan-crateredge 
only the cone 4 was perceived, and that the so much lower cone 
5 as an unimportant knoll remained unobserved. 


!) The very first map of the Minahassa teaches that the line Sopoetan—Batoe 
angoes baroe runs NI. It sounds somewhat singular that Mr. A. connects Sopoetan, 
over the neighbouring Langowan and Passo, then however skipping nearly the 
entire Middle- and North-Minahassa and their numerous volcanoes and groups of 
volcanoes, with Batoe angoes baroe. In a more discreet way that hydro-thermal 
line has been indicated, for the first time, [ believe, by Koorpers. In a country, so 
full of voleanoes, hot-water- gas- and mud-springs, such alignments are of course 
possible in every direction !t is singuiar also that Batoe angoes baroe is called 
here shortly a parasite, so that an outsider might easily believe he had to do 
with a parasite of Sopoetan. A parasite it is, but of a quite different system of 
volcanoes, far away in the utmost north-eastern part of the Minahassa. 
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From the very circumstance that Mr. Aunpure beheld the new 
mass from the Sopoetan-crater-rim, thus from another side than 
Mr. Scrocu, these communications borrow however a certain value 
as an amplification and confirmation of those of my correspondent. 
The mass showed itself as in our opinion it must show itself from 
that elevated point, from all sides turned towards the valley slightly 
ascending to the rather eccentric mound of crater 4, at the back of 
which the Sopoetan-flank precluded free development, whilst the 
principal mass moved of course towards the “Thalweg’’, so that along- 
side the Sopoetan-flank a steeper talus and the original irregularities 
could remain preserved. It is not astonishing that the uppermost 
part has not been recognized as a crater-cone, if we consider that 
here — at variance with Roeang — the crater and its stuffing do 
not differentiate. On the other hand the directions of the current- 
like extension, indicated on the map by arrows, seem to have been 
more distinct in the bird’s eye view, than they were to Mr. Scnocn 
looking from points in mucb lower levels. 

It does not appear whether the internal glowing, the egression of 
vapours and the radiating of heat related to the whole extent of the 
mass, or whether they were limited to the highest part, and what 
has led to the opinion that the mass should still be in motion. If 
this remark is correct, then it seems to me much more likely that 
a slight “Nachsehub” had taken place, a short time before Mr. A.’s visit, 
and without additional phenomena observable in the neighbourhood. 

In one respect the communications seem to be at variance with 
what I felt allowed to deduct from those of Mr. ScHocu, where 
Mr. A. speaks of lava or block-lava and even of a lava-cone, in so 
far as this, in distinction from cinder, can be taken to signify that 
the mass has been emerged in a melted state, and has only after- 
wards congealed to compact blocks of rock. His further annotation 
that he has made his observations by a field-glass makes me believe 
however that by those terms not precisely such a narrower 
varietal limitation is meant. So | ean find no reason to modify my 
view, that as at Roeang cineration has been at work, which I 
regard as real for this kind of eruptions, consisting in the slow so 
not explosive moving out of solid material in blocks and grit. A 
real lava-eruption here would be remarkable enough to make us 
hope, that further information from the Minahassa may soon obviate 
the risen uncertainty. 

Sopoetan proper has shown no phenomena of increased activity, 
neither during the phenomena of 1906, and as may be deducted 
from the quotation till 1909, nor during the so much less important 
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phenomena of 1901. The negative fact that this imposing and not 
at all extinet looking crater‘), remained entirely passive during all 
the volcanic phenomena that took place at its foot is perhaps no 
less remarkable than the series of positive facts themselves, and can 
but confirm our opinion that the real cause of the recent activity, 
the magma-hearth, presumable in itself already not primary, is 
seated at shallow depth. It is not less remarkable that, whilst on 
account of the topographical situation might be said that the old 
Rindengan-voleano has resumed its activity, the emerged material, 
as has already been said, seems to correspond petrographically to 
that of the eruptions of Sopoetan proper. 

Now it is quite natural that we should try to find a co-relation 
between the phenomena of 1901 and those of 1906/1909. But the 
nature of this co-relation is not so easily detected and at all events 
not so, that the former of necessity should have been directly 
precursory to the latter; therefor the occurrences were eacn time 
too much localized, to spots that for the two cases are 600 M. apart. 
We might account for the connection in the following way: About 
or in 1901 part of the magma penetrated by way of apoplhysis into 


the humid zone, — the real character of which may remain undis- 
cussed here, — and by local incaleseence caused the bursting forth 


of the solfatare. The magma on the other hand cooled gradually 
down, contracted and left free space which afforded to a new 
supply of magma about 1909 the opportunity of congealing under 
reduced pressure. This latter initially quickly progressing process, 
caused the eruptive formation of the crater-cone +, through which 
at the further progress the formed cinder-material, in consequence 
of the increase in volume, continued to move to the outside. So a 
new fact, the posterior afflux of magma, was necessary to cause the 
phenomena of 1901, after some years of continual cooling down 
and contraction, to be followed by the outbreak of 1906, and what 
was further connected with it. A similar co-relation might perhaps 
be established between the solfatare Walelang and the eruptive 
mound within the old Sempoe-crater and between Roemerega and 


1) [ cannot fully admit Mr. AurgBure's view (Le. p. 193 and 666), that the 
bottom of the crater should have risen from unknown depth to 200 and 100 M. 
beneath the edge since the eruption of 1838(?) by the crumbling down of the 
walls. In 1899 and 1901 1 was able, like Mr. A. in 1909, to see at the foot of 
the goaf the in my opinion evidently original bottom with its boccas at the 
southside, wherever the ‘horror vacui” and the profile of the eraterwall did not 
prevent me from looking down. It seems to me that Ruyne’s clause to which A. 
refers, quoted also by Wucumann in his critical notice (le. page 593), does not 
mean what A. has apparently read in it. 
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the hill-range radiating northward from Sopoetan; but by doing so 
we are going still farther astray in the dangerous field of conjecture 
without even having the support of chronological data. 

The sending out of an apophysis by a hearth of magma will be 
hardly conceived otherwise than along a newly opened fissure, or 
by the sudden widening of an existing fault, both facts which, 
according to the current views, may be causally connected with 
earth-quakes, so that we need not look any further for the primordial 
cause of the series of volcanic and seismic phenomena. I must repeat 
here however, that the composition of the earthquakes in the Mina- 
hassa for the first half vear of 1901 in the appended table A does 
not reveal such connection with any certainty. 

We succeed still less in discovering for 1906 any co-relation between 
the volcanic and the seismic events in the Minahassa. At the time 
when the out-break began, the region was, as appears from the 
composition A, in a state of seismic calm which continued for almost 
four months, and the fact that the only earth-motion between April 29 
and August 22 took place on the very day that the break-out began, 
loses all further value, because this shock was of no greater signifi- 
cation than the slight pulsations that repeatedly occur here ever and 
anon also under ordinary circumstances. 

It is quite different in 1907. The month of June in which the 
crater of 1906 resumed its activity shows, with 6 earthquakes in 
about 20 days, a rather high frequency, whilst the most violent 
shock, about mid-night of 25 to 26, with an intensity of VIT to VIII 
(Rosst-Forer) at Tomohon'), Tondano and Menado*), was followed, 
as also observed on the spot, by a strengthening of the voleanic 
action. Consequently we are fully entitled to regard this pulsation 
as a real voleanic one, and then it is not unimportant that it has 
also been recorded at Batavia. Besides this surely not accidental 
coincidence, the recognisable connection is restricted to an increased 
frequency of earthquakes especially in June. As long as the move- 
ments of volcanic origin cannot systematically be separated from the 
real bathu-seismic commotions nothing more may be expected. 

As appears from the comparative synoptical table B such a more 
or less evident coincidence of greater seismic agitation in the Mina- 
hassa and increased or renewed activity of not too far removed 

1) “Coins lying on the table slid down; clocks stood still; the water spurted 
“out of the ewers. Rumbling before and after the shock. The violent shock was 


“followed by three lighter ones In the neighbouring Tondano the church-bell began 
“to toll by the shaking of the earth.” (Communication of Mr. A. Limpure), 

2) “Trees were distinctly seen to swing, hanging lamps oscillated more than 
“0,5 M. out of the perpendicular (pendulum-length + 21/9 M.)”. Amplitude conse- 
“quently + 22°. *Fissures in walls”. (Communication of Mr. F. A. J. Keucuenius). 
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voleanoes, besides the one just discussed and that in February/March 
1901, is still to be stated: for 1889 with regard to Roeang and 
beginning of Septemher for the submarine volcanic phenomena near 
Mahengetan, perhaps 1898 for Lokon and 1898 and 1904 again for 
Roeang; but quite as often even this vague co-relation cannot be 
recognized; so that in the end only so much can be admitted as 
irrefutable for the Minahassa and neighbouring islands, that in general 
an increase of the seismic agitation is accompanying the increased 
voleanic activity of the last years. 

Before concluding these notes, I have to add some observations 
about Mr. AnrBure’s statement, on the authority of native informers 
that Sopoetan, at the last or perhaps at a former great eruption, 
should have lost its summit and that then the great crater should 
have been formed. (le. page 193). In the first place the cone as 
seen from the north-side does not give the impression of having 
formerly been more pointed. With many of the so regular volcanic 
mountains, with Sopoetan it is the case from the south-side, the 
truncation of the crater-edge gives the impression as if the top of 
the cone has been broken off by violence. Indeed of most of these 
mountains a story may be heard here or there, that such a cata- 
strophe has really taken place, as with us so often a legend is to 
explain why there is no pinnacle on a strikingly obtuse tower. A 
real strato-voleano however begins its existence by the crater-orifice, 
not by the cone, and this is certainly the case with Sopoetan with 
its fine alternation of horizontally outcropping layers of coarser and 
finer agglomerated material visible in the crater to great depth. If 
in a strato-voleano the crater should only be chiselled out of an 
existing cone by an eruption, then this implies a long previous 
history, during which a former crater has entirely disappeared through 
collapse and erosion. This however will not make the mountain 
more pointed but rather more obtuse and flat. Of course at every 
great eruption a crater may be swept clean, and shaky pieces can 
be blown off. In this sense some value might perhaps be allowed 
to the communicated story, which had remained unknown to me, if 
it is really founded on tradition; though it is entirely excluded that 
it can relate to an eruption that took place after Retnwarpt’s visit 
to the voleano. The crater has certainly an unbroken appearance, 
this needs however not plead a recent origin, but only proves that 
the time of the last great eruption is not yet long ago. (lc. p. 666). 

The structure of the crater and the great thickness over which the 
sbell-like superposed strata are visible therein, show on the contrary 
that this voleano, as late as 1906 still the youngest of the system, 
nevertheless may look back on a venerable duration of its activity. 
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A. Composition of the earth-quakes of the Minahassa during the first 


half year 


of 1901, 


1906, and 1907 ; in the main from the records in 


the Natuurkundig Tijdschrift voor Nederlandsch-Indië. 


pes | | Dura- | 
Timeof! Place of | Observer or 5 5 : 
Date Batavia observation | _ reporter nes Direction | Particulars 
FIRST HALF YEAR OF Tor, 
2/11 Oh 41m Menado | Koperberg One single shock. 
2/1 4h {18m | Tondano | Government 60 SWb.S/NEb.N | Horizontal; important; little 
, | damage. 
| Id. | A | Goedbloed SW/NE __ | Rather violent. 
4h 38m ‚ Tomohon | Limburg + 30 | Rather strong; more verti- 
| cal than horizontal !) 
‚h4]m Menado Koperberg E/W’) Long vibrating motion. 
ESE/WNW 
4h 49m _ Kelelondei Veen S/N | Rather strong; of long dura- 
\ | | tion; undulating. 
2/11 |23h 49m ‚ Kelelondei De Rather strong ; of long dura- 
| tion; undulating. 
31] | 
‚OhS8m | Tomohon | Limburg 
| | é | 
}, Oh 18m | Tondano | Government SWb.S/NEb.N. | Horizontal. 
4 | | | 
Oh 24m | Masarang ‚ Goedbloed SWINE 
Oh 3m  Tontoli 3) | Government 2 ‚ Light shock. 
Ok 22,3m Batavia Observatory | Seismogr. Milne; beginning. 
6/11 12h 18m Tomohon Limburg Mostly Almost uninterrupted move- 
to vertical ment. Twenty separately 
22h 48m observable shocks, some 
rather strong. 
alt Tomohon 5 ‚After 2 o’clock at night (loc. 
‚_t.2) the phenomena (comp. 
| under 6 II) gradually abate. 
8/I] Tomohon Only a few tremors more. 
6/11 12 19m Kelelondei Veen Heavy continuous jolts, all 
to vertical ; often accompanied 
8/11 + 12h by subterranean rumbling. 


1) “A very complicate earth-quake ; 


a series of almost uninterrupted upward and sideways 


shocks, occasionally an oscillating movement from N. to S.” (Limburg). 
2) According to the slight but distinct oscillations of the lamps. 
3) Besides Batavia also some other places outside the Minahassa, where the earth-quakes were 
observed, are inserted into the composition, 
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: Dura- 
Timeof| Place of Observer or : ale | 8 yA 
Date Bava Gbservation reporter eo Direction | Particulars 
0/11 ‚ Kelelondei Veen | | A few jolts. 
16/11 Oh 58m | Tondano Government SWb.S NEb.N | Horizontal. 
1h3m | Tomohon Limburg Dil NW/SE | One strong shock (vertical)! 
16/11 3h 48m ‚ Tomohon pe | | One feeble vertical jolt. 
24/11 | 3h 18m Distr.ofMenado| Government 2 NIS | 
| 3h 33m ‚ Tomohon Limburg 2 Vertical | Vertical shock. 
| 3h 48m | Masarang Goedbloed | | | Rather violent. 
24/11 | 6h 18m | Tomohon Limburg 2to3 | Vertical | Strong vertical shock. 
6h 18m | Masarang Goedbloed | Soft. 
24/11 | 6h 28m é : | | Soft. 
1/111 | 22h 48m Distr.ofMenado Government | 2 N/S | 
23h3m | Tomohon Limburg Vertical | Violent vertical shock. 
16/III 5h 36™ | Distr. of Government 6 to 7 E/W | Three light horizontal 
| Tondano (shocks. 
5h 4 m | Tomohon Limburg a 10.0 Vertical | Rather strong vertical earth- 
quake. 
6/IV | 4h 49m _ Kelelondei Veen | ‚ Violent. 
| 4h55m | Gorontalo Government | E/W Slight, horizontal. 
6IV 53m | Tondano jn | 20 SWINE Rather violent, horizontal. 
| | 
| 5h3m | Tomohon | Limburg | +10 | Vertical Strong, vertical earth-quake. 
} 5h4m | Kelelondei Veen | | | |In the course of the day 
| | | five more slight shocks. 
| 5h5,lm, Batavia Observatory Seismogr. Milne; beginning; 
| | recorded movements more 
| | | at 6" 26,0m and 6h 48,6m 
| (perhaps corresponding 
| | | with thel ater shocks report- 
| | | | ed from Kelelondei). 
| 
6/IV \22h 19m Kelelondei | Veen | 
TV || 2h 18m © Tondano | Government SW/NE Horizontal. Of shorter du- 
| | ration and of less signi- 
| fication than the earth 
| quake of April 6. 
2h 20.8m Batavia Observatory ‚ Beginning. Seismogr. Milne. 


1) The apparent contrast between the indication as vertical and the 


not been explained. 


statement of a direction has 
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Direction 


Particulars 


| | | 


Date Time of | Place of Observer or ria 
| Batavia | observation reporter | al ee 
1906 
13/1 16h 42m | Tomohon Limburg | + 30 | 
24/1 ‚| 9h18m | Amoerang Government | A few 
gh 28m | Tomohon | Limburg | 55 | 
gh 43m | Menado Government | Some | 
Qh 40,5 a » Keuchenius | 
\ | Qh 44,2m Batavia Observatory | 
<8/1 | 61 48m  Toempaän | Government | +4 
oll 2 | Tombatoe | Id. oe 
6/11 14h 48m | Menado | Keuchenius | 60 
TPA SS mn BoleMongonda| Government | ? 
14h 3m Ten Limburg | 45 
1 14h3m | Amoerang | Government | 20 
25/11 13h3m | Tomohon | Limburg 
22/111 14h 43m | » 
25/IV = t0h 13m » > +6 
29/IV | 10h 18m | Menado | Government | Some 
Id. | Tanawangko » | ? 
VijVI |13h 3m | Tomohon | Limburg ae 
22/VIII ? Tondano | Government 5) 
Sh 48m | Kotabaroe » Some 
| gh 25m | Limbotto > | 60 
\ 9h28,83m| Batavia ‘Observatory 
5/IX gh 28m | Tomohon Limburg 5 
18/XII ;| 7h 49m | Amoerang Government 3 
| | 20 
‚ Sh 28m | Tomohon Limburg | "a2 2)) 
| 74 48m | Kotabaroe | Government +6 | 


Vertical 


N/S 


Vertical 


SE/NW 


Vertical 
SW/NE 
N/S 
ty 
Vertical 
NE/SW 
Id. 


E/W 


Vertical 


| Moderate. 
_ Likewise at Bitoeng, Romoön 
| and Tombatoe (distr. of - 
| Amoerang). 


Pretty strong. 


Rather violent, lm after- 
wards another shock with 
after-oscillations. 


| Seismogr. Ehlert. 


In the distr. of Amoerang. 


> >» » » >» 
| Rather violent. 


In the territory of Bolaäng 
| Mongondo. 


Slight, horizontal. 


| Slight. 
‚ Two slight shocks. 
Slight, horizontal. 


| Slight shock. 
Slight. 


In the territory of Bolaang 
Mongondo. 


| In the distr. of Gorontalo. 
Seismogr. Ehlert. 
Slight. 
Two violent shocks. 


| E.-W. oscillating clock 


stopped. 
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B | Dura- | | 
(Time of Place of | Observer or | 4 | Nr ; 
Date | Batavia | observation | _ reporter | Mee | Direction | Particulars 
| | zl | 
1907 
26/1 gh 33m Tengah Government 60 S/N Slight. 
3/11 | Ih hed Amoerang 8 60 and 15 Id. Rather violent; 2 shocks. 
‘£12h47™ Kawangkoan : Pe ath) 4, SIN Rather violent. 
12h 47m | Kotabaroe . | 15 | Vertical Vibrating. 
| 12h 54m | ” ” 5 | ” ee 
13h 5m | Tomohon Limburg e 30 S | Pretty strong shock; two 
E.-W. oscillating clocks 
| | stopped; in the afternoon 
| | two more slight vibrations. 
ba 13m ‚ Passo Government _ | N/S Violent shaking of the houses. 
| | 
13h24m | Limbotto ; | 60 | NEISW 
|. Id. ‚ Gorontalo - ‘ 60 Id. Rather violent. 
13h23 8m) Batavia Observatory 
13h 49m | Kotabaroe = Government — 5 Vertical | Vibrating. 
+14h47™) Kawangkoan | | 30 S/N 
11/II 2h3m | Amoerang | a 15 S/N 
| 2h 19m | Kotabaroe | : 5 Vertical | Vibrating. 
2h52m | Tomohon | Limburg + 60 N/S Rather violent. 
19/11 2h 54m ‚ Menado | Milit. surgeon | 5 SWINE | Slight shocks. 
20/11 ,‚ 2h 18m | Tombatoe | Government + 60 S/N Violent. 
2h 37m | Tomohon | Limburg Rather Vertical | Pretty strong. 
| long | | 
| 1h59m | Kotabaroe | Government | 15 | ; Vibrating. Rumbling from 
| | | | the Ambang mountains. 
| 
2h 39,5m | Batavia Observatory | Rather | 
long | 
20/11 | | 
| 5" 17m | Tomohon ‚Limburg h | Pretty strong. 
4h39m | Kotabaroe | Government 10 Vibrating. 
{ 
\ 5h 19m | Romoön : | +60 S/N Violent. 
| 5h 5m | Peore 5 | 3 Id. Four slight shocks (Posso). 
Sh 15,2m\ Batavia | Observatory 
21/111 22h 2m | Tomohon | Limburg Rather E/W ‚ Horizontal; rather strong 
| | long shock, lamp oscillated 
| | strongly E.-W, 
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| Dura- 
| Time of Place of | Observer or . Bee . 
Date lata nbeervan reporter an Direction Particulars. 

30/1 /| 3h40™  Liroeng Government 6 W/E Slight shocks. 

| 412m = Tomohon | Limburg Long Vertical Slight. 
| 4h 3m Donggala ‚ Government 3 WIE | Feeble. 
| |3" 57,8m/ Batavia ‚ Observatory | 
10/VI 107 56m Menado ‚ Keuchenius Some S/N | Slight. 
10°57™ Tomohon | Limburg 45 Vertical | Forcible; lamps and pictures 
| | vibrated strongly. 
(1Oh 58m  Amoerang | Government | 40 S/N Violent; —+ 5h48m slight 
| ash-shower. 
| 102 54m Gorontalo 4 bie SENW Feeble. 
| zon 52m Ternate Id.andComm. _ 2 S/N | Short but intense shock 
H.M. Edi | with after-vibrations. 
11h 17m  Tondano | Government | 6 E/W Some rather strong shocks 
| an Taroena 2 | = 30 E/W | Four shocks. 
| ih 0.5m Batavia | Observatory 
| 8 

20/VI |l4h 3m | Menado Keuchenius | Slight. 

25/VI | lh4dm — Katahan (2) Government | 10 Some violent shocks; the 
first vert. the following 
ones horiz. 

25/VI |10232m Boega(?) i 120 N/S Some strong shocks. 

26/VI | 01 59m ‚Menado Keuchenius 12 N/S ‚ Three violent shocks. 

| 1h6m Tomohon Limburg 60 NE/SW | Violent; first vertical, then 
‚_ horizontal. 
Oh 53m Amoerang Government 20 Vertical | Rather violent ) Both also 
| ee and 
| 40 SE/NW » » Tombatoe. 
| Ih 4m | Kotabaroe A 15 S/N Vibrating. 
| 
| | 1h4m | Gorontalo 3 120 S/N | Rather strong. 
[| on 4om Liroeng - 30 WIE | First slight vertical, after- 
_ wards violent horiz. shocks. 
| 1h7m | Ternate 15 N/S Violent shock. 
| 1h6m | Iboe (Halma- Comm. H. M. Some Sea-quake, subterranean 
| heira) Edi | rumbling; ship vibrated 
strongly. Strong earth- 
| quake on shore. 
U Ih 6,7m Batavia Observatory 
| | 


| 


Place of 
observation 


| Observer or 


Dura. | Nae | 


| tion Direction | Particulars 
reporter | See, | | 


A a 
| | 


Date pees 
28 VI 12h47m_ 
2VIL 12h 18m | 
3VIL 12h 27m 
IVIL | gh 47m 
19/VIL | Sh 7m 
gh4m | 
Jh 54m 
gh 29m | 
Sh 3m 
“gh 14,3m 
20/VIE 13h 17m 
20/VII , |20 47m | 
| 2{h 
VE 
23/VIL | 7h 47m 
3X {| 31 32m 
gh 17m 
3h 32m 
26/XII 15h 32m 


Tomohon 


Menado 


Gorontalo 
Limbotto 
Paleleh 


| Toli Toli 


Batavia 
Tomohon 
”) 
Taroena 
Batavia 


Tomohon 


Tondano 
Batavia 


Tondano 


| Limburg | Some Vertical Slight vertical quake. 
ie 2 | Slight and vertical. 
” » ss! » 
4 h | Two slight vertical shocks. 
Director 3 | Very slight horizontal shocks. 
Cadastre | | 
Government 25 NWISE | Rather strong. 
A | 15 N/S | Three shocks. 
_ Oy N/S | Vibrating. 
» 2 | WIE 
‚ Observatory 
| Limburg Vertical | Slight. 
Government Zien! N/S | Two shocks. 
Observatory | | 
Limburg | Vertical | Slight. 
= + 45 . Slight shock; two clocks 
| | E-W stopped. 
| Government E/W | Not strong. 
| Observatory | 
| Government | 3 | fe | Some rather strong shocks. 
| | | 
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B. Comparative Synopsis of the frequency of the earth-quakes 
in the Minahassa, and the voleanic phenomena in this 
and in the neighbouring regions during the period 
1887—1908; from the reports in the Natuurkundig 
Tijdschrift voor Ned. Indië. 


Entire 
raten MIMbEer 
Year | of earth- 
| quakes 


Distribution over the year | Volcanic phenomena 


1887 12 3.12: Aug.5: Sept. 3; Oet. 1; 
Nov. 3. 


1888 4 Sepise2: ct. 2: 


1889 morethan Jan. 1; Febr. 2;May1;the Increased activity at Roeang since 
13 rest as swarms from 6 June; presumably in September also 
to 12 Sept. at the sub-marine volcano of Mahen- 

| _ getan (Sangi- and Talaut-isles). 


1890 | 10 2 in Febr; 1 on 3 March; | Ash-showers on 20/21 and 24 June, 
| swarm on 6 March a.f.| presumably wrongly brought into 

| days; | in March; 2 in connection with out-break Makian 
| OEE ‚_ on 29/30 June; possibly to be attri- 
| | buted to Sopoetan. 


1891 | 6 | Jan. 1; Febr. 2; May 2; | 


Beel; 

1892 | 2 On 18 June and 19 Oct. Eruption Sangi on 7 June. 

1893 | 5 On 24 March, 7 April, 8 Aug., | Activity at Lokon since 29 March, 
| | 18 Sept. and 20 Dee: | resumed in September and on 18 
| 
| 


| | December. 


1804} 5 | On 16 April, 12 June, 14 | Increased activity at Lokon. 
Aug., 4 Sept. and 23 Dec. 


1895 | 3 On 27 July, 16 Oct. and 5 Dec. 


1896 | 16 | 1 in Febr; 2 in May; 2in 
June; lin July; 2in Aug.; 
2 in. Sept; Zan Oct; 4 
from 8 u. a. i. 15 Nov. 


1897 | 11. | 44rom- dual, 20sAue., 3 
| trom 21 ua. 28 Sept; 1 | 
| on15Nov.;3 from 4 u. a.i. | 
| 8 Dec. 


| 
1898 | 22 | Febr. 2; March 2; on9, 24, | Eruption Oena-Oena, since 10 Apri 
25, 27 and 30April;on15 \ introduced by earth-quakes on 2 
May; on 1, 4, 12 and 16 and 3 May the eruption. 
| June; „Jules Aue <2; 
| Sept 3 OLE A SANDY el 
| Of these nothing recorded | 
| | at Batavia. 
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Year | 


1899 


1900 


1901 


1902 


1903 


1904 


1905 


1906 


1907 


1908 


| Entire 

number 
of earth- 
| quakes 


2 


12 


morethan 
20 


14 


25 


10 


| | 


Distribution over the year | 


| On 21 May; and on 30 Sept. 
Oh 17m Bat. t. ‘Heavy 
shock of rather long dura- 
tion vert. and horizont. 
W/E” (Goedbloed). Possi- — 
bly connected with the 
great earth-quake of Ce- | 
ram on 29/30 Sept. 


| Jan. 2; Febr. 2; April 21); | 
| May 21); June 2; Sept. 21). | 


Swarms from 2 u.a.i. 8 Febr.; 
Since still 17 or more; viz. 
6 from 9 u.a.i. 24 Febr.; 
2on 1 and 16 March; 4 from 
6 u.a.i. 7April; 3from 10 | 
ui a,i., 21 Sept.; 2. im Oct. 
and Nov. 


Febr.4; March 2; May, July, 
“Sept. Oct. and Dec. each 1. 


Jan. 4; July 1; Aug. 3; Sept. 
1; 8 from 28 Oct. u. a. í. 26 
Nov.; Dec. 1. 


1 on 24 Febr.; 5 from 11 u.a. 

i. 29 March; 1 on 19 May; 
i ‘on st July; 10 from 18 
| Aug. u.a.i. 27. Sept.; Nov. 
1 and Dec. 2. 


3 from 22 u.a.i. 26 Jan.;on 
16 Febr.; on 5 and 23 May; 
on 21 June and on 17 Aug. 


On 13 Jan.; 5 from 24 Jan. 
tate ent. om 25 Febr., 
on 22 March; 25 and 29 
April; 17 June; 22 Aug 
5 Sept. and 18 Dec. 


6 from 26 Jan.u.a.i. 11 Febr.; 
5 from 19 u.a.i. 30 March; 
12 from 10 June ua.i. 23 
July; on 3 Oct. and 26 Dec. 


In Jan. 2; in April 2; in 


and Oct. |. 


May 2; in Aug. 2; Sept. 1 


Volcanic phenomena 


Eruption Siaoe on 21 Dec. 


Formation of the new solfatare on 
Sopoetan, beginning February. 


Submarine volcanic phenomena near 

Mahengetan on 17 and 18 April 
and 27 Aug. Roeang since 23 April 
especially on 116 Sept. Mahawoe 
beginning Oct. 


Siaoe 21 and 22 May ash-shower. 
Roeang 21 29 May sounds and vibra- 
tions and on 23/24 May eruption? 
and stream of water. 


Sopoetan-mountains: Middle (17) 
June beginning of the out-break 
from the new crater. 


Sopoetan-mountains. Resuming of 
the activity of the new crater since 
5 June (and on 7 June and 25 June). 


1) One of which recorded by the seismograph at Batavia ; the one of April perhaps 
originating in the neighbourhood of Karakelang, (Sangi- and Talaoet-islands). 

2) On 20/21 Sept. midnight, on 21 Sept. + 12h and on 22 Sept. 13h 30m and 165 
repeatedly dull sounds observed by me. 


Utrecht, Mei 1911, 
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Physics. —- “Some remarks on the direction of the binodal curves 
in the v—a-diagram in a three-phase-equilibrium.” By Prof. 
J. P. KUENEN. 


Professor SCHREINEMAKERS has privately communicated to me the 
following rule which he has derived from the general theory of 
plaits and which oceurs in a joint paper about to be published by 
him and Professor D. J. KorTewse: 

In a three-phase-equilibrium the two binodal curves which pass 
through an. angle of the three-phase-triangle lie either both inside or 
both outside the triangle. 

For the special case of the y-surface for binary mixtures this rule 
may be proved as follows. Choose one of the angles, say 1, and 
start from the condition where the phases 2 and 3 coincide, a con- 
dition which we may always imagine, even though it may not be 

. physically realisable: at this moment the two binodal curves through 
1 form one continuous curve. If now 2 and 3 separate the two 
curves meet at an angle and obviously in the beginning they both 
lie outside. the triangle. As the surface continues to change one of 
the binodal curves (say the one of the equilibrium 1,2) may pass 
into the triangle by its direction at a definite moment coinciding 
with the side 1—3 of the triangle. But it may be shown that at 
the same moment the second binodal curve coincides with the side 
1—2, in consequence of which this curve also passes into the triangle. 

The equation which expresses the special position referred to of 
the binodal curve 1,2 is as follows *): 


(r,— dv? Ay («,—*,) Oo 


Wid 
N . 1 EN 
Solving for — we find: 
Ed, 


dp 7p 
it) ane + (7,—2,) Beret 


erde Bik =) 
aaa yp 7 Op da ek 
(es) aaa ann 


in other words the curve 1,3 coincides with the side 1—2, q.e. d. 
Looking through the literature concerning the w-surface one finds 
that in the diagrams the above rule has been often sinned against. 


1) All the differential coefficients without an index refer to the point 1, 


( 494°) 


Keeping this rule in view and considering the diagram in the 
neighbourhood of a critical point for two of the phases, where a 
plaitpoint makes its appearance (or disappears) we at once arrive 
at the following important law: 

When a plait touches a second plait in its plaitpoint the curvatures 
of the two are of the same sign. 

An independent proof of this law may be given using the pro- 
perties of the curves of constant pressure, the isopiéstics. It is well 
known that the isopiëstie which touches a plait in its plaitpoint is 
curved in the same direction as the plait. At the point under con- 
sideration the three curves (viz. the binodal with the plaitpoint, the 
second binodal and the isopiéstic) touch each other. But the isopiëstic 
cannot touch the second binodal curve simply on the outside, for 
that would mean, that the point was also one of maximum vapour 
pressure on the second plait, and it is well known that this is not 
the case. The isopiéstic and binodal curves must therefore intersect 
as well as touch, i.e. they have the same curvature, from which it 
follows that the second binodal is like the isopiéstic curved in the 
same direction as the plait which it touches. 

Analytically the law is expressed by the equality ot the two 


dv 07 v ‘ 
expressions & and a which may be easily confirmed by 
p 


CNB 0a? 
calculation. I find that some time ago a proof of this relation 
was given by vaN DER Waats'), but I must add at once that I 
do not agree with the view expressed by him that the value 
of these coefficients should be zero at the point in question, in 
which case the two curves would have a point of inflexion there. 


2 


The condition — 0 holds at a point where a plait separates 


ref 
into two parts en a plaitpoint on each. Van per WAALS assumes 
a separation of that kind, but it occurs inside the second binodal 
curve, not on it®, and the condition does not hold at the point 
where one binodal curve with a plaitpoint emerges from a second 
binodal curve. If I am right some of the diagrams in VAN DER W aars’ 
paper would need modification. 
The literature on the subject shows again a number of diagrams 
which are not in harmony with the law enunciated concerning the 
curvature of the two plaits. The figures in my own treatise on 


1) J. D. van peR Waats. Proceedings XI. p. 900, 1909. 
2) Comp. the paper on plaits by Korrewee (Arch. Neérl. 24), and e. g. VAN 
pen Waats, Proc. X p. 141. 1907. 
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mixtures ') will be found to be correct in this respect: in drawing 
those I was guided partly by experimental results partly by another 
law ?) which was deduced from the theory and which comes to this, 
that the separated two-liquid plait lies outside the vapour-liquid plait, 
if the two components, as liquids, mix with expansion and vice versa. 
It stands to reason that this law and the new one must essentially 
be one and the same. | 

As regards the direction of the two binodals which meet in an 
angle of the triangle it was mentioned that they always form an 
angle and naturally such that the curves enter the metastable part 
of the surface. A proof of this may be given without directly using 
the theory of plaits by means of VAN DER Waats’s formulae. If the 
two directions coincided at any moment we should have: 


es) gags + Le) 


dv dv oy LOv Ox? 
bk Ke da 13 EN x dp 1 Ee = 07 yp IE 


(2 Tatas 7 sr ZERE 
Op dy VP VPO 
= — 0 a | : 


If the common factors in numerator and denominator are not equal 
to zero we may divide by them and we obtain the condition for a 
plaitpoint at 1, a case which we may exclude. If the factors are 
zero the three phases are in a straight line: this has a practical 
meaning only, if 2 and 3 coincide and we already know that the 
two binodals at 1 form one continuous curve in that case. Under 
other circumstances therefore the curves must meet at angle, q. e. d. 
For the special case that the point 1 lies at the extreme limit of 
the plait, in the so-called critical end point, the proposition was 
proved and used by van DER Waats. *) 

In conclusion it may be pointed out that by taking into account 
the last proposition one may easily deduce from the v—a« diagram 


1) J. P. Kuenen. Theorie u. s. w. von Gemischen, Barth. Leipzig p. 153. et seq. 1906. 
2) 1. c..p. 158, 159 
3) J. D. vAN DER WaaLs. Proc. XI p. 822. 1909. 
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the phenomenon of double retrograde condensation predicted by 
VAN DER Waals by a different method’). The phenomenon occurs 
when the vapour is about to form a critical point with one of the 
liquids while its representative point is still on the vapour side of 
the plait, (which involves that it has to turn the corner of the plait) 
and this condition is certainly fulfilled, as van per Waars pointed 
out, if there are two liquid layers below the critical temperature of 
the lower component and this is nearly always the case. But the 
phenomenon is not limited as might be supposed from his paper ’) 
to the case that the three phase 
pressure is lower than the vapour 
pressure of the lower component. 
In order to show this I will con- 
sider the case not discussed by van 
DER WaaLs where the three phase 
pressure is above the vapour pressure 
of both substances, as with ether 
and water (Fig. A). The vapour 
1 must come together with the 
liquid 2: therefore either 1 must 
move round the extreme point of 
the plait towards 2 or 2 comes 
round to 1. In the first supposition (Fig. BCD) the maximum in the 
vapour pressure which lies hidden inside the triangle appears outside, 
at the moment when 1 and 2 have the same composition « (5), 


gradually moves off the plait and disappears; at this moment the 
plaitpoint P belonging to the equilibrium 1,2 passes over to the 
liquid side, and the case has now become identical with that considered 


DT. e p 8i6,. sqq- 

2) PH. KoHNSTAMM and J. Cur. Reepers. Proc. XI p. 917. 1909. Professor 
KoHNSTAMM draws my attention to a note in a recent paper by the same authors 
n the September Meeting (p. 272) where the limitation is withdrawn. 
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by van per Waars, The necessity of double retrograde condensation 
(fourfold intersection with a line // v-axis) is seen in figure D. 

In the second supposition (Figs. B'C’) 2 passes through the critical 
end point (2’) and immediately after we again obtain the configuration 
which involves double retrograde condensation with this peculiarity 

3 3 3 


dc 


however, that the first retrograde condensation which occurs on 
compression is retrograde condensation “of the second kind” owing 
to the position of the plaitpoint on the vapour side. The phenomenon 
as a whole might therefore be called double retrograde condensation 
of the second kind. The maximum vapour pressure disappears inside 
the triangle itself in consequence of the transformations which we 
know from Kortrewsra’s investigations take place inside the plait in 
this case. Whether the first or the second supposition is the correct 
one, say for ether and water, I shall not try to decide. 


Mathematics. — “The characteristic numbers of the prismotope.” 
By Prof. P. H. ScHoure. 


1. Mode of generation. Let Sp,,Sn.5--->, Sn, represent a certain 
number p of spaces respectively of 7, ‚7, ,... , 7, dimensions having 
by two no point in common but the point O common to them all. 
let us assume in each of these spaces a definite polytope with O 
as one of its vertices, and let us denote the polytope in S,, by (Pn, , 
that in S,, by_@?)n,,.--, that in Sn, by (Pn, Now let us move 
(P),,, remaining equipollent to itself, in such a way that the point 
coinciding originally with O coincides successively with each point 
within (P),,; then the locus of all the positions of (P),, is a pris- 
motope with two constituents (/’),,, (P),, which may be represented 
by the symbol (P,,; P). Now let us move (P),,, remaining equi- 
pollent to itself, in such a way that the point coinciding originally 
with © coincides successively with each point within (P,, ; Pr); 
then the locus of ail the positions of (P),, is a prismotope with three 
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constituents (P),,,(P)n,(P)n which may be represented by the 
symbol (Ps; Pr,; Pi). In the same way we find by combining 
(Pyng and (Pr, 3 Pn; Po) @ prismotope (P,,; P,,; Pe, ; Pn.) with four 
constituents and finally, after having used Pas a prismotope 
EE es Pi) with p constituents. 

It is not difficult to show that the result is independent of the 
order of succession in which the constituents are introduced in the 
process mentioned. To that end we have only to demonstrate that 
the interchange of (P) and (P),,. in the generation of (P,, En) 
does not influence the result. Let P be an arbitrarily chosen 
point of the position (P)',,-of (P)n, in which the point O of (P),, 
coincides with the arbitrarily chosen point O, of (P),,, and let 
OU, be determined by the vector equation O,P= OO,, i.e. let O, 
be the point of (P),, corresponding to the point P of Py. ‘Then 
OO, PO, is a parallelogram; so P may be considered quite as well 
as the point of a new position (/?)',, of (P),, corresponding to the 
point O, of (P),,, this new position (P)',, of (P),, being obtained 
by moving (P),, equipollent to itself in such a way that the point 
O of (P),, coincides with the point O, of (P),,. Or, in connection 
with the remark that O, and Q, are arbitrary points of (P),, and 
(P),,, whilst OP is the resultant of the vectors OQ, and OO,: “if 
QO, and O, are arbitrary points of (P),, and (P),,, the end point P 
of the resultant OP of OO, and OO, is an arbitrary point of the 
prismotope with the two constituents (P),, and (P),,”. This can be 
extended immediately to: “if O,,O,,..., 0, are arbitrary points of 
Doel ae SAE tas sors Sh (Pas the end point P of the resultant OP of 
OO,, OO,, ..., OOp is an arbitrary point of the prismotope 
Ge Srl EN Pn)” 

This mode of generation shows clearly the irrelevancy of the order 
of succession of all the constituents. 

The. prismoiape (Pas Ps - 15 Pn) is a polytope with Zn, dimen- 

Te 
sions; the space with this number of dimensions containing it is 
completely determined by the spaces S,,,S,.,.-.; Sn, with the com- 
mon point OQ. 

The aim of this paper is to determine the characteristic numbers 
of the prismotope (Bin Poss Pa): 


2. Notation. We indicate the numbers of the vertices, edges, 
faces,..., limiting polytopes (li of a polytope Pn by the same 
letter, say a, with the subscripts 0,1,2,....,—1 and represent 
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moreover by a, the unit corresponding to the polytope itself. So, 
if the polytope belongs to the group of the Eurerian polytopes, 
what we suppose to be the case, the relation holds 


a,—a,+a,—a,+....+(—1)a, = 1, 


what we express by saying that the Evrerian form A, i.e. the left 
hand side of the equation mentioned, is equal to unity. 

For the different constituents (2?),,, 4’), ++; (Pn, of the prismo- 
tope, all of them supposed to belong to the Evrrrian group, we 
introduce for a and A different letters a, b,...,p and 4, B,..., P. 


3. We now prove the following /emma: 

“<The number of limiting elements (/), of q dimensions of the 
prismotope (Pi, ; Eni --3 Pr) is equal to the sum of the terms out 
of the product AB... P of the Evrerian forms of the constituents, 
for which the sum of the subscripts is equal to_g, with the positive 
or the negative sign according to g being even or odd.”. 

Example. In the case of three pentagons as constituents we find 
by developing (a,—a,+a,) (6,—,+0,) (¢.—e,+¢,) where 

a, = ee a, = b Se lg 
if q,Q--- refer to the prismotope, 

Ga 20, Gy — 8195 Je 450, gg = 902 4, = 13.7, —- 
and therefore a sixdimensional polytope with the symbol 

(125; zor @ 4a CAVE 90; iA) 
of characteristic numbers; this symbol satisfies the law of Kuumr. 

Proof of the lemma. Let us represent the prismotope (Pr, ; Pa, 5 +++; Fi) 
under consideration by 4 for short and let pt= (as ; Ds 5-5 Ts) 
represent a new prismotope, the constituents of which are definite 
limiting elements a, of (P),,,.8s, of (Png sees Hs, of Pr where 
it is allowed to take vertices for some of these limiting elements in 
which case the corresponding dimension number s; is zero and the cor- 
responding (Pr) inactive in the formation of pt. Then pt will be a 


p 

limit (J), of Pt under the condition >'s; = gq. Reversely each element 
I 

(/), of Pt can be generated in this manner. So the number of limits 

U), of Pt is equal to the number of the different ways in which 


we can gather a set of limits as, @s,, .--, Ts the numbers s; satis- 


. . . p . 5 . . 
fying the condition Ss;—= q, which last number is represented evidently 


Il 
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. fe net , ‘ 
DY. ats, Wee ei: ps for S's; = g, and in its turn this expression represents 
: p i=i 


the absolute value of the number indicated in the statement of the 
lemma, where it is affected by the sign (—1)y. 


4. If we bring the polytope (P), with the symbol (a,, a, a, …, An—1) 

of characteristic numbers in relation with the polynomium 
a, + av + aw? +... + ani? + or 

which may be called the “Evurrrian function” of the polytope, the 
connection between the characteristic numbers of the prismotope and 
those of its constituents can be expressed very simply by: 

Trrorem I. “The Kurrrian function of a prismotope is the product 
of the Eurrrian functions of its constituents”. 

Corollaries. “The Eurerian function of the simplex Sin+1) of S, is 


(n+1), + (n+1), + (n+1), w? +... + (n+1), ar! + ar, 
Ì 
for which can be written — (aA)! — Lt.” 
x 


“The Eurerian function of the simplotope (compare p. 45 of vol. II 
or my textbook. “Mehrdimensionale Geometrie”, Leipsic, Göschen, 
1905) with the constituents S (n; + 1), @ = 1, 2,..., p) is represented by 
a eeh! — 1 aA! — 1 Kz rl San po 
ors ALTA) seed): 1}. 

“The Eurerian function of a prism of rank # is divisible by (2+-.2)*. 
So (2-+.)" is the KuLrrian function of an n-dimensional parallelotope 
(Le, p. 39, vol. IL and as for the characteristic numbers line B... 
of p. 245, vol. ID.” 

So the characteristic numbers of the parallelotope of S, are con- 
nected in a simple way with the digits of the number representing 
the n™ power of 21, if in this evolution the ordinary reduction 
to higher units is suppressed, i.e. if we write 21° — 8 (12)61, 
214 = (16) (32) (24) 81, etc. 

Evample. We consider the sixdimensional prismotope (¢C'O; ¢C'O) 
with two tCO (see the last polyhedron of fig. 55, Le, p. 189, vol. ID) 
for constituents; as the symbol of characteristic numbers of {CO is 
(48, 72, 26) we find 

(48472 #4262°+a'*)?= 2304469127+76800°+38400°+8200'+52a°+e° 
as EKurerian function and therefore (2304, 6912, 7680, 3840, 820, 52) 
as symbol of characteristic numbers. 

Remark. Theorem I is not reversible, i.e. the decomposability of 
the Eurrrian funetion into polynomia which represent EuLrrian 
functions of polytopes with smaller numbers of dimensions does not 

59 


aie 


Proceedings Royal Acad. Amsterdam. Vol. XIV. 
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imply that the polytope under consideration is a prismotope. So the 
polyhedron {OQ (the last polyhedron of the first row of fig. 55, Le. p. 189, 
vol. II) corresponds in symbol (24, 36, 14) of characteristic numbers 
with the prism /,,; therefore its Eurprian function 24+-362+-142?-2’ 
is decomposable into the EKunrrian functions 12 + 127 + 2? and 2 + x 
of the base and the upright edge of /,,, though #0 is no prism at all. 

By putting «= — 1 we deduce from theorem I that the product 
of the Evierian forms of the constituents is the EKuLrrian form of 
the prismotope. So we find: 

Turorem. II. “A prismotope satisfies the law of Evurer, if and 
only if this is the case with all its constituents”. 

If we denote as “sum of limits” of the polytope (7), with the 
symbol (GU 5 Ani), Of. Characteristic numbers the expression 
ata,+...+a—1+1, where the last unit corresponds to the 
polytope itself, the first theorem gives for wvl: 

TnuroreM IIL. “ The sum of limits of a prismotope is the product 
of the sums of limits of its constituents”. 

Corollaries. “The sum of limits of the simplotope mentioned above 


is PSE) = 1) (Ons = 1) nes ee ae Dad 
“The sum of limits of the n-dimensional parallelotope is 3”. 
Example. The sum of limits of the prismotope (¢CO; CO) mentioned 


above is 147? = 21609. 


9) 


Physics. — “The variability of the quantity b in VAN DER WAALS’ 
equation of state, also in connection with the critical quantities.” IL. 
By J. J. van Laar. (Communicated by Prof. H. A. LORENTZ). 


For 6' we find with «=1 according to formula (11): 
se NBB) 0 „02162 1,227 X2,227 _ 0.05908 _ 9 ye ay 
m 1.107 1 10:7 
This value is as was to be expected (see also I, p. 292) — 
somewhat lower than that which was formerly calculated with the 
equation of state without RT being multiplied by the factor 1 + a. 


1 
Before about — was found, but now about —. 
18 19 
For — vb" we calculate with „== 1 according to (12): 


he ti al l 
Sen eee 
Pb m° ON 2 | 


nee 
mH" 4 0,02162 | 4,454 + 0,9104 X (2,227)? 
Time [ ; x | P| 
— 1.898 <x 0,9038 < 0,02162 x 7,969 
= 4,715 < 0.1728 0,295: 


a 
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This value, too, is lower than that computed before on other 


: ’ = Uo" 
suppositions; now 0,30, before 0,40. But for the relation ger 
oe RDE 0,295 : 
about the same value is found ; before ——- == 5,2; now ——— = 5,5, 
0,076 0,0554 

so only slightly higher. 

Finally we find for bj :b, according to (13): 

by. 1 
a b= 0.0458: 50 07700 = bk: —.0, 0317 = tb — ee, 
9 31,5 
: e ; Ab Ab: by. 
For as we found the value 0,628 for = we get -——- == 0,628, 
Vl Ok Uk 
: aed 
bre 
Aber AG a 
and hence aba (628 < 40114 0,700. 
I] y 
: ey: 
So remarkably enough we find for — the same value as VAN DER 
9 
ae: ~ 30 1 
Waars. cave for it, viz. ===. 
4 31 31 


The above may already suffice to establish the conviction that the 
ordinary theory of association in itself gives a function of v for 6 
(through the quantity 8), which already on the supposition «= 1, 
i.e. association to double molecules on an average, represents the 
eritical data perfectly correctly. Of the said double molecules only 
0,045 = '/,, are still present in this form; *’/,, has already broken 
up into simple molecules. And yet in consequence of this wv, : bz. 
falls from 3 to 2,1, u from 0,375 to 0,265, f rises from 4 to 7, 


A CRs oe ee re ved f crap eee eter 
while — =— , ———-= 5, and the factors an of — — anc 
b, 31 b' Jy Js Tee 
a . . . > . 
a in the expressions for A7), and pj are both very near unity. 
) 


5. When w= 2 instead of x=1, i.e. »=3 (association to triple 


molecules), we find from: 


m 8 lta 
<== and n= 0,94 /.——— —.. 
n i 148 
calculated from ff 7 and u = 0,265 (see I, p. 295), in connection 
with the expressions (5) (loc. cit.) for m and n: 


== 0.9584 < m= 00158. 


29% 
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For then n = 0,947 X DRT 0,974; me Vin == ils while: 


] 
n=1+ BLR) + = LDH POH 0) 
—= 1 + 0,03984 « 2,916—0,002213 > 2,595 X 2479 
== 1 + 0,1162— 0,1424 — 0,974 


follows from (5), and 


1 
m——=1+ 5 B(1—B)(2+- ¢)? 
= 1 + 0,01328 x 8,502 = 1 + 0,1129 = 1,118 
is found for m. 

It is worthy of note that 3 again gets into the neighbourhood of 
0,955 just as for «=1 in order to bring f from 4 to 7, and u from 
0,375 to 0,265; we now find a value which is only 0,3°/, higher. 
Sut for p a much lower value is found for «= 2 than for v= 1, 
when we calculated p = 1,23. 


: Ab Ab 0.9158 
From p= (1428) we calculate = 


= — (ola. 
v—b v—b 2,917 
Hence exactly kalf the value of that for «= 1. And as we saw 
Ab 
in I, p. 296, that must probably be = 0,43 (for then the 
Ui Ihe 


limiting volume b, for v= 4 becomes about half bg for vo vR 
a fourth of the critical volume), ws == 2'/, would perhaps be most 
satisfactory ; for then Ab: (v~—b,) would have become about 
— 1/,(0,31 + 0,63) = 0,47. However, this conclusion is not inevitable, 
as we already remarked loc. cit. p. 296; for in the neighbourhood 
of the critical point Ad: (v—d) can very well be — 0,63, Ab decreasing 
gradually at lower temperatures, where « will become gradually 
greater in the liquid phase. 
Ul: 3m 
For == we now find: 
b). 3m? —2n 
Sb alee 
id. 20974 1,768 ——' 
only little less than for «= 1. 
For f, and f,, too, values are found which deviate only slightly. 
We find, namely : 


. 3 49 1,768 ie Ore 708 
free ee ES 1099 EO 
PGi) Gab, Cee 641878 —— 
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1.768)? 0,5565 1,739 
ran cas =<— 1,019 


12389%1,378 1,707 —— 


is obtained (for «= 1 we found resp. 1,004 and 1,007). 
The formula for 6’ now gives: 


BLD) (24-09) _ 0,01828><0,9158<2,9158 008547 


D= Nrd — — 
m L,L18 L bis 
| 
=, ORD =". 
—— el 
This value is again considerably lower than that for wv =|, viz. 
oD « 


1 
0,058 = Te which was already lower than the value found before 


on other suppositions (no factor 1- wp for MT), viz. Te Also 


— vb’ is found lower. For 


en B(L—p) | (2+2p) + (28° +281) (2 ta | 
v—bm 3 5 3 “ 
yields : 
Sry Ried ae, MERON NTO [ 3,832 4. 0,9180 (2 916, | 
Peper > Maree re x an 


— 1,908 x 0,6644 x 0,01328 & 11,64 = 0.196, 


whereas 0,295 was found for «=1. But for the ratio —vb":6' we 
: 0,196 : ! 
now find ——— = 6,1, i.e. an only slightly higher value than for 
0,03819 
x=—=i, when we found 5,5 for it. 
Finally we have: 


br Ab 
(lj tl = 20,0416 0,814 K 1102, 
bg by 
Ab vi bh = UE by. 
because ——— was — 0,314, and ——— = —= 1,102. Hence 
UL — br: by br: yy 
becomes = 1 — 0,0144 — 1 — ri so that the volume of the mole- 


69, 
cules at the critical temperature is still nearer the limiting volume 
b, for «w=2. Yet (on account of the great value of 6") the consequences 
of this are so great that the different critical quantities accord per- 
fectly with the experimental values also now, i.e. vj: bj, gets from 
3 the value 2,1, / from 4 the value 7 and u from 0,375 the value 0,265. 
We shall now consider the straight diameter more closely, and 
then make a few remarks about the so-called “anomalous substances”, 
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6. The straight diameter. In order to have at our disposal 
some material to. use for a comparison in the derivation of the 
coexisting liquid and vapour phases, and also with a view toa 
methodical treatment of the problem which is very difficult in the 
case of non-constant 6, I will begin with the derivation of the 
equations referring to the problem for the case that 6 is constant. 
Then vaN per Waats’s equation of state holds in its original form, viz. 


2 Te a RL a 
p= — — 
v—b 


v? v—b y'? 


/ 


’ 


in which v refers to the liquid phase, »’ to the vapour phase. 


Then we have further for the coexistence : 


1 . RT v—b a 
Pz —, fre = — log ergs oT 


After substitution of p—ep,., 7=mT7;,, v=nvzg, in which: 
l l : 


ur RT S a 31 
hk = = tLe — Ve == 9d, 
ENT 076 et dee 
we get the well-known reduced relations 
Sm 3 Sm 3 Sm 3n'—1 3 
€ “Ss oa aus 2 == € er me B 12 == a pe 5 N og 9 es aD à ' ’ 
3n— 1 n° sn —l n° 5D (n —n) sn —l nn 
or also, after introduction of the densities dand d' | d= and d’ = — |}: 
VI 7 


d d' nf DN dd d Sd 8 
e= 8m — — 3d* = 8m -— dd? = Om log| — — —d3dd'. (a) 
3-d o-d 3(d-d') * \d 3-d 
Equalisation of the first two equations (a) for e now yields: 
d d' Dd 


— SS Jin VET ae 1 
ld So Me 5 m ( ) 


For this equation we can also write : 
3 (dd) Ss did? 
(3—d) (3 =) IS Tas. 


. 


or 
(3 —d) (83—d’')(d+d’) = 8m Wie (1%) 


If we equalize the first and the third, and also the second and 
the third of the original equations (a) for &, we get: 


N dd’ d 
sro log — —— dd at 
3(d—d) * 3—d 
dd’ di 
Sm (2 log — ——— |= 3dd'— 3d” 
3 


Baa) 3d 
that is, after division of the first equation by d,and the second by d: 


or by addition: 

dd 1 i! 6—(d+d’) 
log =a 7 En € Fh re es 
3(d —d') ay Ted BH ded 


If relation (1% is taken into eared this becomes: 
d 3—d 8 d— 6 (dd) , 
og d Be == aL C C ) . . . . (2) 


As we shall see in what follows, we find back the two equations 
(1) and (2) in about the same form for non-constant Db; only some 
numerical values are slightly different then. 

Division of (1) by (2) makes m disappear, and gives the following 
relation between the two coecisting densities : 

d | d 

og ——- — log ——— . 

eS Daas © ery ods 

eid ED re td 

d d d+d 
sd 3—d 


which enables us by approximation to calculate for any arbitrarily 
assumed value of d the re ed value of the vapour density 


d 
d. If we viz. put Maas A and as =A’, the calculation from the 


perfectly symmetrical equation 
log A—log Al 6 
——~__ = ——_-—1..... .. (89) 
AL desde 


is very simple indeed, and so it is not necessary for the solution of 
this problem to introduce goniometrie or other auxiliary variables, 
as PraNcKk and others did. 

When the density of the vapour phase d can be neglected by the 
side of that of the liquid phase d, which is the case for values of 
m<. 0,4, it follows immediately from this, that 


3 
(2 == 0) rn rn ERR r(chy 


while it follows from (3) for d’, that 


9 
1) Reversely a (: + View — — Em) follows from this, which passes 


into d=3 — -—™m for very small values of m. 


9 


Hrs 
Ld AE 


(d' — 0) log id == ais — log a mik Oe dee fl — log —— (5) 
“d 3-d “3-d Bt “3d 
m d d' b(ddd) | 1+ i = A 
1 1 | 1 1 — 
0.9970 1.1 0.9030 1.0015 1.0015 — 
0.9900 Liz 0.8100 1.0050 1.0050 — 
0.9786 1.3 0.7180 1.0090 1.0107 — 0.0017 
0.9622 1.4 0.6300 1.0159 1.0189 — 0.0039 
0.9416 1.5 0.5480 1.0240 1.0292 — 0.0052 
0.7700 va 0.2003 1.1001? 1,1150 — 0.0148 
0.4692 Zo 0.0147 1.2573? 1.2654 — 0.0080° 
0.3901 2.6 0.0041 1.3020° 1.3049 — 0,0029 
0.3038 B 0.0004 1.3502° 1.3481 + 0.0021? 
0.2100 2.8 | 0 1 40 1.3950 — 0.0050 
0.1085 2.9 0 1.45 1.4456 + 0.0044 
0 3 0 1.50 1.50 — 


By means of (1“) and (3") — the last equation for the calculation 
of m, after d has been calculated from the first — or of (4) and 
(5), when m< 0,4, we now easily calculate the preceding table. 


bi 


In the column with the heading 1 + enn nie have calculated 
ad 


the value of the abscissae of the straight line which connects the critical 


| ; 
point with the point 5 (d+ ¢)—1,5. The deviations are so slight 


Een 1 
(he greatest deviation at about m=0,77 amounts only to 15h 
that in a graphical representation made at the ordinary scale the 
Les, 
deviations of the curve 5 (d Hd) == fw) from the straight iine 


would be hardly perceptible. Hence the above representation is 
greatly exaggerated. 
As we shall immediately see, the coefficient of direction of thé curve 


1 
in the eritical point is 0,4, while that for mn == 0, a (d+d)=—1,5 


4 
vets the value of id or 0,44. The coefficient of direction of the straight 


line being = 0,5, the real “straight” diameter will have moved 
somewhat to the side of the vapour at the eritical point, and some- 
what to ‘the side of the liquid at m=O. About at m == 0,35 it 
passes the straight line. As is easily derived from the above table, 
the coefficient of direction of the curve in this latter point is = 0,56. 
Near m=O we derive from the table 0,46, which will pass into 
0,444 exactly at m0. It follows namely from (4) (see the note), that 


1:/ Ym! d d' 1: El aah 
mek ple) — Je Lee approaches to ‘/, at m=O. If we wish 


m m 

also to derive the direction near the critical point from the table, 
we cannot make use of the first values, because the calculation of 
d' from d by means of (8) is not accurate enough. But from the 
values for d=1,3 and 1,5 we calculate the value 0,405 for d = 1,4, 
which comes already very near to the limiting value 0,4. Finally 
we point out that for d— 2 the coefficient of direction of the curve 
amounts to 0,49, so that there (at the place of the maximum deviation 
from the straight line) the curve runs almost parallel with the 
straight line. 

So it follows from the above that the fact that the curve ‘/, (d+d’) = 
= fm) is almost straight, must not be ascribed to a very special 
form of the equation of state, as Carboso does among others, who puts 


(ao) 


the question in one of his last papers: what is the equation of state, 
after all, that corresponds to the fact of the “straight diameter” — 
but that this fact already follows from the simple equation of vaN 
ppr Waars with 5 constant, as a special particularity that the coeffi- 
cient of direction of the curve */,(d + d’) = fm) does not deviate 
much at its initial and its final point from the coefficient of the 
direction of the straight line connecting them, so that the curve, as 
it were, winds about the straight line, and nowhere moves away 
from it considerably. 

This alone is the reason of the said curve being almost straight, and 
it is quite unnecessary to look for a very special equation of state 
which was to account for this fact. And for this reason we took the 
trouble to demonstrate this in the above with respect to the ‘‘ideal” 
VAN DER Waars’ equation. For there already we meet with the 
so-called “straight” diameter. And this fact continues to exist a/so 
for the equation of state modified by us when the molecules of the 
substance have joined to greater molecule-complexes by association. 
Only the coefficient of direction will then not be 0,4 to 0,5, but 
about twice as large, viz. 0,9 to 1, as we shall prove in a following 
communication. 

Very near the critical point d and d’ (see also the above table) 
will be represented according to the ideal equation of state by 


@d=1+2V1—m ; hee ee 


whereas in reality a much greater divergence of the two phases is 
found, when m becomes slightly smaller than 1. Then the coefficient 
2 should be replaced by about 3,6, as follows trom the values d 
and d’ for the standard normal substance fluorbenzene, and also 
from that of SO,, which latter values very recently were determined 
by Carposo with great accuracy in the immediate neighbonrhood 
of the critical point. 

With respect to C,H, we have the following table (p. 437) 
(see also Kurnen, Die Zustandsgieichung, p. 99). 

So the deviations from the straight line between '/,(¢@-+ d’)=1 
and 1,274 are in reality even greater than according to the ideal 
equation of state of van per Waats; further the curve now winds 
about the straight line in exactly the reversed way from that in the 
ideal case: near the critical point the curve deviates to the quid 
side; further on to the vapour side. The straight line has 0,9 as 
coefficient of direction; the curve at the critical point 1,1. The 
so-called “straight” diameter exhibits even a perceptible curvature 
close to the critical point, where it turns its convex side to the vapour 
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FLUORBENZENE (YouncGc). 


m d d' „ 4(d4d’') straightline A 
| | | | 

1 i 1 1 1 — 
0.95 1.154 0.355 1.055 1.046 + 0.009 
0 90 1.972 0.240 1.106 1.091 + 0.015 
0.85 2.160 | 0.123 1.142 1.137 + 0.005 
0.80 2.299 0.076 1.188 1.183 + 0.005 
0.75 2.410 0.042 1.226 1.228 — 0.002 
0.70 2.525 0.023 1.274 1.274 — 


side. This latter fact, now, has been found by Carposo to a still 
greater degree for SO,, as immediately appears from the graphical 
representation *). | borrowed the following table from his paper. 


SO. (GUYE). 
m | d | d' hee (d+a') straight line | A 
1 | 1 I | ! | EEn 
0.995 | Lal 0.760 1.015 1.008 + 0.017 
0.984 | 1.50 0.565 1.032 1.025 + 0.007 


0072 | 1.62 0.468 1.044 1.044 — 


Between the two last values of m the locus is quite straight, and 
the coefficient of direction 1,0 is calculated. 

If for fluorbenzene we take the mean value of d—1 and 1—d’ 
for m — 0,95, we find 3,2 V1—m for it; for SO, we find the coeftfi- 
cient 3,6 for m==0,995, and the coefficient 3,7 for m==0,984. But 
it has already deseended to 3,45 for m==0,972, so that we may 
assume, also in the case of C,H,F, that the value of the first coefficient in 

teh Var" : 
the expansion into series „, —1tayi—m+b(1—m)-+¢e(1 med etc. 
5 
amounts to about 3,6 near the critical point. 


1) In the graphical representation the portion of the saturation curve, determined 
by Carpvoso entirely covers the part of the saturation curve of fluorbenzene lying 
in the neighbourhood of 7%. So SO, may be considered as perfectly normal. 


( 438 4 


We shall namely see in what follows that theoretically, both 
according to the ideal equation of state of van pER Waars and 
according to the equation modified by association, the jist term in 
the expansion of d—1 or 1—d’ is always of the order Vim—m 
and not (see among others vaN DER Waats, (These Proc. Vol. XIII 
p. 1259 and Vol. XII p. 116 and 117) of the order /41—m. But in 
order to raise the coefficient of V1—m from 2 (according to the 
ideal equation of state) to about 3,6, it will be necessary to assume 
association at the critical point to an amount of on an average 
v= 3 to 4 molecules (x= from 2 to 3). For substances where the 
coefficient is found greater than 3,6, a smaller mean complexity will 
suffice; it may be observed that these complex molecules are always 
decomposed at the critical point to an amount of about 0,95, so that 
only */,, part of all the molecules is still complex. But these com- 
plexes are then on an average (at 7%) triple or quadruple ones. 
Before, however, proceeding to the determination of the coefficients 
a and 6 in the above expansions into series for rea/ substances, we 


shall first carry out the operation — in order to serve for a later 
comparison — for ideal substances, which would follow the simple 


unmodified equation of vaN DER WAALS. 


7. We can follow three courses for the determination of the 
required expansion into series in the neighbourhood of the critical 
point. In the first place the so-called asymmetrical method by making 
use of the equations (1) and (2), of which only the second contains 
the logarithmic function. If we put: 


d = 1 + Zar + 2br? + Zer? + 2dr* + Zer? +... 


° ; - 9 
d = 1 — 2az + 2br? — Zer? + 2dr* — Zer? +... 


> 


(6) 


in which r= 1—m, we have only to substitute these expressions 
in the mentioned equations to determine the coefficients a, 6, ete. 
immediately. That here d —1 and 1—d’ are of the order V 1—m 
is immediately clear from (1%. And that the coefficients of the 
‘ will be quite the same, with the exception 
of the sign of the coefficients of the odd powers of 1, is also clear 
from the perfectly continuous course of the saturation curve d= f(m) 
through the critical point. For valnes of ~ beginning at the critical 


expansions of d and d 


point are measured both at d and at d’ in the same direction, viz. 
in both cases from the critical point, towards smaller values of mm; 
while the values of d and d’ are measured in opposite direction : 
those of d from lower towards higher values, those of d’ just the 
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Jip, dd ded 
reverse. In consequence of this odd differentical quotients | — } , 5 
ie hk 


dt dr? 
ete. in Mac-Lavrin’s expansion into series, hence also the coefficients 
a, c, ete. for d and d’, will get opposite signs. 

If we begin by assuming the coefficients in d’ to be different from 
those in d, the calculation gets only much more elaborate, but 
finally we get also a=a’, 6= 6’, c=c’, etc, of which we have 
convinced ourselves for the greater security. 


With 
esatter+ert.. 
qu be* - det... 
we get: 


d= 1- 22 + 2y | 3—d =2 (l—a#—y) | d+ ad = 2 (1-4 2y) 
ne Be eel oes iM Sty (ed =i 
And so (1%, viz. (8 — d) (8 — d’) (d+ d’) = 8m, passes into 
(l—a—y) (l4+2- y) (14 24) = m, 
or also, because (1—xr—y) (1-+-a—y)= —y)?— = 1— 2y— (ev? y’), 
into 


(1—4y?) — (1424) (w#?—7?) = m. 


Now substituting the values of a and y in this, we get: 


1—4 (b?r* + Qbdr®) — (1 4+. 2br? + 2dr) [ate Daer“ Het +-2aer*) — 


— (br! 4 2bde') | == 1-5, 
when in the expansion into series we take only the terms with r° 
into consideration. Ast—=WV 1 —m, m is =1 —r?. 

Working this out, we get: 
1 — 4b?x* — 8bdr> — (1-+ t° +. 2dr") ar + (2ae br + 

4- (e* + 2ae—2bd) *] =—1—?, 

ie: 
1 — aft? — (2a*b 4-36? 4 2ac) tt — (4abe-2b3 He? + 2a? d+ 6bd + 2ae) tt = 1-1?. 

So it follows from this that 
at = 1] | 2a°b4-3b° + 2ac = 0 | 4abe — 2b° 5- C° + 2a*d + 6bd + 2ae — 0, 
and we find already immediately from equation (1°) alone : 


mm Ile 


Hence the two other above equations pass into: 
26+ 36° 4+. 2c=0 ; Abe — 26? 4+ C° + 2d + Ghd Spree se Oe tr tay 
For the determination of the other coefficients we must now use 
the second equation, viz. (2). This becomes after substitution of the 
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above given values of d, d’, ete. (expressed in w and y): 
/ 1+ 2e-4- 2y ley Ge (l—y) 
og ke Te 
‘eee y Li m 


If we now put # +y=p and «—y=q, to simplify the further 
calculation, we get for the logarithm: 


| Gs 2p = |= 
log 


1—2q 1—+ 
ey 1 
Sess (dp) + On “(16p')+ 5 (82 (64) Ae 
I Als ps 1 eon TE ed 
Sd IE AE OG Eep ne PoP re 
pn ies 1 a 
aio eik hin 8) „0169 ) + (829°) 4 (640) + SAE 
tes a ; lide Le Laa li 
en 
1. &. 
3 ON Eee | 63 En, 
=O on — IP ——. Lap + OE sm 
Der ame Nen rr Srl aus + a Pp | 
3 1 Q Ee Q ed 15 a4 1 33 5 1 6 6 1 129 7 | 
DO oO . oC shor = Toa. ORN 5 ASG! 
SU A a RE a ie ae A 1 
or 
eee Pe nd NN ag 
=| NEEN el 
_1p°+g? ip =¢ 43 pi tq’ 
he oe AE 7 27 ae 


Hence we have after re-substitution of « + y and we — y for pand q: 


it 5 
a — (ey) +(a* + Bay") — > eyy?) + 


ee er + 100%? +.. jn (Gtt) +5 ac fs) 


in which the expansions have not been carried further than is 
necessary for the determination of the terms with t°. After division 
of both the members by x we get: 

abe | : Ld 
(1—y)4- (#? 43°) — Stata bah) 4 11( ot 4 Baty" )— 21a* ie Zn 


m 
Substituting into this the expressions with + for 7 and y, we get 
after subtraction of 1—y from both members: 
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latr? + (2ac + 3b?)r! +(e? + 2ae 4+ 6bd)t*|—5fa?r? + 2aee*)(bt? 4-dr*) + b'2*] + 
if 43 
HU eter eren Letetet ie dT =(l-y) tT dt dt), 
5 ( 
| 1 : . . 
because — == = 1+ 7*+7*+.., in which (1—y) X 1 is sub- 
m 1—t ' 


tracted in the second member. So we get finally: 
og ‘ ll re 2 ' € 9 1 
a’t? + | — at — datb + 3b? + Zac T° + 

» . 


43 44 
+ 5 a’ —21ath4-22a°b?’—56? + 5 e-Wabe-+ ot Satd-+ Ghd 2a to 


== tsk (1—b) ti + (l—b—d) Tt’. 
From this follows again: 


111 43 
a=) mo — ab +. 3b? + 2ac = 1 —b|—-a® —2latb + 220%b*— bt 


44 
oo Te a'e — 10abe + c? — Sa'd + 6bd 4+ 2ae= 1 —b—d. 


So it follows also from the logarithmic equation (2) alone that 
Oi eat uae 


while the two others pass accordingly into 


6 
Fee aR Carel. 


36 44 (3) 
To 206 + 226? — 5b° + 7 c— 10be + 2? — 4d + 6bd + 2e —= 0 
Now the two first equations of («) and (3) yield immediately: 

1 13 


a CZ == ——_.. 
50 


5 


Substitution of these values in the two last equations of («) and (9) 
vields : 


Us ee es re 
oee nge ng air aram ee 
from which: 
64 1359 
= ——; Neede ee 
875 55000 


So in this way we find every time two coefficients at the same 
time. It is self-evident that if we only want to determine a and hb, 
the expansions need not be carried further than zt‘, which simplifies 
the above considerably. But we wished to determine also the coeffi- 
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cient d for the further course of the “straight” diameter in the 
neighbourhood of 7% for 6 constant. 
In this way we have finally: 


pay ieee oe 3 : 13 a 128 ; 1359 i, 
Ss I rage TM ae ae 
yy (7) 
. 2 ds ASS: ak ee a ' 
d—1— 2r + — 4+ — 7 Ht + — Fet 
is AS WAS 17500 
and we find: 
Le ey, BRS: 128 : 
on ae 3 m+ 75° + ..., 
aud hence: 
AN | le 64 
= > ( iu = —|1— = (lm) [5.45 NEN 
Wijf 5 175 


by which the direction of the “straight” diameter in the ideal case 
is completely determined. Hence the limiting value of the coefficient 
of direction for 7), is = 0,40, which value gradually increases a 
little, as we saw already above (cf. also the figure adjoined to the 
table). For 1 —m=0O0,1 g has grown to 0,415. 

In the following paper we shall try to determine « and / from 
the real equation of state, when we shall see that already the deter- 
mination of the coefficient « gives rise to great difficulties. With 
regard to 4 we may say. that it will have to rise from 0,40 to 
about 0,90. (Argon 0,90; Isopentane 0,89; Fluorbenzene 0,91; 
Oxygen 0,81). 

(Jo be continued) 

Clarens, October 24, 1911. 


Chemistry. — “Sugar solutions and Lime’. By Dr. P. J. H. v. 
GINNEKEN. (Communicated by Prof. vaN ROMBURGH). 


(Communicated in the meeting of Sept. 30, 1911). 


The solubility of lime in saccharose solutions and the phenomena 
occurring in sugar solutions which have been treated with lime 
have been many times the subject of investigation. The investigation 
then generally had a purely technical purpose and the investigators 
did not really strive to carry out scientific work but rather to explain 
the phenomena occurring in the sugar industry. That the subject has 
not as yet been investigated according to the methods placed at 
disposal by modern physical chemistry may be attributed to the 
fact that it offers so little chance of success. The difficulties present- 
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ing themselves at such a research are so great that a really com- 
plete investigation with a satisfactory scientific result can hardly be 
expected. The motive and object of this research were also of a 
technical character; the method applied necessitates, however a 
theoretical explanation. 

The results as yet obtained are generally not capable of satis- 
fying the critical reader; on one hand they have rarely led to con- 
cordant results on the other hand it is not possible to get from 
the known observations a good insight into the connection of the 
phenomena. 

And still this insight is a matter of great technical importance. 
One might perhaps remark that in the course of years, a modus 
operandi has developed in the sugar industry which, on the whole, 
yields satisfactory results and that a scientific aud accurate investi- 
gation of the phenomena is not of any great importance for technical 
purposes. I wish to be allowed to briefly answer this often quoted 
remark. 

A fact is that, although there exists a fairly satisfactory working 
process, there occur not unfrequently difficulties and confusions of 
which one does not know the cause and for which no satisfactory 
remedy is known. The chemical industry has two methods of expe- 
rimenting at its disposal; the practical experiment at the works, and 
the laboratory experiment. 

The practical experiment generally takes the following characte- 
ristic course. If a process does not work smoothly and if difficulties 
are experienced in the ordinary method of working the latter is 
altered but in such a manner that 1. the usual method is departed 
from as little as possible, so that there is no risk ofa serions failure 
involving great financial loss. 2. The experiment has its limitations 
depending on the nature, the size and the construction of the appa- 
ratus at disposal. For instance, it will often be impossible to attain 
a temperature considerably higher than the normal one because the 
capacity of the heating arrangement at disposal is insufficient. 

If now the experiment carried out in this manner has a not 
unfavourable result, the circumstances are remembered and these 
are again applied another time. Should the result be again favourable 
a rule is gradually introduced: If under certain conditions some 
difficulty or other arises, act according to the particular recipe given. 

Some of those rules have obtained the significance of laws whose 
discovery has meant a real industrial progress; but there are many 
others whose applications have done more harm than good. The 
practical experiment, although very useful, is not sufficient. 
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On the other hand we have the laboratory experiment. This is 
not affected by the limitations and the dangers which render the 
practical experiment so difficult, but can be freely pursued. Now, 
it is striking how trifling, in some works, is the influence which 
the laboratory experiment can exert on the process of manufacture. 

The cause of this unfortunate state of affairs is, in my opinion, 
brought about by the fact that those who conduct the investigation 
make too little use of the peculiar advantages which the laboratory 
experiment offers over the practical one. They imitate far too closely 
the actual process of manufacture. This, certainly gives more chance 
of an immediate success, but on the other hand they rarely attain 
to more than what has already been found out by the practical 
experiment. 

The laboratory experiment ought tobe put on a broader basis ; when 
once the scientific principles of the questions involved are under- 
stood, one may proceed to experiments which are connected more 
closely with a particular manufacturing process. For instance, only 
a somewhat broadly conceived investigation of the system lime, 
sugar and water may elucidate the many phenomena occurring in 
certain processes in the sugar industry. Not in every case, howe- 
ver, for it has been proved of late, owing to the experience gained 
in the modified method for obtaining the “raw juice”, that the influence 
of the non-sugars occurring in the solutions obtained must not be 
neglected. But this does not alter the fact that the behaviour of the 
three chief components of the complex present must be known first 
before a further investigation can take place in a rational manner. 

In this communication there is only a question of lime, sugar, and 
water. The intention really goes further and aims at investigations 
in the system of these three substances and carbon dioxide. Of the 
chemistry of the process taking place when treating the mixture of 
sugar solution and lime with carbon dioxide but very little is 
definitely known. The investigation communicated here is, however, 
limited to a portion of the diagram of lime, sugar and water at the 
temperature of 80°. 

The investigation was based on the following view of the phase 
rule. When deducing the same a start was made from known facts 
and the result of many preliminary experiments. The latter are not 
communicated as they were, quantitatively, but roughly carried out. 
The definite experiments for upholding the argument set up a prior? 
are communicated further on. 

Saccharose, calcium oxide, and water form a ternary system and 
as is well-known many more or less stable compounds in which 
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sugar and lime occurs. For this investigation, only the trisaccharate 
is of importance. This compound when precipitated from aqueous 
solutions has according to many investigators, the formula C,, H,, O,,, 
3 Ca O,3H,O. On warming sugar solutions treated with lime’), at 
the ordinary temperature, the trisaccharate is precipitated. 

The trisaccharate, however, is not stable, at a higher temperature, 
in the presence of water and sugar solutions (those of a very high 
concentration perhaps excepted). If we take into consideration that, 
in the cases to be investigated, the trisaccharate separates in the 
solid state, but that the definite equilibrium between the compound 
and the components is attained but slowly, and that the phenomena 
occurring before the equilibrium has set in must be investigated 
also, the necessity arises to look upon the system as being pseudo- 
quaternary. *) 


Fig, sl, 


In the equilateral triangle SWC’ (fig. 1) the apexes represent the 
pure components, saccharose water and calcium oxide, respectively, 
and the points 7’ and A indicate the composition of the trisaccharate 
and the calcium hydroxide respectively. The temperature is taken as 
80°. If now no trisaccharate occurred either in the solid condition 


1) Many investigators speak wrongly of solutions “saturated” with lime at the 
ordinary temperature. 


*) Compare H. R. Kruyt, (Chem. Weekblad 7, 133 (1910)). The nomenclature 
there given is used here. 
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or in solution a line AB might indicate the solubility at 80° of 
calcium hydroxide in sugar solutions of varying concentratiuns '). 
If there were no molecules of caleium hydroxide in the complex a 
line like DE would indicate the concentration at 80° of the trisac- 
charate in sugar solutions of different concentrations. That this line 
is situated at higher lime concentrations than the first line is probable, 
but not certain. If now we start from a complex P, and assume 
that this consists of a liquid of the concentration H and a solid 
phase 7 we can trace what will happen if, in the solution H, 
the molecules of trisaccharate present are being converted into 
calcium hydroxide and saccharate. The concentration of the molecules 
of the trisaccharate then begins to decrease, causing the equilibrium 
between the solution and the solid phase to be disturbed ; this 
phase-equilibrium will endeavour to restore itself. 

Let us now suppose (and this supposition governs the whole argu- 
ment) that the equilibrium of phases sets in more rapidly than the 
inner reaction-equilibrium in the liquid, then the following will 
happen in the process of the decomposition of the trisaccharate. In the 
solution in which molecules of trisaccharate are being decomposed, 
fresh quantities of the solid phase will dissolve. The composition of 
the liquid will now be represented by a point which moves along 
the line HVT in the direction of /. This will continue until in the 
solution so many mols. of calcium hydroxide have formed that this 
is on the point of precipitating. If this happens, for instance, in the 
point 7, the composition (or to be more correct, the point indicating 
the same) will move along a line which does not coincide with the 
prolongation of the line H/, but intersects this in /. This eutectic 
line, which indicates the composition of the liquids which are in 
phase-equilibrium with the two solid substances, trisaccharate and 
calcium hydroxide will have a course like the line /L, and in any 
case be situated to the left of 77, because the Ca O-content is less 
than that of the liquids to which the line /7’ relates. Whereas on 
further decomposition of the trisaccharate the composition of the 
liquid will, therefore, move along the line /Z, the average composition 
of the solid phases will move along the line 7'K from 7’ towards K. 
When the composition of the liquid has arrived in £ and, simulta- 
neously, that of the solid phase in K, all the solid trisaccharate 


') It is almost superfluous to point out that, for the sake of clearness, the 
solubility of the lime has been drawn far too large. For the same reason the 
figure has been drawn complete although little or nothing is known about the 
behaviour of the components and eventually occurring compounds at very high 
sugar concentrations. 
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is used up and only the molecules of this compound still insolution 
will go on decomposing. | 

As hence calcium hydroxide only is precipitated from the solution, 
the composition of the liquid moves along LM. This, however, will not 
continue until the point M is reached because, however greatly in 
favour of the calcium hydroxide the reaction equilibrium in the solu- 
tion may be, a few mols. of trisaccharate are sure to remain in solution. 
The equilibrium will be attained, for instance, when the liquid has 
the composition indicated by Q. 

In the same manner as stated for the complex P we can set to 
work for any other complex containing trisaccharate. So long as the 
point of equilibrium for that complex has not been reached the 
saccharate will be decomposed in a way similar to that indicated 
for the complex P. On closer consideration it appears also that the 
lines which indicate, for different complexes, the composition of the 
liquids which are, simultaneously, in phase-equilibrium with both 
solid substances, are all parts of a same eutectic line FG. For if 
in the ternary system there is an equilibrium of phases, the phase 
rule may be applied with this understanding that the number of 
degrees of freedom is here increased by one on account of the 
changeable inner condition of the liquid which is represented by an 
equation with two variables. In this case, the number of degrees 
of freedom will then be equal to one so that the possible conditions 
are, as a rule, to be indicated by one continuous line. 

Up till now there was only a question of mols. of trisaccharate 
and mols. of calcium hydroxide and no mention was made of mole- 
cules of other compounds (such as monosaccharate etc.) possibly 
in the liquid. The existence of such molecules in the solution does 
not, however, interfere with our explanation. For this it is not at 
all essential that the decomposition :trisaccharate = sugar + calcium 
hydroxide takes place according to a simple equation. We certainly 
have started from liquids which merely contained mols. of trisaccha- 
rate and of calcium hydroxide, but these only represent hypothetical 
initial and terminal conditions. 

The lines which represent the composition. of the liquids containing 
only mols. of trisaccharate and calcium hydroxide and coexist with 
these solid substances, respectively (the lines AB and DE) are, 
therefore, purely hypothetic and cannot be determined experimentally. 
The line #G, however, may perhaps be determined experimentally 
on the condition that the phase-equilibrium sets in more rapidly than 
the reaction-equilibrium. We found above that the point of equili- 
brium must be situated in a point Q. The line indicating the point 
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of equilibrium for different degrees of concentration might then have 
a course as represented by ANO. AN indicates the composition 
of the liquids which find themselves in a definite equilibrium with 
calcium hydroxide as solid phase; liquids with a composition on 
NO will coexist in definite equilibrium with solid trisaccharate. 

All this might also be deduced — and more rigorously so — by 
lirst looking on the system as a purely quaternary one and then to 
proceed by a suitable way of projection to the ternary system. In 
the quaternary system, the section of a plane indicating the inner 
equilibrium in the liquid with the solubility surfaces of the solid 
substances would then, when projected, give, in the ternary system, 
the line of the definite equilibrium represented here by ANO. 
Meanwhile, the view stated above appears to us to be satisfactory 
and preferable, especially as it is difficult to obtain a satisfactory 
knowledge as to the inner equilibrium in the liquid on account of 
the complicated nature of the reaction. 

Our experiments now had their object (1) to control the compo- 
sition of the trisaccharate; (2) to decide in how far the above view 
agrees with the facts: (3) to determine (at least in part) the line of 
equilibrium. 


It was obvious to try and prove the exact formula of the tri- 
saccharate by applying ScCHREINEMAKERS’ “residue method”. This, 
however, did not appear possible as we did not succeed in getting 
by subsidence or filtration a “residue” of which the content of liquid 
phase was not very large. In order to obtain at 80° complexes which 
consisted of solid trisaccharate and liquid, we always started from 
solutions treated with lime at the ordinary temperature. When such 
a solution was shaken for some time at 80° in a thermostat so as 
to precipitate trissaccharate and then allowed to settle, it frequently 
happened that the liquid cleared up very well. The analysis, however, 
always pointed out that the “residue” still contained a very large 
quantity of the liquid phase. We have tried in different ways to 
obtain better results, but in vain. We constructed, for instance, an 
apparatus which rendered possible a filtration under pressure, at 
80°, but this also led to no better result. ‘Residues’ obtained under 
a pressure of 5 atm. and higher had no higher content of solid 
substance than those obtained by settling. By way of illustration 
we give the results of two of these experiments in Table 1. (The 


1) Comp. Baknuis-RoozeBoom and Aven, Zeitschr. f. Physik. Chem. 53, 449 (1905) 
also Zeitsch. f. Physik. Chem. 75, 687 (1911), where I have worked out a similar 
idea for another pseudo-quaternary system. 
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TABLE ke 

Mumber | Tne Liquid phase Residue Bie 
| of of | | in the | 

5 , | solid 

exp. shaking ; Pol. 0/4, CaO Pol. | % CaO phases. 

1 |6hours, 10.2 | 123 | 18.0 | 5.50 | 100.5 
kees | EN 
z 10 hours; 15.6 | Beall | Ds 10.52 90.3 | 


CaO-contents of the liquid phases have, probably, been found a 
little too high). 

When the figures obtained are given in a graphic representation, 
it is noticed at onee that it is not possible to obtain in this manner 
a somewhat efficient control as to the composition of the solid sub- 
stance. Meanwhile, our experiments have shown that, however quickly 
one may filter off, never results are found which could point out 
that the solid substance which is precipitated from sugar solutions 
on heating, contains less lime than is indicated by the usual formula 
of the trisaccharate. 

In Table 1 is also shown, in what proportion the trisaccharate 
and the calcium hydroxide were present in the solid phases. The 
percentages of saccharate were obtained by calculating, from the 
comparison of the lines (fig. 1) 7'K and, for instance, RV, the 
coordinates of WV, and with the aid of these and the coordinates of 


7K 
T and 4K, the relation ier 100 5. 


From the above it appeared that the progressive change of the 
decomposition of the saccharate might be studied experimentally as 
in one of the cases the saccharate, after 10 hours, was decomposed 
to the extent of 10°/,. We now wanted to find experimentally in how 


1) In this way was found: 


AN Fr es 5 
VK en K YY: 


TK BR ar Wen a) (ve) -{- (a <- vr), ziel 


’ 


in which Ley Lay To La and Ue Ip Yo Vr indicate the CaO content and the 


water content of K, 7, liquid phase and residue respectively. For the calculation, 
use was made of the formula: 


VK 8 : Li LY, 
De eee LELO | 
HK 0,147 (e,—e.) a 0,459 (y,— 4) 
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far the above view tallied with the facts, as it was, of course, not at 
all certain that the idea as to the velocity of the reaching of phase- 
and reaction-equilibrium was even approximately correct. Ifa definite 
complex were shaken for a long time at 80°, we ought to find results 
for the composition of the liquid, which in the graphic repre- 
sentation would be represented by a point moving along a line of 
the form H/LQ in fig. 1, whereas the analysis of the “residue’ 
ought to point to an increase of the quantity of solid calcium 
hydroxide in the solid substance. It was a foregone conclusion that it 
would really not be possible to realise the part HJ thereof, as we 
started from a cold liquid, whose equilibrium appears to be situated 
fairly near the side of the saccharate, but which surely does not 
contain trisaccharate only. The experiments were carried out as 
follows: A sugar solution was shaken at the temperature of the 
room with quick lime and then filtered rapidly so as to prevent the 
disturbing action of the atmospheric carbon dioxide. The sugar used 
was pure saccharose, the calcium oxide and the hydroxide were 
commercially-pure products. The solution was shaken in small bottles 
in a thermostat at 80° (+ 0.2°). After shaking for a sufficient length 
of time the suspended matter was allowed to settle which sometimes 
proved to be very tedious. 

The long time required for the subsidence of a mass which is not 
in perfect equilibrium and of which afterwards both solution and 
deposit are tested raises, of course, some suspicion: but, as stated 
above, we have not been able to find a method which did not 
present some still greater difficulties. 

When the mass had subsided sufticiently a little of the clear 
supernatant liquid was blown out of the bottle by means of a 
slight pressure. For this purpose there had been placed beforehand 
on the bottle a stopper through which two little tubes had been 
introduced. One of the tubes allowed the introduction of a little 
pressure; to the other was sealed an enlarged piece which, filled 
with cotton wool, dipped into the liquid and served as a filter. 
This little filter was heated beforehand in a drying oven to fully 
80° 5. We were nearly always successful in obtaining filtrates 
which (at 80°) were quite clear. Of the liquid, about 13 grams were 
collected in a weighing bottle. The liquid still present in the bottle 
was carefully but rapidly poured off, thus leaving the “residue” behind. 


1) This precaution was by no means superfluous. During the course of the 
research I have noticed many a time that the least coolmg of a solntion which 
at 80° contains a little suspended lime or saccharate may considerably increase 
the lime content of the liquid phase. 
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When cold, the filtered liquid was weighed and then titrated with 
28 N and a N sulphuric acid with phenolphtalein as indicator ; the 
neutralised liquid was then rinsed into a 50 em. flask, diluted up 
to the mark and polarised. The “residue”, after weighing, was 


de AE 11 
titrated in the bottle itself with 096 N and 28 N hydrochlorie acid, 


the neutral solution transferred to a 50 cc. flask, made up to the 
mark and polarised. The amount of “residue” varied from 6 to 15 
grams. As relatively strong hydrochloric acid solutions were used in 
the titration, the calcium chloride formed may influence the polarisa- 
tion, and as sometimes only about 6 grams of “residue” (+ '/, 
normal weight of the polarimeter) were dissolved to 50 cc. and as, 
therefore, the result of the polarisation had to be multiplied by about 
two, the analysis of the “residue” was not so correct as that of 
the liquid. As, however, the analysis of the deposit only served to 
control the progressive change of the process it was sufficient for 
our purpose. 

Of some series of determinations the first of which served for 
orientation, we give the last series. A cold solution which contained 
9.90 °/, of sugar and 2.20°/, of CaO served as a start. The, results 
are given in Table 2. In Fig. 2 the values obtained are given in 
a graphic representation. 


TABLE 2. 
| Number | Time of EEE F 9/, trisac-| 
5 shaking Liquid phase Residue charate 
Ennn Se WE the 
experl- subsi- Soll 
ment dende Pol. 0/, CaO Pol. 0/o CaO phases 
kra i. HOE ee 20-405 Banen ee 
1. hour jl y 
2 1, hour ] S00. 0580 ET 1002 PAG fe) 80.5 
11 hours 
3 Bucur 8.90 0.610 10.63 3.70 59.0 
Ay eee 0.30) | 50.604 9, 10,00. | 4.50.6 LD 


| 1 hour 


30 hours, | | 5 | 
5 hour 9:08 0.464 | 9.24 5.42 5.3 | 


| 30 hours | 
en CRN =| 


1) In N°, 6 calcium hydroxide was added. The reason thereof is communicated 
below. 


( 452 ) 


As will be seen, a line can be drawn (dotted in the figure) 
which connects the points found and agrees fairly well in form with 
that of LQ in Fig. 1. 

The alkalinity of the liquid phase increases but very little, or is 
almost constant (0.483, 0.580, 0.610, 0.604), but the polarisation 
increases strongly (7.00, 8.00, 8.90, 9.30), up to a definite value 
(9.68, 9.63), after which the alkalinity begins to decrease (0.464, 
0.336). At the same time the analytical results of the “residues” 
and the figures for the °/, of trisaccharate in the solid phases cal- 
culated with the aid thereof show that the quantity of the trisac- 
charate in the deposit is decreasing. 


The polarisation of the liquid phases ought to rise to the same 
value as that of the original liquid, namely 9.90, whereas only 9.68 
is reached. This deviation is probably due to decomposition of the 
sugar. The contents of the bottles which had been shaken for a long 
time were of yellow colour: N°.3 slightly so but N°. 4, 5 and 6 
quite distinct. In fact the line which, in fig. 2, connects the liquid 
phase with the residue, deviates in N°. 4 and 5 from the point of 
intersection of the other lines. 
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The form of the dotted line in fig. 2 now shows that the course 
of the decomposition is grosso modo that one which may be expected 
on the strength of our views stated above, which may, therefore, 
be applied in general to the system investigated. 

As regards the velocity of decomposition of the saccharate, it 
appeared at first sight difficult to notice any regularity therein. With 
a definite complex the velocity was fairly regular even though it 
is strange that in experiments 1 and 2 (table 2) where the shaking 
lasted the same time, the decomposition had advanced to such a 
different extent. Strong deviations, however, occurred when other 
liquids were investigated. A complex with a sugar content of 9.30 °/, 
and a CaO content of 2.40 °/, was shaken at 80° for 5 and 8 hours 
and gave results as shown in table 3. 


TABLE 3. 
Number Time of | Liquid phase Residue ee 
haking F 
of Expe- |” ei 
PE |and sub- solid 
riment | sidence Pol. 0/9 CaO | Pol. 0/, CaO phases | 
5 hours) 
1 Vj, hour 6.50 0.683 13.02 4.39 98.0 
| . 
8 hours 
| 2 1/, hour | 6.60 | 0.602 | [3.15 | 4.83 96.7 


As appears from the figures found for the percentages of trisaccharate 
in the solid phases but very little trisaccharate was decomposed 
after 5 hours, and not much more after 8 hours. 

We have, however, observed a phenomenon which throws some 
light on the velocity of decomposition. If the dotted line in fig. 2 
is really a part of the line FG in fig. 1 and if the view taken is 
applicable, the same results must be obtained when to the mass we 
add calcium hydroxide and also shake for different periods, at 80°. 
This was carried out as follows: Some bottles were filled with the 
liquid with which the experiments of table 3 were executed (9.30 °/, 5. 
and 2.40°/, CaO) and shaken for a short time at 80°, into the turbid 
mass calcium hydroxide was then introduced. The whole was then 
shaken for 5 hours. The results are given in table 4. 

We see in the first place that the alkalinity of the liquids, with 
an about equaliy high sugar content, is a little higher than in table 2. 
Afterwards, however, the peculiar phenomenon is noticed that the 
decomposition of the saccharate is much accelerated by the addition 
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TABLE 4. 
is b 5 f | | Liquid phase | Residue % trisac- 
| umber jn | Lime | | charate 
‚of Expe- ic rr ok tha EE: ==) it the 
es ‚addition ! lo . ‚_ solid 
riment | sidence | | Pol. | %; CaO Pol. /o CaO | phases 
| | | 
| | ’ : ) 
edes He 7.40 0.620 | 11.40 | 4.70 | 1681" | 
| 4 | | 
| | 5 hours with 39, | | 
: */, hour | Ca(OH), | ies pee | at leeaireg | = 
, RS i | 
3 5 hours, with 5° 9 | 9.20 0.715 | ae As a 
| 


5/, hour Ca(OH), ; 


of the lime. The values for the polarisation of the liquid phases 
exhibit this clearly. The calcium hydroxide present, therefore, exerts 
an accelerating influence on the decomposition of the saccharate 
which increases with the amount of lime present *). Other experi- 
ments also confirmed this observation *). 

The behaviour of the sugar solutions which have been treated 
with lime at a low temperature and heated, after filtration, to 80° 
may now be explained in this manner. In the cold solution are 
found molecules of calcium hydroxide, trisaccharate and other sac- 
charates richer in sugar. On warming, trisaccharate but also calcium 
hydroxide may precipitate. Now we have observed that a lime- 
containing, clear solution behaves differently in accordance with the 
time it has stood at the ordinary temperature. The liquid used in the 
experiments (table 2) had been freshly prepared, whereas that of 


1) In the experiments, to which table 2 relates, we have in the same manner 
added calcium hydroxide to bottle NO, 6 in order that the equilibrium might be 
attained sooner, as a prolonged shaking did not seem advisable on account of 
the perceptible decomposition of the sugar. 

2) That the presence of solid calcium hydroxide has an influence on the pheno- 
mena occurring on warming sugar solutions treated with lime has been commu- 
nicated by Petter (Bull. ass. chim. 18, 700 (1896)) and was recently confirmed 
by experiments of H. Ciaassen (Zeitschr. d. Vereins der Deutschen Zuckerindustrie 
(1911) 489). Craassen (lc. p. 504) remarks: ‘Dass der ungelöst gebliebene 
Kalk eine derartige Wirkung auf den gelösten Kalk ausiibt ist jedenfalls eine auf- 
fallende Erscheinung; der ungelöste Kalk wirkt hier ähnlich wie Anregekristalle 
in einer übersättigten Lösung desselben Stoffes, gleichzeitig aber auch zersetzend 
auf die Verbindung des Kalks met Zucker”. Craassen, therefore, has already 
observed the phenomenon in principle; to us it seems, however, that he was not 
fully aware of its significance. 

Pheromena of an analogous nature are known to occur in sugar solutions 
treated with strontium hydroxide. 
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the experiments recorded in table 3 had been kept for two weeks 
in a closed bottle at the ordinary temperature. It is not improbable 
that in the latter liquid the quantity of saccharate was a larger one ; 
on heating the same no, or but very little, Ca(OH), was copre- 
cipitated with the saccharate, so that the decomposition velocity of 
the saccharate was but trifling. 

On the other hand the liquid of the experiments of table 2 con- 
tained less saccharate and more Ca(OH), in the cold solution so 
that, on warming, calcium hydroxide was at once coprecipitated 
which, by catalysis, promoted the decomposition of the saccharate. 

This is also confirmed by a comparison of the results in table 3 
and n°. 1 of table 4. The experiments of table 4 were carried out 
with the same liquid as that of table 3, but a week earlier. The 
quantity of trisaccharate precipitated in n°. 1 of table 4 was smaller 
than that in n°. 1 and 2 of table 3 as is also shown plainly from 
the polarisations of the liquid phase. 

This we will also connect with another phenomenon which we 
have observed. When, in a cold lime-containing clear sugar solution 
we determine the amount of lime by titration and then repeat the 
same after the solution has stood for some time, it appears that the 
alkalinity has diminished although the solution is still perfectly clear. 

Probably, in the case of cold solutions, the inner equilibrium in 
the liquid sets in very slowly *) and the quantity of saccharate 
influences the results of the titration. 

The decomposition of the dissolved saccharate by dilute acid 
would consequently not take place iminediately at the ordinary 
temperature. A further investigation of this phenomenon is very 
much to be desired, as it is of great importance to known in how 
far the usual technical lime titration process is correct or not. Very 
probably, the titration of a dilute solution only just cooled gives 
correct results, but the alkalinity determination in more concentrated 
solutions and juices deserves in this respect a closer investigation. 
We intend carrying out further supplementary researches as to the 
decomposition of the trisaccharate at 80°. Particularly, the deter- 
mination of the line FG (fig. 1) is for several reasons of great 
importance. We have, however, postponed these experiments when 
we noticed that the condition of the cold lime-containing liquid 
exerted an influence on our results. 

Hence, we will first endeavour to gain some knowledge, as far 


1) In fact, by repeated treatment of sugar solutions, of average concentration, 
with lime, solutions of a very high alkalinity may be obtained. But we cannot 
pretend that such solutions are saturated. 
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as this will be possible, as to the inner condition of the cold lime- 
containing sugar solution; on the other side, the insight gained in the 
phenomena at 80° will, perhaps, facilitate our investigation as to 
the conditions at a lower temperature. 

From the experiments mentioned (table 2) it appears that the 
definite condition of equilibrium of the complex investigated consisted 
in the coexistence of calcium hydroxide and solution. 

In the above cited treatise, CLAASSEN comes to the conclusion that 
on warming solutions treated with lime at the ordinary temperature 
(“saturated”) “stets auch nach vielstiindigem Rühren, erheblich mehr 
Kalk gelöst (bleibt), als sich bei der höheren Temperatur unmittelbar 
lösen würde”. This conclusion does not seem to us justified. CLAASSEN’S 
determinations occupied only 5'/, hours; moreover, from his figures 
it is evident that the alkalinity at that moment (namely, after 5'/, 
hours) was still decreasing. To us, however, it appears very probable 
that on shaking for a sufficiently long time (in our case more than 
30 hours) the condition of equilibrium would have set in. As, how- 
ever, both the yellow colour of the solution and the results of the 
analysis indicated that the sugar commenced to decompose perceptibly 
it was obvious to start for the determination of the condition of 
equilibrium, from a complex, the composition of whose phases was 
removed less from the condition of equilibrium. 

In a small bottle were placed 5 grams of calcium hydroxide and 
10 grams of water, the whole was heated to 100°, boiled for a 
moment and then suspended in the thermostat at 80° (+ 0.2°). In 
this was also introduced a small bottle containing so much of a 
sugar solution of a definite concentration that, after mixing with the 
10 grams of water in the other bottle a desired sugar concentration 
(of 5, 10°/, ete. respectively) was approximately obtained. After it 
could be taken for granted that everything bad attained the same 
temperature, the contents of the bottles were mixed (cooling being 
carefully avoided) and shaken for the time desired. The results of 
the analysis of the liquid phases are communicated in table 5. 

The figures for a 10°, solution agree well with those found by 
CLAASSEN at the same temperature. The time of his experiments was 
60 minutes; evidently the equilibrium was thereby attained somewhat 
more rapidly, which can be attributed to the calcium hydroxide and 
the whole modus operandi. Yet it appeared to us still a little doubtful 
whether in CLAASSEN's experiments the equilibrium had been fully 
attained, because after one hour the lime content of the 10 and 13°/, 
solutions was still falling while after that time that of the 16.7 and 
33.3°/, solutions was still rising. 
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TABLE 5. 


= Tin a ‘ a eral 


Sugar . Time of shaking | 
4 hours 


Time of shaking | Time of shaking | 
8 hours 24 hours 
concen- 


tration Pol. 0/, CaO | Pol. 0/, CaO Pol. | % CaO | 


+ 


5%, | 4.95 | 0.106 PUN ae iy a a ee a 


+ 


100/5 9:90 0,192 9.90 0.189 9.85 0.200 


+ 


15% | 14.80 | 0.257 14.75 0.230 — — 


HH 


200, | 19.55 | 0.350 | 19.50 | 0.358 | 19.60 | 0.359 
et = 24.60 | 0.548 Le a 
30% | 29.50 | 1.000 | 29.70 | 1.017 = = 


H 


H+ 


We have therefore, continued the determination in two concen- 
trations, for 24 hours to make sure that also after this time the 
lime content would suffer no further change. 

In these determinations the “residue” was also analysed to ascertain 
whether its composition would point to calcium hydroxide as solid 
phase or whether perhaps any deviations did occur. 

The results in table 6 show that the solid phases consisted 
practically of calcium hydroxide only. 


TABLE 6. 

Time Liquid phase Residue Np trisac- 

of in the 
shaking | Pol. Ke CaO | Pol. KE C20] De: 

| 
| 24 hours 9.85 | 0.200 5.43 | 31.21 | —1.7 
'24hours| 19.60 0.359 | 10.65 | 33.71 ea 
| 


In fig. 3 the figures of table 5 (8 hours’ shaking) are given in a 
graphic representation and connected by the line an. 

The values found by CLaasseN (for 60 minutes’ stirring) are represented 
therein by the encircled points. 

The line an (fig. 3) is a part of the line AN in fig. 1. 

In figure 3 is also drawn a line fg (corresponding with the line 
FG in fig. 1), of which only a few points have been determined 
(Table 2) but which probably will have a similar course as that 
indicated in the figure. 
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The line an (fig. 3) (the figures of table 5 respectively) indicates 
the stable composition of the liquids which coexist with calcium 


hd A 


hydroxide: It forms at the same time the lower demarcation for 
the “solubility of lime in sugar solutions” ot different concen- 
trations at 80°. The line fg gives the composition of the liquids 
which coexist with calcium hydroxide and trisaccharate in phase- 
equilibrium ; the line forms the upper demarcation for the “solubility 
of lime in sugar solutions’ of different concentrations at 80°. 

We will now apply the above matter to some known facts and 
data: Whereas, when starting from sugar solutions and lime, we 
will attain finally, by various means, the same condition of equili- 
‘brium, the solubility of lime in sugar solutions is, practically, depend- 
ent (1) on the nature of the lime added, (2) on the manner of 
adding the same and the temperatures, (3) on the amount of lime 
and the time of action. 

1. When lime is dissolved in sugar solutions at 80° no trisaccha- 
rate will be precipitated (if the sugar concentration is not too high) 
(see table 7) but a certain amount of saccharate will always be 
formed and, in the case of sugar concentrations below + 15°/,°), 
nearly always more than corresponds with the definite reaction- 
equilibrium. The more free calcium oxide is present in the lime used 
the more saccharate will be formed in the solution. Free calcium 
oxide is not only present in quick lime, but also in so called slaked 
lime and even in milk of lime so that special precautions must be 
taken to ensure complete hydration *). 

If now the lime content is determined of sugar solutions which 
have been treated with lime of a different CaQ-content (quick lime 


1) This limit of + í5°/, is deduced from the figures found by CLAASSEN. 
2) Compare the above and also Craassen’s paper. 
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slaked lime, milk of lime etc.) a phase-equilibrium sets. in at not 
too low a temperature (say 80°) while the reaction-equilibrium sets 
in so slowly that the composition of the liquid during the experi- 
ment may be considered as constant. 

2. When the lime is added at a lower temperature or when a 
temporary cooling of the mixture has taken place, also more lime will 
remain in solution after heating to 80°, than corresponds with the 
condition of equilibrium. 

If the temperature was, at first, considerablyJlower trisaccharate 
will precipitate at 80° (the lower the temperature has been the 
larger the deposit). The deposit will also be increased when the 
lime added contains much free calcium oxide and when'the addition 
of quick lime takes place more cautiously so as to avoid local 
heating. In this case also, the reaction-equilibrium in the liquid will 
alter but very slowly so that the phase-equilibrium present appears 
to be stable. If trisacharate has precipitated a lime-content is found 
corresponding with a point of fg in fig. 3. 

3. Theoretically, the duration of the reaction will exert its influence 
until the definite equilibrium has set in. In practice, however, (as 
was assumed in 1 and 2) the duration of the reaction only exerts 
an influence until the phase-equilibrium has set in. This, however 
only applies when no large quantities of solid calcium hydroxide 
are present. These, at a higher temperature and a not too high 
sugar concentration promote the attainment of the reaction-equili- 
brium so much that the latter will make its influence felt even with 
a shorter duration of the experiment. CLAAssEN’s experiments furnish 
a good illustration of this. He found?) that the solubility, when 
using milk of lime “zunächst mit der Menge des angewandten Kalkes 
steigt, und bei niedrigen Temperaturen stärker als bei höheren. Von 
2—2*/,°/, Kalkzusatz ab bleibt die Menge des gelösten Kalkes ungefähr 
gleich oder sinkt bei hohen Temperaturen und 10 °/, Trockenkalkzusatz 
sogar etwas”. 

The duration of the experiments concerned was 60 minutes. That, 
at a lower temperature, the solubility increases with the amount of 
lime added is due to the fact that during the time of the experiment 
the phase-equilibrium was not attained, which in our opinion is also 
confirmed by some other of CraasseN’s experiments (lc. p. 499); at 
higher temperatures however, a large excess (10 °/,) of lime caused 
the solubility to diminish, but this is owing to the fact that the 
reaction-equilibrium made its influence felt. 


1) Le. p. 496. 
31 
Proceedings Royal Acad. Amsterdam. Vol. XIV. 
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The influence of the time of action at 80° is therefore practically 
dependent on the amonnt of lime, and in the case of not too high 
sugar concentrations a large excess, at this temperature, will in the 
long run lessen the “solubility”. 

It appears to us that in the decomposing influence of a large 
excess of lime must be sought the explanation of the fact well known 
in sugar manufacture that in many eases a bad filtering of the mix- 
ture treated with carbon dioxide may be prevented by previously 
adding move lime. It 1s generally held that the excess of lime renders 
the filtered off mass more porous, but this mechanical explanation 
seemed to us a little far-fetched. 

In our opinion, the cause will have to be looked for in the fact 
that the large amount of lime has a decomposing action on small 
quantities of eventually formed trisaccharate or on other gelatinous 
compounds of lime, sugar and non-sugars present. j 

Finally, the following experiment may be communicated In order 
to ascertain by the “residue method” whether in the ordinary tech- 
nical manner of adding the lime, calcium saccharate is precipitated, 
a 15°/, sugar solution was kept in a thermostat at 80° in a vessel 
in which a small sieve made of copper gauze was mechanically 
moved upwards and downwards. On the sieve was placed 2'/,°/, (of 
the liquid) of quick lime in the form of course Inmps. After 20 
minutes the lime was completely suspended (slaked). After allowing 
the whole to settle, a little of the liquid was drawn off by means 
of a pipette carrying a small cottonwool filter. The remaining liquid 
was then decanted from the deposit. The same experiment was 
repeated with. finely divided quick lime, which was placed care- 
fully in small quantities on the sieve. 

As will be seen in table 7 no trisaccharate had precipitated, so 
that, in this way, it has been confirmed once more that in the 
ordinary technical process of adding lime no trisaccharate is preci- 
tated at 80°. A fortiori this will also not be the case when milk 
of lime is used. That this, however, applies only to high temperatures 
and that one has to be careful at lower temperatures was shown when 
the same experiments were carried out at 50° (with a 13°/, sugar 
solution). Even after subsiding for a long time, no clear filtrate could 
he obtained so that the CaO-content of the liquids has been found 
too high, but this has little influence in the calculation of the °/, 
of saccharate in the solid phases. The results (table 7) point to a 
rather important saccharate precipitate. 
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TABLE 7. 
B | ie jao® 
= Time Liquid phase Residue SS} 
© Kind of lime and way) required for Sct| 
} B) . 1 | . Gs a. 
5 of adding same! | slaking the ones 
|E | lime. | Pol. 1% CaO | Pol. |% CaO S235} 
| EE | | | | 5 a 
Des | | | | | 
| | 21°}, coarse lime . 19 
80° introduced afl at once 20 minutes ke 0.52 11.0 23.1 | 0.4 
| 21/)"/, fine lime | : | | | Oe 


2" /9 coarse lime | ov, hours | 13.0 | 1.55%} 12.0 | 22.0 | 16.0 


50° introduced all at once | | 


! | 21/,0/) fine lime | ; | EE | 
0 | 2/0 . 
50 | carefully introduced 20 minutes 12.8 1.00 )| 11.8 | 2252 15.8 


SUMMARY. 

After some remarks on the manner of experimenting in chemical 
works it was shown that, in many cases, a not too narrowly con- 
ceived, more scientific investigation of the questions not yet solved 
is a desideratum. 

Afterwards an explanation was given, based on the phase rule, 
of the relation of the phenomena theoretically to be expected in 
complexes containing lime, sugar and water. 

Experiments were then communicated on the decomposition of 
the trisaccharate and the situation of the eutectic line at 80°; and 
those that served for the determination of the line of equilibrium 
(Solubility of Ca(OH), in sugar solutions at 80°). 

Finally, the matter communicated was applied to some well-known 
observations and facts. 


Chemistry. — “On the system sulphur”. By -Lvof. A. Surrs and 
Dr. H. L. ok Leeuw. (Communicated by Prot. A. F. HOrr.EMAN). 


(Communicated in the meeting of September 30, 1911). 


As was shown by one of us (Suits *) the study of the system sulphur 
has revealed facts which support the theory of the phenomenon allotropy. 
The facts alleged up to now only referred to the influence of the rapidity 
of heating on the melting-point; but it was certain that sulphur would 
yield more evidence in support of this; hence the continuation of 


1) In the first experiment some water, had evaporated; in the following ones 
this was avoided. 

*) The liquid was a little turbid when filtered. 

3) These Proc, Vol. XIII p. 763; Zeitschr. f. phys. Chem. 76, 421 (1911). 
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the examination of sulphur seemed of great importance, the more so 
as in this way a better insight could probably be obtained into the 
complexity of the system. 

In the very first place the influence was examined of the previous 
history of the system on the point of transition, because as was 
mentioned before, the theory of allotropy predicts such an influence. *) 
This investigation yielded an indubious result, for it appeared that 
the point of transition can be modified to a great degree. 

Sulphur was heated to a high temperature in a dilatometer, and 
then rapidly cooled. When the sulphur had reached the temperature 
of the room, the dilatometer was filled with the liquid indicated by 
ReicHer, °) a solution of sulphur in turpentine, and the transition 
point was determined. 

It was always found that the point of transition was at first greatly 
lowered, and we succeeded in one of our experiments in finding this 
point lowered by more than 10° shortly after the filling. This point 
of transition, which is, of course, a metastable transition point, rose 
continually with decreasing rapidity, so that the unary transition point 
was not reached until after 4 a 5 days. We found 95.45° as tem- 
perature of the unary transition point under the pressure of | atm, 
which value tallies with that found by Retcugr, viz. 95.6° at a 
pressure of 4 atmospheres, corrected 95,45° at a pressure of 1 
atmosphere. 

If we now consult fig. 2 of the communication, of one of us in 
these Proc. of Sept. 1911") it is easy to see, what happened in this 
experiment, at least if to simplify the matter as much as possible 
we assume for a moment that there it always internal equilibrium 
between Sp and Sy. 

Starting from a point on the line LK we have reached the binary 
melting-point surface below the temperature of the unary melting- 
point, so in a point on the line Ly, and while the liquid follows 
the line y,h,/,, the solid phase would follow the course indicated by 
the line /f,s,. When s, and /, have been reached the transformation 
s, >s, + /, will take place, so that only rhombic mixed crystals and 
liquid can coexist at lower temperatures. 

Now this would only be the case when S, really behaved as a 
component, which is not the case; but if we assume that the cooling 
has taken place so rapidly that S, has practically not been able to 
convert itself, then when the rapid cooling no longer takes place, 

1) Loe. cit. 

*) Dissertatie, Amsterdam (1883). 

3) l.c. p. 266. 
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e.g. when the temperature has descended to the ordinary tempera- 
ture, the conversion S, — S, will show its influence. | 

So the liquid phase will disappear, which is attended by a dimi- 
nution of volume and the solid phase moves from the line $,S, 
towards the left. If we begin to heat again before the line for the 
internal equilibrium S,S, has been reached, we shall reach the tran- 
sition surface somewhere between $, and S,, and at a temperature 
below that of the unary transition point rhombic sulphur will be 
converted to monoclinic sulphur, which transformation is accompanied 
by an increase of volume. In consequence of the continued conversion 
of S,, however, which takes place in the mixed erystals, the total 
concentration will continually shift to the left, which causes the 
monoclinic mixed erystal phase to disappear again with diminution of 
volume after some time, in consequence of which the appearance of a 
new monoclinic phase cannot be found until ata higher temperature. 

The transition phenomenon will, therefore, be continually shifted 
towards higher temperatures, till at last the unary transition tempe- 
rature is reached. The phenomena described here were observed in 
a very distinct way and in the expected succession. As at about 85° for 
the first time at constant temperature a very clear increase of volume 
was observed, which was followed by decrease of volume, we are 
justified in assuming that in this experiment the transition point had 
been lowered by + 10°. 

That when starting from sulphur perfectly free from S, we find 
a too high transition point, as among others Grrnez and ReEICHER 
mention (97,6 and 97°), this too follows from fig. 2 and also from fig. 1. 

The second part of our investigation concerned the lowering of 
the point of solidification which can occur in consequence of a large 
S,-content obtained by rapid cooling of liquid sulphur heated to a 
high temperature. This investigation was chiefly undertaken to find 
out whether the point of solidification of the monoclinic sulphur 
remains constantly 111°, as soon as the solidifying phase contains 
more than 4°/, S,. To ascertain this seemed of great importance, 
because if this was really the case, this would render the existence 
of a region of non-miseibility highly probable. 

As SocH’s method, which we shall call the capillary method, was 
not very promising in this case, we adopted a method analogous to 
that of Smrra and Homes with the application of the resistance thermo- 
meter used at this laboratory, which indicates with exceedingly great 
rapidity and clearness small variations of temperature down to 0,001°. 

Now it was, however, to be foreseen that we should meet with 
peculiar difficulties during this investigation, for concerning a series 
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of investigations, which Smita and Hotmes') made with a view to 
determining the points of solidification of mixtures which contain 
much §,, which series is called by them “Zweite Reihe”, it says: 

“Die zweite Reihe umfasste nur vier Messungen. Nach deren Aus- 
führung wurden mehrmals versucht, Beobachtungen zu erzielen an 
Proben, in welehen noch grössere Mengen amorphen Schwefels dem 
Riickgang während des Abkiihlens entgangen waren, und welche 
entsprechend niedrigere Gefrierpunkte zeigten. Von diesen war nur 
ein Versuch, No. 5, erfolgreich. Um übermässiges Abkiihlen und 
stellenweises Gefrieren zu verhüten, musste nämlich mit dem Abkühlen 
sorgfältig vorgeschritten werden, und es verschwand notwendig immer 
der Hauptteil des gebildeten amorphen Kérpers”’. 

In the cited fifth experiment they observed a point of solidification 
of 112°.45, and the S,-content amounted to 5.29°/, by weight. 

In our investigation sulphur was heated in a glass tube of a dia- 
meter of + 1'/, em. up to 400°. At this temperature first NH, was 
led through the tube to accelerate the establishing of the equi- 
librium, and then SQ,, to facilitate the freezing of the equilibrium 
with rapid cooling. Then the sulphur was cooled as rapidly as 
possible in a strong cold current of air down to some degrees above 
the unary point of solidification of the monoclinic modification. Then 
the tube was placed in another, which was 1 cm. wider, which was 
in an oil-bath of a temperature + 5° lower than the expected point 
of solidification. In the first experiment no SO, was passed through, 
and the cooling took place slowly by simply leaving the tube exposed 
to the air for some minutes till the temperature had fallen to + 117°. 
After it had been placed in the bath of 110°, the sulphur was seeded 
with monoclinic sulphur after a slight undercooling of + 0,5°, after 
which the temperature rose to 114°, and remained there till the whole 
mass was solid. 

So the unary temperatures of solidification had been reached except 
for a halt degrees. After having repeated this experiment a few 
times, we proceeded to the method of working described above, 
and we tried to get a point of solidification as low as possible by 
“freezing” the equilibrium at higher temperature. 

Quite in accordance with earlier investigators we found that in 
this way lower points of solidification could indeed be observed, but 
that they always remain above 110°, but what others possibly did 
not see so clearly in consequence of their too rough method of inves- 
tigation was this that the point of solidification is always lowest at 


1) Zeitschr. f. phys. Chem. 42, 476 (1903). 
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the beginning, and that a tendency can be observed during the soli- 
dification to reach the unary temperature of solidification. As, how- 
ever, the convergence temperature lies too low for this in these 
experiments, and the degree of undercooling with respect to the unary 
point of solidification is too great, this latter temperature cannot be 
reached. 

Already in these first experiments we got the impression that we 
must not ascribe any greater importance to the temperature 111° 
than to any other point between 111° and 114°,6, but that the lowest 
point of solidification that can be found by this method of working, 
is about 111°, because we do not succeed in obtaining a solidifying 
liquid with a greater S,-content than corresponds with this point of 
solidification. , 

It really appeared that if we modify the experiment somewhat, 
still lower points of solidification can be observed. This modification 
consisted in this that the sudden cooling is brought about by pouring 
out the sulphur in a thin layer on a china dish. The crystallised 
mass was then detached from the dish and put in the melting point 
apparatus. After the resistance thermometer had also been placed in 
it, the mass was quickly but cautiously melted, after which the 
vessel was again placed in the bath of constant high temperature, 
which was now kept at 106°, just as in the preceding set of expe- 
riments. The temperature of solidification rose after grafting with 
monoclinic sulphur to 109°, and remained constant for a time, after 
which it fell again. When then the solidified mass was melted cautiously 
again and the liquid had again been made to solidify, we observed 
the temperature of solidification at 112°. Another observation, in 
which pure SS, was started from, yielded the temperature of solidi- 
fication 108° at first solidification. It appears very clearly from these 
experiments that the rate of conversion of S, in the two phase system 
Su + L, by which is meant monoclinic mixed crystals and liquid, 
specially when this system is very metastable, is much quicker than 
was supposed, and that it is most likely owing to the increase of this 
rate of conversion with the metastability that it is so exceedingly 
difficult to realise considerable lowerings of the point of solidification. 

As the phenomena described here seemed to deprive the assumption 
of a region of non-miscibility of an important support, we now 
examined whether the phenomena observed for liquid sulphur neces- 
sarily point to the existence of an unmixing in the pseudo-system. 

For this purpose we heated sulphur in glass tubes of different 
diameters resp. of 20, 16, and 5 mm. to a high temperature, and 
then cooled it, sometimes rapidly, sometimes comparatively slowly, 
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A rapid cooling was effected by blowing a strong current of cold 
air against the tube, the comparatively slow cooling by simply leaving 
the tube exposed to the air. 

This experiment, in which the tube with its contents was projected 
on a screen to facilitate the observation, now proved that the phe- 
nomenon of a layer of a lighter colour which all at once appears 
at the bottom of the tube, and which rapidly increases in volume, 
a plane of demarcation which moves upwards being clearly observable 
all the time, has nothing to do with the phenomenon of wnamiring. 

In the first place it appeared that it was not necessary to cool 
the liquid very rapidly by blowing to bring about the phenomenon 
of the two layers. If care is not taken to blow especially against 
the lower part of the tube, blowing is even undesirable; the pheno- 
-menon in question is very clearly observed when the tube is simply 
left exposed to the air. 

In the second place it was found that the phenomenon is much 
more distinct when the narrow tube (diameter 5 mm.) is used than 
with the wide one (20 mm.), especially because in the latter case 
the two layers differ much less in colour. 

In the third place it was found that when during the cooling, both 
with blowing or without, the sulphur is stirred till the temperature 
has fallen to 170°, and if the further cooling is made to take place 
without stirring, the two-layer-phenomenon does not appear any more. 

This already pointed to the fact that the said phenomenon is not 
to be ascribed to the existence of a region of non-miscibility in the 
pseudosystem, but that it is simply brought about by the difference 
of temperature which arises in the badly conducting column of liquid 
suiphur at comparatively rapid cooling. 

If, namely, a small difference of temperature occurs between 
liquid layers which lie comparatively close to each other in the 

dx 
range of temperature where a of the line for the internal liquid 
equilibrium is large, such a large difference in S,-content can exist 
between the two layers that in consequence of the difference in 
physical properties, as spec. weight and colour, attending this, the 
two layers can separate, and can move along each other to find the 
position which corresponds with their difference in specific weight. 
In order to find out whether really considerable differences in tem- 
perature can appear during the two layer phenomenon, the tempe- 
rature of the two layers was determined, and though the investigation 
in this direction leaves still room for greater accuracy, the result 
was not doubtful. A centimeter above the plane of demarcation the 


( 467 ) 


temperature was from 10° to 30° higher than a centimeter below 
the plane of demareation; thus in one of the experiments e.g. 160° 
was found for the temperature of the upper layer, and 130° for 
that of the lower layer, but as was said this difference can also 
amount to 10°, this depends on the method of experimenting. In 
any case, however, a great difference of temperature is found, and 
if this difference of temperature is maintained, the two layers can 
be made to continue at pleasure. 

It is clear that the found difference of temperature perfectly 
explains the distinctness of the phenomenon, which seems to come 
about chiefly in the following way. 

The liqnid layer which is in contact with the glass wall, is of 
course’ cooled most rapidly. If the temperature of this layer has 
fallen below + 160 , it differs so much in specifie weight from the 
layers that le deeper, that it flows downward, and collects at the 
bottom, in which the sulphur of higher temperature, darker colour, 
and smaller specific weight is forced upwards. 

It must, however, be noted here that if the specifically heavier 
liquid did not flow downward along the wall, yet the lowest part 
of the liquid column would get clear first, for even then the cold 
air which rises upward round the hot tube, would bring about a 
fall of temperature in the sulphur in vertical direction, in consequence 
of which the lowest temperature would always be found at the 
bottom; but that in this case the phenomenon of the layers does 
not make its appearance, could be made clear by the experiment 
as will appear presently. 

Probably the two phenomena take place side by side; the former 
will preponderate when wide tubes are used, the latter in the case 
of narrow tubes. When the colder liquid flows downward there will 
be a great chance of mixing, specially in case of wide tubes, and 
this is the reason that the two-layer phenomenon is much less clear 
with a tube of a diameter of 20 mm. than with narrower tubes 
both with regard to difference of colour and sharpness of demareation. 

It is not very difficult now to account for the fact that stirring 
down to 170° prevents the occurrence of the two-layer phenomenon. 
For as the mass had throughout the temperature of 170° at the end 
of the stirring, the difference of temperature which arises between 
the different layers without stirring on further cooling, is not sufficient 
to bring about the phenomenon in question. 

With a view to augmenting the experimental material at our disposal, 
some more experiments were made, which all without exception con- 
firmed our view, When using the tube of 16 mm. diameter we placed a 
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tightly rolled piece of platinum gauze in the sulphur; it had almost 
the shape of a nail; and rested with its head on the bottom of the 
tube. Our purpose was to diminish the differences of temperature in 
the cooling sulphur in this way, and really under these circumstances 
there was no question of the appearance of a second layer, at least 
decidedly not in the immediate neighbourhood of the metal ; at greater 
distances, however, streaks were now and then observed, as was to 
be expected. 

Further the experiment was made with capillaries. A current of 
liquid along the wall was out of the question here, and so it was 
found that the phenomenon of the layers occurred neither in case 
of rapid cooling down from 450° in a paraftin bath of 100°, nor in 
case of cooling in the air (with or without blowing). We could 
however see the liquid assume a lighter colour first at the bottom 
as was to be expected, but the transition from light to dark was 
always continuous here. 

In the experiments mentioned up to now the sulphur was continually 
in contact with SO,-containing air, and as it stands to reason that 
the application of a positive catalyser according to our views will 
rather intensify than prevent the two-layer phenomenon, some experi- 
ments were made with sulphur catalysed by NH,. Quite in accordance 
with what was @xpeeted it appeared that the two-layer phenomenon 
manifests itself. in this case in such a splendid way that we can 
urgently recommend the blowing through of NH, during the period 
of cooling for a demonstration-experiment. 

In conclusion it may be pointed out that Wicanp *) has found that 
in agreement with the regularity found by Smits and ATEN *) the 
equilibrium in the liquid sulphur is shifted to the endothermic side, 
i.e. to greater S,-concentrations by illumination. How great this 
shifting is at different temperatures has not been stated as yet, but 
it has been ascertained at this laboratory, that there is no question 
of unmixing then. 

Remark. It it appears in further investigations as is to be expected 
that as Smeren and Carson think (Zeitschr. f. phys. Chem. 77, 661 
(14911)), a third crystallised modification is to be taken into account, 
figs. 1 and 2 will have to be modified in accordance with this. 


Anorganic Chemical Laboratory of the University. 
Amsterdam, October 1911. 


1) Zeitschr. f. phys. Chem. 77, 423 (1911). 
2) These Proc. October 30 (1909). 
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Physics. — “Summational and differential vibrations in line spectra”. 
By Dr. E. E. MoGeNporrr. (Communicated by Prof. P. Zeeman). 


(Communicated in the meeting of Oct. 28, 1911.) 


The supposition that in line spectra combinational vibrations occur, 
analogous to the well known combinational tones, which have been 
fully investigated by von HrLMHOLTz’), is not new. 

To account for the great number of pairs of lines (doublets) with 
constant frequency difference, which have been observed in many 
spectra, V. A. Junius *) has assumed the existence of summational and 
differentional vibrations. 

If in the infra-red lines occur of the frequency: 


Ny 5 Ne 5 Ny a Ns ov NM, 1 Ne , My os Ny 
they can give’ the combinations: 
NR +n, Rs PR MTN ee OS a ee eee 


in the visible spectrum, and evidently these lines show the difference 
of frequency n,—7,. 

The hypothesis of Jermvs is not tenable because no intense lines 
have been observed in the infra-red which could give rise to sum- 
mational vibrations of so great intensity as the first doublet of a 
principal series (e.g. the well-known D-lines of Na). Shortly after 
it was shown by RypsperG, Kayser, and Runce that in many line 
spectra series occur, while it has appeared from the Zeeman-effect 
that we have to do with pairs of-series which run parallel. 

After a great many lines had been measured in the infra-red by 
Mor *), BrremMann*), and PascHeN®), the situation of these lines was 
accounted for by Ritz by the aid of the spectral formula given 
by him *). 

Rrrz’s combinations consist for the greater part in taking sum- 
mations and differences of observed frequencies, as Ritz himself 


1) HeLMmHoLTz, Poggend. Ann. 99, p. 532, 1856. 

2) V. A. Jurrus, The linear spectra of the elements. Verh. der Kon Ak. v. Wet. 
te Amsterdam, Dl. 26. 

3) W. J. H. Morr, Onderzoek van ultra-roode spectra, Thesis for the doctorate, 
Utrecht, 1907. 

+) A. BERGMANN, Beiträge zur Kenntnis der ultraroten Emissionsspektra der 
Alkalien. Inaug. Diss. Jena 1907. 

5) F. PAscHeN, Kenntnis ultraroter Linienspectra, Ann. d. Phys. Vol. 27, p.537— 
571, 1908. 

6) W. Rirz, Ann. d. Physik. 12, p. 264, 1903 (Imaug. Diss.) and Physik. Zeit- 
schrift, 16, 1908, p. 521. 


observes for some values *). That Ritz has not thought of the character 
of summational and differential vibrations appears from the fact that 
no attention is paid in his paper to the itensity of the lines which oceur 
in the combinations. Rrrz thinks that in the observations of the new 
lines he finds a support for the view that the spectral formulae 
must be written with two order numbers. It is, however, evident 
that every spectral formula which correctly represents the fundamental 
lines, also holds for these new lines, so that the combination prin- 
ciple must not be considered as an advantage of Rirz’s spectral 
formula. It is better to account for these lines without using a spectral 
formula. That Rrrz thinks of something else than summational and 
differential vibrations appears further in his paper: “Das magnetische 
Feld im Atom kann bei allen Spektren betrachtet werden als erzeugt 
durch zwei Pole entgegengesetzten Vorzeichens; jedes der zwei Glieder 
von (m, a, 2) — (n, @’, B) stellt je den Einflusz eines Poles dar; jeder 
dieser Pole kann im Atom verschiedene Lagen annehmen, die z.b. 
bei Wasserstoff äquidistant auf einer Geraden liegen. Vertauschung 
dieser Lagen untereinander entspricht dem Kombinationsprinzip. All- 
gemeiner kann man wohl die Vermutung aussprechen, dasz sich die 
einfachen Gesetze auf die Lagen dieser Pole im Atom beziehen.” *) 

I have found that it is the itensest lines of a spectrum (especially 
the jirst doublet of a principal series, which give a flame its charac- 
teristic colour) that give rise to the existence of combinational 
vibrations. The intensity of the summational and differential vibrations 
is, however, comparatively slight; uncertainty may prevail with 
regard to the lines lying in the infra-red; for a number of lines in 
the visible spectrum the slight intensity appears already from the 
fact that they have not been seen by earlier observers. 

The presence of combination lines points to the existence in the 


1) Phys. Zeitschr. 16, 1908, p. 523, ‘‘bei den oben sub 1, 3, 4, angeführten 
Fällen hat man sogar ausschlieszlich Differenzen oder Summen beobachteter Wellen- 
zahlen zu berechnen.” The combination ¥ = (2, p, rt) — (m, p, x), m = 3, 4/0 ene 
e.g. is to be considered as ¥ = (1, 5,8, 0) — (m, p, %); — {(1, 5,8, 0) — (2,p, x)} 
loc. cit. p. 521. However also the cases 6 and 7 p. 522 must be considered as 
summational and differential vibrations: 
y= (2,p,0)—(m,p,-Ps% ,- 7) =|(2,p,07)—(3,d,0)} + |(3,d,d)—(m,p ,-p 57 ,-2,)} 
loc. cit. p. 521 and 522. 

LI (4, P.-Pos N-H,) ma (mn, PP» Fy -A,) = (3,d,d) Da (m, P\-Pos x,-7,)} aa 
— {(3, d, d) — (4, p\-Py %,-7,)} loc. cit. p. 522. 

The signification of case 5 is further elucidated in this paper. 

2) Loc. cit. p. 523 and 524. Also W. Rrrz, Magnetische Atomfelder u. Serien- 
spektren, Ann. d. Physik 25, 660, 1908. 
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vibrating system of some oscillations of so great an amplitude that 
the law of the simple pendulum that the foree which repels the 
vibrating particle (system) to its state of equilibrium is equal to the 
deviation, does not hold for them. This force now depends also on 
higher powers of the deviation.If as Hxtmno.rz did for the combinational 
tones, we assume also in this case that the force which causes the 
motion, also depends on the square of the amplitude, a new system 
of combinational vibrations may be expected from two such vibrations. 

Of all the series known up to now (principal series, first and 
second subordinate series) the first lines have the greatest intensity ; 
these lines occur, as will appear from what follows, in combinations, 
and it is clear that the above remarks apply to these vibrations. 

When in what follows we speak of the difference or the sum of 
two lines, the difference resp. the sum of the frequencies is meant 
corresponding to these lines. 

Lithium: In a paper on a new empirical spectrum formula’) 
a number of lines of this element is mentioned as third subordinate 
series. We have here to do with a differential series, the terms of 
which represent the differences in frequency between the 1** line ot 
the principal series and each of the following ones. In the subjoined 
table the first column contains the observed wave-lengths of the 
principal series in A. U.*), the second gives the difference of the 
frequencies, the third the wave-length 4 calculated from it, the 
fourth the observed wave-length 4. After this the observer’s initials 
are given with the possible error of observation given by him. It is 
clear that 2, must be followed by a + A, as this wave-length has 
been calculated from observed lines, in which an error of observation 


is very probable. 


6708.2 

16026 6240.1 | 6240.3 (S0.4) 
3232.77 | 

21571 | 4635.9 | 4636.3 (S0.4) 
2741.39 |___In 

| 24116 | 4146.6 | 4148.2 (S1.0) 

2562.60 | 

25495 | 3021.4 |. 3921.8(E.H.?) 
2475.13 


1) E. E. Mogenporrr: On a new empiric spectral formula. These Proc. Vol. IX 
p. 434. Cf Thesis for the doctorate, Amsterdam 1906. 

2) These lines are the intensest of the Li-spectrum. Kayser and Runae, Handb. 
der Spectr. Vol. Il. p. 517. 

5) S = Saunpers, E. H. is Exner and Hascuex (3921,8 has been observed in the 
spark spectrum). 
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The first line (6240.1) of this differential series gives again differ- 
ential vibrations with the first lines of the two subordinate series. 
The first column contains the lines of the subordinate series; (1, 15.8.) 
denotes the 15 line of the first subordinate series; the 2°¢ column 
gives the frequency difference with the line 6240,1, the first line of 
the differential series. 


b w 


(1, IS.S.) 6103.77 358 | 279331 not observed 
(2, 1S.S.) 4602.37 | 5702 | 17538 | 17551.6 (P.5)}) 


G, [S:Sje 4192244, | 8178 | 12235.5 | 12232.4.(P: 2) 


(1,11S.S.) 8127.0 3721 | 26874 26815.3 (P. 1.5) 
(211S.S) 4972.11 | 4086.3 24472.2 | 24461 (P.5)2) 


SUSE) 4273.44 | 7379 | 3563.1 | 13566.4 (P. 1) 


The second line of the differential series 4635,9 gives a differential 
vibration with (1,IS.S.) (2, D. S.) —d,18.8: = 21571 — 16384 — 
Sted Ar LATS Py Ag = 19290 (P.5)?): 

BERGMANN discovered a number of lines forming a series in the 
infra-red of the alkali-metals. The root of this new series is derived 
from the first subordinate series just as the root of the subordinate 
series according to RypBErRG-—Scuuster is found from the principal 
series, viz. root subordinate series—root BeERGM. series = first line of 
the first subordinate series. For Lithium 


Root B.S. = 28581,8 — 16379,3 — 12202,5 ®). 
109675 
(m-+ 3)? 


The formula n = 12202,5 — ft Ta wives’) 2 == tab 


1) P, = Pascuen. BERGMANN gives 12235. 

2) F. PASCHEN, Ann. d. Physik, 33, 1910, p. 724. 

3) 28581,8 has been borrowed from the paper of Nov. 1906. These values have 
been reduced to vacuum according to determinations of the dispersion of the air 
of Kayser and Runge. 

109675 


rn oe 
(m+ ate) 


must be used for BERGMANN's series cannot be decided as yet, which will be treated 
further on under Caesium. Rirz gives the formula (3, d,d) — (MM, pi —Pa, 1-2), 
m=A4,5,.... (loc.cit. p. 522, case 5) for these lines. rj — zg however is almost 
zero and pj —pz is moreover so small that these constants exert hardly any 


+) This is the original Ryppere formula. Whether the formula 2 =A — 
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and 12794. The observation gave 18697,0(P.3) and 12782,2 (P. 8). 
The first line of the first subordinate series gives summational vibra- 
tions with the lines of B.S. : 
(1 B.S) +1, IS:5.)= 21732,5°° 2, = 46014. 2, = 46016 (GS) 
(2 B.S.) + (1, ISS.) = 24207 2; = 4131. This line is not sepa- 
rated from (3, [S.S.). 
The lines of B.S. give a frequency difference: 


(2, B.S.) — (1, B.S.) = 7813,6 1) — 5348 1) = 2465,6 », = 40558 1, =} 40400 (P- 10) 


Natrium: Just as for Li, the first line of the principal series 


AL hw 
(5896. 16 | 
/ 5890. 19 13314.68 W105 
not observed 
§ 3303.07 13303 .0 del 
1 3302.47 


i (5527.1 (K. H.) 
2852.91 | 18091.74 5527.3 | 5528.2 (S.) 
ele dl EBT ED 
18074.55 | 5532.75} 5532.7 (S) 
2680.46 | 20366.84 | 4916.0 4914 (S.) 
20329.65 | 4918.9 4918.4 (S.) 
: on \ 4629.4 (K. H.) 
2593.98 | 21590.6 | 4631.7 | /4625.5 (S) 
' | | (4633.1 (K. H.) 
21513.4 | 4636.4 | 9 4620.5 (S) 


2543.85 22350.3 4474. 
22333-1 | A441. 


9512.23 | 22845.07 | 4377. 
| 29897.87 | 4380.6 


| 


4472.5 (S.) 


Do =r 


(4372 (S.) 


gives with the following one a differential series, which LeNARD, 
and also Konren and HAGENBACH, SAUNDERS Observed as a series of 
diffuse doublets with constant frequency difference. The preceding 
table corresponds with the first for Lz. 

This differential series with the first lines of the subordinate series 
(just as for Li) gives again rise to new differential vibrations 
(doublets). The first line of the differential series is indicated by (1, D.5.) 


influence, as Rrrz himself observes p. 523: “diese Serien entfernen sich alle 
if 

nur wenig von A — —-; besonders bei Li, Na ist dies der Fall, während bei K, 
m 


Rb, Cs, die Beobachtungen zu ungenau sind, um einige Sicherheit zu gewinnen”. 

From observations in Th, Al, Za Cd, Mg and Ca spectra Pascuen concludes that 

this combination of Rrrz is not quite correct. Ann. d. Phys. 29, 1909, p. 640. 
}) The A* is of much importance in these lines. 
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EOD eee == 09, IPA — 91224 9,048 
DS st e= 005. „1 — 90868 * | 

ONES AEL IT A= 23054 —, Ar 233861 (2.6.0) 
(2, BES) DS == 407,07, Ap 2338) A = IST, PO) 
GD 6168 A lt 74 
(al on —(1,D.S.) =6763,1 , a, = 14786 
(1, D 
(4, 


9,085 GE 


| 1,44u (Mout) *) 


S.) > — AI S.S.) —4529,08, a, = 22080 a» — 22084,2(P.2,5) 
1 DS) —(A,I1S.S.) = 4534, 2, = 22055,5 av = 22056,9(P.2) 
(34165 (P) 

(3,49 (Mori*) 
ayes 


(2, ILS.8.) —(1,D.8.) = 2933,28, 2, — 34092 
ORS TA 45 94156 


(3, IIS.S.%-—,D:8.) 6105.85, 4, = 16378 
(3, 15.9.) — (DiS) S= 6100/48, 4, — 16393 
Also (2, D.S.) gives combinations : 
(ey Leos) IE EN A= 07 7 = 9,023 a (PD) 
(2, D.S.) — (2, II. SS.) = 1843,7 2, = 54240 2, = 5,430 u (P.) 
BERGMANN’S series is represented by 2 lines. The root of the1S.S. 
is 24491,17). For B.S. we find the formula: 
109675 
n = 12272,63 — n= B 
(+3) 
nrs Sines Ap OSD Ap 19409 (P2)01,85 (Morr) 
Mu Ne di 12684047 = 120776 (eS) 1,27 (Moer) 
ms ,.. Ay 10838,8 has not been observed. 


fear (Morr) *) 


(1, B.S.) means the first line of BERGMANN’s series. 
ARS SBE ==1.7620, 17, sap == 5675,30 A= 5679,92 
: (K. and R. 0,15) 
ASS.) GLB .S a7 635,72) ~ 2, == 96103810, — 5670;40 
(K. and R. 0,15) 
1,158.8.) + ae = 2009009, © Aya 497 (5007, :234976,1. (KH) 
ESS ABS = 2010614 A= 407355 A= 4975 (K.H): 
(1,IS.S.) + (3,B.S.) = 21429,02, *) 2, = 4666,6 near 4665,2 
(4,1, 5.8.) 
(1,1S.S.) + (3,B.8.) = 21444,57, *) a, = 4663,2 A, = 4660, (K.H.). 
4660,2 (5) 


1) Mott’s observations marked thus * could not be measured accurately. Diss 
p. 50. 

*) These Proc. IX, p. 443. 

5) The line (3,B.S.) has been calculated, not observed 
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The two first lines of B.S. give a differential vibration 
40391 
(2.B.S.) — (1.B.8.) = 2470,42 4, = 40480 4,06 u (Mori). )40449 (P.) 
40572 

(The calculated lines give the frequency difference 2465,6 and 
Ay = 40558). 

Morr’s line 2,90 « is probably a differential vibration : 

(LIS.S.) — (4,]IS.S.) = 3432,37, 2, = 29135. 

Potassium. In this element and the following Rb. and Cs. with 
greater atomic weight a differential series formed from the principal 
series has not been observed. With increasing atomic weight the 
intensity of the principal vibrations does not seem great enough at 
the temperature used to give rise to differential vibrations of sufficient 
intensity to be observed. At any rate the circumstances of their 
formation seem to be such that their energy is distributed over 
combinations with the first lines of the subordinate series; such 
combinations namely, have in fact been observed. Calculation gives 
for K. as first doublet of a differential series: 

8561 and 8533; 6262 aid 6242,9. 

PAscHEN gives as first doublet of the 15.5. 11689.8 and 11771,7 
The first lines of the (calculated) Bn series give differential 
vibrations with the first lines of the subordinate series. 


(1,D.S.) —(1,IS.S) —31649 %,=31598 >, =31596,8(P. 4) 
(1,D.S) —(,1S.S) —3186,2 i,=—31387 1, 31395 (P.5) 
PASEN DS = ae eee 
(2IS.S) —(1,D.S) —2616 3) 1, =37369 2, =37370,7(P.5) 
(3,1S.S.) —(,D.S) =5484,9 i=1822 | 

OSS =U, DS stool 3, — tease fe eee 


\ 3,14 (MOLL) 


3,73 (MOLL) 


(1,D.S.) —(,US.S.) -=3695,5 +, 27060 +,, =27065,6(P. 1) 
(LDS) —(, 18,5) = 36710 4, =27197 Hy —927215 (P.2) 
(2,11S.S.) —(1,D.S) =2730,7 136621 +, =36614,3(P. 4) 
(2,11S.S.) —(1,D.&) =2750,0 ij = 36364.21,, = 36372,7 (P. 4) 
(SSS) DS) 55544 3, = LNB ty . 

(B WSS) {DS} bais 117048 Pot ObREEved 


2,16 (MOLL) 


(2,D.$) —(,IS.S) =7464 a, —=13308. | 
BDS) ute oee yo EEn 
pis) LIS = LM Pb ZIE) 
2D.S) (ISS) 16127 2 620 26208 LIP) 


GIS.S) —(2,D.S) =11858 284332 4,,—8.452.(P) 
(3,1S.S.) —(2,D.S) 


w 


1176,4 2, = 85004 +,,=8.510»(P.) 


t 


ll Il 


1, Of the 2°4 doublet of the 1 SS, ~=6964,4 n= 14357 has been observed 
by Rirz. This value seems better than SAUNDERS’s 6966,3. The other component 
has not been observed; it can be found from the combination by recalculation. 
It lies in the immediate neighbourhood of 6938,8 (2. II, 8.S.). 
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(2,D.S) —(1,11S.S.) =80329 12449 , 
ns). ENE, = 1261404 5 HOL Observed 
(2,D.S.) —(2,11S.S.) —1548,5 %, — 64580 1,—6.461 »(P) 
(2,D.S.) —(2,US.S) =1558 ij —64184 1,—6.4312(P) 


The lines 15165,8 (P. 2) 11028 (P 1,5), 9520 (B.), 6908 (B) and 
8500 (B.) form a B.S. The first two lines give a differential vibration : 
40115,5 (P. 10) 
(2,B.S.) — (4,B.8.) = 24741 ') 24, = 40420 a, = 4,04 u (Morr) 


Summational vibrations of the lines of B.S. with those of the IS.S. 
have not been observed. 

The line 46425 (S.) or 464255 (R.) may be considered as a 
summational vibration of the first line of the principal series with 
(1,S.S.). We get, viz.: 

(1,P.S.) + (1,IS.S.) = 21540 4, = 4642,4. 


Rubidium. SAUNDERS gives as first doublet of the P.S. 7947,6 and 
7800,2. The frequencies of the differential series are 11158,3 and 
10978 (LDS), 15259,3 and 15056,4 (2,D.5.). The corresponding 
wave-lengths have not been observed. These lines form again com- 
binations with the first lines of the subordinate series. H. M. RANDALL *) 
and HF. Pascurn’) have measured this spectrum; the former below 
28000 A.U. As first doublet of the first subordinate series RANDALL 
finds 15290,3 and 14754,0; BERGMANN measured before 15410 and 
14850. Rirz corrected these values by comparing the measurements 
of potassium by BERGMANN with those by PascneN, and found 15265 
and 14727. According to my earlier calculations*) 15185 is the 
component with the greatest wave-length. RanbDALL gives as first 
doublet of the I1S.S. 18667,7 and 13237,0. For the following calcu- 
lations we have made use of RANDALL’s measurements. 


(1,D.S.) —(,1S.S) = 43605 i,—229932 %,,—22036,7(R. 1) ) 

(1,D.S.) —(1,1S.S.)—4438  , = 225824 ,,—22533,0 (R 0,8) $ Mout 2,28 
(2,15...) —(1,D.S.) = 19122 +,—52296  1,,—52313,4 (P. 6) 
(3,1S.$)—(1,D.S.) —49733 1,=20107 (¢ 

@ iss) B.S) — 48083, 5,— 20415, 9 Bot observed 


1) It should be specially noted here, that a, is followed by a +4, and the 
possible, though not the probable value of A is the sum of the possible errors of 
observation in the two first lines of the series. This indication agrees with 
4ap—5-p of Rrrz. Pascuen doubts the validity of this differential vibration. 
Ann, de Phys. Vol. 33—1910, p. 733. 

2) F. Pascuen, Ann. d. Phys. 33, 1910 p. 717. 

H. M Ranpatt, Ann. d. Phys. 33, 1910 p. 739. 

3) Diss. Amsterdam 1906, 


( 478 ) 


dl, D.S) —(1,IIS.S.) —3583,4 +, = 279063 +,,—27909,8 (R. 2) 
(1,D.S.)—(1,11S.S.) —3661,5 +, —27311,3 4,,—27319,8 (R. 2) 
(1, D.S.) — (2, IS.S.) 1) = 2599,1 +, — 38414 1,— 38511,4 (P. 3) 


(2,D.S.) — (2,1S.S.) — 2166,2 +, = 46163,3 »,,—46190,1  (P. 4) 
(2, D.S.) — (1, 11S.S.) = 7739,9 +, = 12920,2 +,,=12924,1  (R. 3) 
(2,D.S.)—(1,11S.S.) =7704,7 3, — 12979,3 »,— 12986,6 _ (R. 3) 
(2,D.S) (2, 11S.S.)) = 1554,2 3, —64343 4,— 6,436 # (P). 
(2, D.S.) — (2, 11S.S.)) = 1518,4 +, — 65859 1,— 6,567 »(P) 


u 


The lines 13442, 10069, 8872, and 8271 form a B.S. The 2 first 
lines, which are the intensest here too, form a differential vibration: 
(2,B.5)—(1,B:S:) = 2491,9 « 4, = 40150 3, =—=403 Mom; 

The line 5165,35(R.) is probably a summational vibration of the 
first line of the P.S. and (1,1S.S.). It corresponds to 4642,5 for 
potassium. 

Caesium. PASCHEN*) gives as first doublet of the principal series 
8521,2 and 8943,6. A differential series was not observed ; calculated 
are the values of the frequencies 10216 and 10589,0 (1, D. S.), 
14059,1 and 14533,0 (2, D.S.). 

34892,5 and 36127,7 form the first doublet of the 1S.S., 14694,8 
and 13588,1 the first of the ILS.S. The following combinations have 
been observed : 


(LDS) —(1,1S.S.) =7350,9 +, — 13604 +, — 13605,8 (P. 1) 

(LDS) —(,11S.S.) =3412,7 +, 29320 4,, — 293182 (P.2) 29317,4 (R.2) 
(LDS) —(1,11S.S.) =3231,0 +, =30959,5 2, = 30962,9 (P. 3) 

(2, 11S.S.) —(1,D.S.) = 2369.8 +, =42198 >, = 42202,3 (P. 10) 

(ISS) —(1,D.S.) = 2552,2 4, =39182,5 7, =39180,1 (P. 6) 

2.DS) —(21ISS)—=1412 %4,=67934 14,= 68074 (PJ) 


DS) —(2,11SS.)=1391,8 %,=71850 A= 7,193 (P) 


The lines of the IS.S. are accompanied by satellites. In connection 

with this is that BerGMANy’s series consists of doublets with constant fre- 

10127 (B) 8082,02 (L.) 7280,5 (S.) 

queney difference. The doublets 10028 (P) ; 8019,62(I.); 7228,8 (S.); 

8017,1 (S) 7227 46 (L.) 

6872,6(S.) 6630,5(S.) 6475 (S.) 6359 (S.) hore torn Senn 
6826,9 (S.)’ 6588 (S.) 6434(S.) 6325 (S.) 


1) (2,18.8.) is here A=7757,9 according to Saunpers. (2,1IS.S.) is not 
undoubtedly known. 


2) Here the doublet 7406,19 and 7277,01 of LenMmANN have been taken into 
consideration in the calculation. 


3) F. PASCHEN, Ann. d. Phys. Vol. 23, 1910, p. 731. 


root of which is found in the way mentioned of the first sub- 
ordinate series *). The first subordinate series, however, not having 
been measured accurately, the root of BeERGMANN’s series can also 
only be determined by approximation by this method. The fact that 
this series consists of doublets is in connection with the satellites, 
which accompany the ISS. *). 

For this line Hicks *) calculates the constants in RypBgere’s formula 
and in the empiric formula given by me. The errors of observation 
in these lines are too great to allow us to decide which formula is 
to be preferred. It has appeared to me that a change within the 
possible error of observation of the lines on which the calculation 
was based, has a considerable influence on these constants, and also 
on the calculated deviations of the other lines. 

The first two lines of the above series give again a differential 
vibration, Morr’s line 3,97 u; the difference of the observed lines 
gives 3,89. 

Hydrogen. BaLMer’s formula for a hydrogen series may be written 
109675 109675 

2? (m +2) 

It is remarkable that the root of this series amounts to exactly */, 
of the universal constant. This phenomenon is accounted for when 
we consider this observed series as a differential series which corre- 
sponds to that discovered by Lenarp and others in the spectrum of 


109675 
AE) Si = he aon = 
(m1) >. 


for the principal series of 7, which lies in the ultra-violet, formula 
(I) represents the lines whose frequencies are equal to the differences 
of the frequencies of the first line of formula (II) with each of the 
following ones. The root of the differential series is na —n, = A—n, 
and this is the root at which we arrive for a subordinate series 


thus :-7 = CB ic ee 


Na. If we assume the formula » = A — 


1) Ranpatt’s measurements (Ann. d Phys. Vol. 33, 1910, p. 743) are more 
accurate. 

2) W. Rrrz,; ic. p. 522, case 5. 

5) W. M. Hicks, A critical study of s;ectral series, Phil. Transact. of the B.S, 
London, Ser. A, Vol. 210, p. 85, 1910. Hicks assumes the formula 
N 


es Ch 
(m+a+—) 


Probably Prof. Htcks is not acquainted with the Proceedings of the Meeting of 
Nov. 27, 1906 of this Academy. An abstract of this paper and of my Thesis for the 
doctorate Amsterdam appeared in the Beibl. 1907. Hicks does not mention that 
this formula has been treated already elsewhere. 


n= A — 
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according to RYpBerG-ScHusrer. So a differential series makes the 
impression of a subordinate series, because it converges to the same 
root (see Lithium). 

The fact that //, consists of 2 components whose distance is 0.14 
— Hr; of 2 components whose distance is 0.08 A. U. according to 
MicHELsON points to the fact that we have not to do with a constant 
frequency difference, and pleads against the character of a sub- 
ordinate series '). 

The lines of this differential series again give differential vibrations 
namely those measured by Pascnuen 18751,3 (1) and 12817,6 (1,5). 

Within the possible error of observation these lines are represented 


109675 109675 109675 109675 
UL WE - —— wae Aden at a and may, there- 
) 9 16 9 25 

Ai, = 187510 Ay = 12818,7 


fore be considered as differential vibrations between the first line of 
the differential series with the second and third line of this series or 
also as differential vibrations between the second line of the prin- 
cipal series with the third and fourth lines of the principal series. 
Rirz*) concludes from the presence of these lines that BaLmrr’s, 
formula must be written with two whole order numbers thus 


n° m? 


7 == 109675 (= —<) n=? and m=3, 4 etc. and n=3, m=—4, 5 ete. 

No objection can be made against this way of representation ®); 
for an explanation of the spectral phenomenon, however, it is desir-. 
able to draw attention to the presence of differential vibrations. 

In this connection it is also very remarkable that the line 1216,0 
one of the (tensest lines measured by Lyman‘) in the extreme ultra- 

109675 
violet, is the first term of the series n = 109675 — ———_. 
(m+1) 

Kor med we find a;== 1215.6: 

Of late F. Pascuen has continued to contribute to our knowledge 
of the line spectra by giving a number of excellent measurements 
in the infra-red *). In PascHEN’s papers attention is drawn to a 
number of combinations in the spectra of Thallium, Aluminium, Zine, 


1) Cf. Kayser und RunGe, Handbuch der Spectroscopie, Bd. II, p. 572. 

2) W. Ritz, Phys. Zeitschr. 16, 1908, p. 524. 

3) Except this that only the terms m=4 and m=®5 have been observed. 

4) TH. Lyman, Astrophys. Joarn. 23, 1906, p. 181. Rrrz draws attention to 
this line in his paper on Magnetische Atomfelder und Serienspektren Ann. d. 
Phys. 25, 1908, p. 667. ; 

5) F PASCHEN, Ann. d. Phys: 27, 1908, p. 537; 29, 1909, p. 625; 30, 1909, 
p. 746; 33, 1910; 35, 1911, p. 860; 36, 1911. p. 191. 
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Cadmium, Magnesium, Calcium and Mercury. Moreover the prin- 
ciple of combination appears to point here to summational and 
differential vibrations of the intensest (first) lines of the already known 
series, so that we can account for the new lines without making 
use of a spectral formula. In Pascuen’s recent paper on the systems 
of series in the spectra of Zinc, Cadmium and Mercury it is parti- 
cularly the very intense lines Zn 2138,6, Cd 2288,1 and He 1849, 
which oceur in combinations; they must be considered as first line 
of a principal series, lying in the ultra-violet. This principal series 
is indicated’) by 1,5 S—mP, a second subordinate series being 
indicated by 2 P-—mS. The series 2,5 S—m/ is a differential vibration 
of the lines of the principal series with the first line of the 2""S.S. 
2,5 S—mP = {1,5 S—mP) — (1,5 S—2 P)} — (2P—2,5 S) 
== mit line P.S, — 18 line P.S. - 15 line IIS.S. = 
= m line D.S. — 15¢ line II S.S. 
In this I have called 45? line IIS.S. (m= 2,5), what is con- 
sidered the 2rd line by Ritz. 


Mathematics. — “On the conoids belonging to an arbitrary surface.” 
By Prof. Hk. pr Vries. (1°* part). 


$ 1. Among the examples current in Descriptive Geometry of 
non-developable scrolls we meet the so-called right sphere conoids, 
formed by all the lines which intersect a given directrix, run parallel 
to a plane perpendicular on that directrix, and touch a given sphere; 
it is a surface of orde: four, which has the given directrix as well 
as the line at infinity of the director plane as nodal lines, and the 
points of intersection of these two straight lines with the sphere 
as cuspidal points; the generatrices passing through these points coincide 
namely in so-called torsal lines, distinguished from the other genera- 
trices on account of the tangential planes coinciding in all their points. 

If we substitute for the sphere an arbitrary surface of order n, 
then the right conoid appears belonging to this arbitrary surface, 
which conoid seen from a mathematical point of view does not differ 
from the scroll formed by all the lines intersecting two arbitrary 
directrices 7,, 7,, crossing each other, and touching a surface ®” 
of order n; on this surface some observations follow. 


§ 2. We suppose the surface pr" to be point general. A plane 


1) F. PASCHEN, Ann. d. Phys. 35, 1911, p. 863. 
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brought through a point A, of 7, and through r,, ents out of ®" a 
curve 4” of order » and class m(n—1), from which ensues that 
the two directrices r,,7, are n(n—1) fold lines of the scroll 2 
under examination. 

A plane through 7, contains the n(n—1) fold line r,, likewise 
the n(n—1) single generatrices through the point of intersection of 
that plane with r,: so 2 is a surface of order 2n (n—1). 

Let S, be a point of intersection of 7, and ®. The plane Sr, now cuts 
® according to a 4”, containing the point S, itself, from which ensues 
that two of the ” (n—1) generatrices of 2 through S, coincide with 
the tangent in S, to A”; through each of the n points S, passes 
therefore a torsal line of 2, and the tangential plane belonging to tt, 
which for convenience’ sake we shall call “torsal plane’, is evidently 
the plane S,r,. The same holds of course for r,. 

There are however more cuspidal points on 7,. If namely we 
imagine a tangential plane through 7, to ®, then it will intersect ® 
in a k” with a node in the point of contact; the line connecting this 
point of contact with the point of intersection C, of the indicated 
tangential plane and r, counts for two coinciding generatrices of 2 
through C, and is thus likewise a torsal line; so the points C, 
are also cuspidal points of 2. Their number is equal to the class 
of ®, thus n(n—1)*, and the corresponding torsal planes are the 
planes Cyr,. The same holds of course for 7,. 

Other cuspidal points on 7, or 7, are not possible. For, if for a point 
A, of r, two tangents to the curve A" lying in the plane A,r, are to 
coincide, then this is only possible either in one of the manners 
deseribed just now or because an inflectional tangent or a double 
tangent of 4” passes through A,. These last cases appear in reality 
(comp. $$ 4, 6), however, they evidently do not lead to torsal lines, 
but to cuspidal edges and nodal generatrices. The complete number 
of cuspidal points on r, (or r,) amounts therefore to 

n + n (n—1)? = n (n?—2n+42). 
\ 

§ 3. As each generatrix of 2 is a tangent of ® the scroll 2 and 
the surface ® will touch each other along a certain curve, whilst 
both surfaces will possess in general a proper curve of intersection 
besides; for, of the » points of intersection of a generatrix of 2 
with @® only two (coinciding ones) belong to the curve of contact, 
the remaining » — 2 to the curve of intersection. 

The order of the curve of contact we can find in the following 
way. A plane through r, and a point A, of r, intersects ® in a 
curve k", and the points of contact of the tangents drawn out of 
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A, to this curve, are the points of intersection of 4" with the first 
polar curve p,"—' of A, with respect to 4”. The locus of all these 
curves p,’—!' is a surface, which for convenience’ sake we shall call 
“first polar surface of 7, with respect to ® and 7,”; the intersection 
of this surface and ® is the curve of contact to be found. 

It is easy to see that the first polar surface of r, with respect to 
® and r, is of order n and contains the line 7, as single line. A 
plane through r, namely contains the first polar curve p,"—! of the 
point of intersection A, of that plane with 7,; if now the plane 
rotates round 7,, then the points of intersection of p,"—' andr, will 
travel in general along the line r,, from which ensues that 7, itself 
lies on the polar surface to be found; so the question is only how 
many different polar curves p,"—' pass through an arbitrary point 
of r,. We choose as this point one of the points of intersection S, 
of r, and ®. If the first polar curve p,"—' of a certain point A, of 
r, is to pass through S,, then one of the tangents drawn in the plane 
A,r, to the curve 4" lying in that plane must have its point of 
contact in S,, and it must therefore touch the surface ® in S, Now 
the tangential plane in S, to ® intersects the line 7, only in one 
point; so only one curve p,"—! passes through $,, and so also through 
an arbitrary other point of 7,. 

Each plane A,r, contains thus of the surface to be found a curve 
pi"! and the single line r,; the surface is thus of order n. We 
shall indicate it by the symbol 47”. It intersects ® in a curve of 
order n’, and this is the required curve of contact c** of 2 and 
D. Also 7, possesses of course a first polar surface, 77,”, but now 
with respect to ® and r,; it intersects ® according to the same 
curve c’’. It is clear that c”? contains the n points of intersection 
S, of r, and ® as well as the » points of intersection S, of r, and 
®; the torsal lines through these points touch here ec”, because they 
touch ® as well as JZ, and ZZ, In a point S, namely the torsal line 
touches a curve k", thus ®, anda curve pits, thus: £5 and therefore 
also the section c** of these two surfaces. 

We control these results analytically. Let 7, coincide with the 
edges A,A mrt = 0), and r, with the edge A, A; (2, = 2, = 0) of 
the fundamental tetrahedron, and let ® be a homogeneous polynomium 
of order n in 2,,...2,, and let ®=0O be the equation of the 
surface ®. 

For a plane through 7, = A,A, the two homogeneous coordinates 
§, and are zero, so the equation runs: 


53 + Sais = 0; 
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if this plane is to pass through a point (2’,, 2",) of A,A,, then we 
tind 
Sar + PE zin 
so that finally the equation of this plane runs: 
BE tj 0. 
If we now take of the point (#’,, 2',) the first polar surface 
, Ob , OD 
vs de, =a sted, 4 de, == 
with respect to ®, then the section of this surface with the plane 
xc, — Est, =0 is the polar curve p,"—'; the locus of these, hence 
the surface JI”, we find by elimination of 2’, and 2’, out of both 
equations; so the equation runs: 


0 


Od Op 
En EE 
really a surface of order ” containing the line 7,(@¢, =,= 0) as a 
single line. 
The equation of ® can be written in the form 


0, 


Se 
== ke 0a; En 
so the coordinates of the points of intersection with 7, (rz, = 2, = 0) 
satisfy 
ii go ah 
Te oe 


Le. the equation of 11. 

In the case of the right sphere conoid one of the two polar surfaces 
is a parabolic cylinder, the other a cylinder of revolution. Let us 
call the director line 7,, the line at infinity of the director plane r,, , 
then each plane through a point A, of 7, and through 7,, intersects 
the sphere according to a circle, so that the first polar curve of A, 
becomes a line normal to the plane through 7, and the centre of 
the sphere; this line as well as 7r,, form the complete intersection of 
the considered plane with 7. If however we consider in particular 
the plane at infinity we have to take the polar line of the point of 7, 
at infinity with respect to the absolute circle, which coincides 
with 7,,; so JJ, is indeed a parabolic cylinder whose generatrices 
are normal to the plane through 7, and the centre of the sphere. 
In the planes through 7, on the other hand we have to take the 
vertical diameters of the circles of intersection with the sphere lying 
in that plane, from which ensues immediately that ZZ, becomes a 
quadratic cylinder with vertical generatrices. The points of intersection 
of r,, with the sphere are isotropic points; the circle lying in the 
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plane through such a point and 7, passes itself through that point 
and touches here the absolute circle, so that the polar line of that 
point becomes a tangent to the absolute circle ; so the cylinder touches 
the absolute circle twice and is therefore a cylinder of rotation. The 
sphere and. these two cylinders intersect each other according to a 
twisted curve of order 4 and the 1** species, containing among others 
the isotropic points of intersection of 7,, with the sphere; on the 
plane through 7, and the centre of the sphere it projects itself as a 
parabola, on a horizontal plane as a circle. 


$ 4. We again imagine a point A, of 7,, then a plane A,r,, and 
the section with 77, lying in this plane and consisting of the curve 
p,"~} and the line 7,. We take this system as a curve of order n 
and we determine the first polar curve qg,"—! for the pole A,, which 
is of order n—1, and contains the n—1 points of intersection of 
p,"—' and r,, but moreover the points of contact of the (n—1)(n—2) 
tangents which can be drawn out of A, to p,"—'. We now look 
for the locus of the curves g,"—' and show that this is again a 
surface of order 7, having r, as a single line. The first polar surface 
of the point (2',,2',) with respect to 7, =0 has for equation 
als uD Ag, on, afl 5 
On, 0x, 
hence (see § 3): 
pees fo. OD balen OD , Of PEN ik 
vs mg + ve, ‘axe + (@,2,42',2,) EPR He, me + EZ, da? == 0, 
a surface of order n—1 and which, cut by the plane 2',7,— 2',7, — 0, 
furnishes the curve g,"~!. The locus of this curve, found by elimination 
of wz’, and wz’, out of the last two equations, is therefore the surface 
ie AA JEN SUE AR a 
"Ox, ie ene ak Ogee 
it is indeed of order m and contains 7, (7, = a, = 0) as a single line, 
just as Z7,. The section with JZ, is therefore a curve of order n’, of 
which 7, forms a part; it is however easy to show that r, must be 
counted twice, so that there remains a residual section of order n?— 2. 
The section of 7, and K, lies namely evidently also on the surface : 
2 2 2 
Fee led + eed + Deden 
Ox,” 02,02, Oa, 
which has evidently the line A,A, as a double line. For the section 
of Wi, and K,*, or A, and K,*, the director 7, counts double; thus 
it must also count double for the section of J, and A,, with which 
33 
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is shown that these two surfaces have in each point of 7, the same 
tangential plane. 


OD 
The equation of ® can not only be written in the form =z tr 
Li 
òp tel 
but also in the symbolie form = == Let us put in 1 
Pi 


2 ==, =0 in order to determine the ” points of intersection S, 
with 7,, then exactly the equation A,*=0O remains, from which 
follows that the m points S, lie at the same time on X,* and therefore 
also on A; it is even easy to show that each of these points counts 
double among the number of points of intersection of the three 
surfaces ®, I,, K,*. In a plane S,r, lie namely, as intersection with 
PD, a curve k”, as intersection with ZZ, the first polar curve of these, 
pi”! and these curves touch each other in S,. Now however the 
curve g,"—! is again the first polar curve of S, with respect to the 
curve of order n, consisting of p,"—! and r,; so q,"—! touches in S, 
the two other curves. The tangential planes in S, to the three mentioned 
surfaces intersect each other according to the same line, namely 
the torsal line of 2 through S, (§ 2); each of these points counts 
thus indeed for two points of intersection of the three surfaces. Now 
outside r, (see above) lie n(n? — 2) of these points; if moreover we 
subtract still the 2” points S, then » (n° — 4) points remain, lying 
neither on 7, nor on 7,. If we suppose a plane through such a 
point P and r,, which is intersected in A, with r,, then the curves 
kn, p,"—, qn! lying in this plane (and therefore also the second 
polar curve p,"-2 of A,) all pass through P, from which ensues that 
Pis for i” an inflectional point and therefore A,P one of the two 
principal tangents (osculating tangents) of ® in /. With this we 
have shown, that in the congruence of the principal tangents of the 
general surface of the n'* order n(n? —4) of these lines rest on two 
arbitrary lines, or in other words, that the principal tangents intersecting 
an arbitrary line form a scroll of order n(n? — 4). 

Through an arbitrary point of space pass  (n—1) (n—2) of those 
lines?); for we have but to take the points of intersection of the 
surface itself with the first and the second polar surface of the chosen 
point; the surface just found has thus the right line on which all 
generatrices rest, as an n(n—1) (n—2)-fold line. 

A plane through this line contains, besides the 7 (n—1) (n—2)-fold line, 
a curve of intersection of order n (n?—4) — n (n—1) (n—2) = 3n (n—2), 


1) CREMONA-CURTZE: “Grundzüge einer. allgemeinen Theorie der Oberflachen”’, 
p. 64, or SALMON—FIEDLER: “Anal. Geom. des Raumes”, II. Theil, 5. 24. 
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of which it is easy to show that it consists of 38n (n—2) lines; for, 
through an arbitrary point of this section a principal tangent of the 
surface must pass resting on the multiple line, therefore lying entirely 
in the plane. The 3n(2—2) lines are evidently the inflectional tangents 
of the section of the plane under consideration with the surface of 
order 7. 

An ordinary point of contact of a generatrix of @ with @ is a 
single point of the curve of contact c* (§ 3); in each of the 7 (n°— 4) 
points P just now found, however, the generatrix A,P has with ® 
a three point contact, with 7, a two point one, and therefore 
also with c’” a two point one; so there are n (n*—4) generatrices of 
2 touching C°. 


§ 5. A generatrix of £2 touches ®, and has thus, besides the 
point of contact, still (2—2) points in common with this surface; in a 
plane A,r, lie therefore n (n—1) (n—2) such points, namely on each 
of the ”(n—1) generatrices in this plane every time n—2. All these 
points lie on a curve of order (n—1) (n—2), the satellite curve of 
the first polar curve p,"~! of A, with respect to 4”. If the plane 
revolves around r,, the satellite curve will generate a surface which 
we shall call “the satellite surface” of r, with respect to ® and r,, 
and which will evidently cut out of ® the residual intersection of 
2 with 

The intersection of the satellite surface 2, with a plane A,r, consists 
of a satellite curve s, of order (n — 1) (n — 2), and of the line 7, ; 
the question is how many different satellite curves pass through an 
arbitrary point of #,. In order to answer this question we shall 
consider again in particular a point of intersection S, of r, and @. 
If the curve s, lying in a plane A,r, is to pass through S,, then 
A,S, must be a tangent to ® without the point of contact coinciding 
with S,. Now the plane 7r,S, cuts ® in a curve of order n 
containing the point S, itself and to which n(n—1)— 2 tangents 
can be drawn out of S,, not touching in S, itself; in the planes 
through these tangents and r, the curves s, will pass through S,. 
So we find for the satellite surface >, a bss of order 
(n—1) (n—2) + n (n—1) — 2 = In (n—2), with an In (n—1 — 2} fold 
line r,. The satellite curve of c™, the intersection of ® and =,, is 
thus a curve of order 2n? (n—2), with in (n—1) — 2}-fold cee m 
the n points of intersection S, of ® and r,. 

Now however it is clear, that just as there is only one curve of 
contact c'°‚ immaterial whether we start from the polar surface of 
r, or of r,, there is also only one satellite curve; for the curve of 
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contact is simply the locus of the points of contact of the generatrices 
of £2 with @®, and the satellite curve is the locus of the points of 
intersection of the same generatrices with ®. However, if we start 
from r,, we find as satellite surface =, a surface of order 2n(n—2) 
with an {n(n—1)— 2?-fold line r,, from which ensues that the 
satellite curve of ec” has also {n (n—1) — 2!-fold points in the n 
points of intersection S, of r, and ®. This result is also easy to 
control with the aid of 2,; this 2, namely does „not contain the 
line 7,, but it does the points S,, and it has in these points a 
contact with @ of higher order, and inversely 2, does not contain 
the line 7,, but it does the points S,, and it has likewise in these 
points a contact of higher order with ®. 

Let us imagine a point S, and the section £” of the plane S,7, 
with ®. The point S, lies on &”; so through S, pass, besides the 
tangent in JS, itself, 2 (m—1)— 2 tangents more, from which ensues 
that the satellite curve s, of S, has in this point with 4” an {n(m—1)—2}- 
pointed contact. If we allow the plane under consideration to revolve 
a little about 7, in one sense as well as in the other, then S, passes 
into a point A,; the tangent in S, itself passes in one case into two 
different real ones, in the other into two conjugate complex ones; on 
the reality, however, of the other tangents the slight difference in 
position of the plane will have no influence, and so we see by 
direct observation that through S, pass 2 (n— 1) — 2 branches of the 
satellite curve of c”. So the points S, must lie also on X,: the 
remaining points of 7, however lie in general not on it, because the 
satellite curve s, of an arbitrary point A, does in general not pass 
through A, itself; so the points S, must thus be either singular points 
of XS, or ZY, and ® must have in those points a contact of higher 
order. If S, were a singular point, thus a multiple point with a tangen- 
tial cone of order 2 (n—1) — 2, then each plane through this point 
would have to cut Z, according to a curve with an fn(n—1)—2}-fold 
point in S,; we saw, however just now that the plane S,r, cuts 
the surface >, according to a curve, which has in S, an ordinary 
point, but with 4” an {u w—1) —- 2}-pointed contact; so S, is also 
an ordinary point of %,, but an {n (n—1) — 2}-fold point for the 
intersection with ®. 

We control the preceding results in the following way. The complete 
intersection of @ and @ is a curve of order 2n?(n—1); it consists 
of the curve of contact c’’, counted double, and of the satellite curve; 
and 2n7 + 27° (n—2) really furnishes 2n? (n—-1). 


§ 6. The surface 2 contains in general a certain number of 
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double generatrices, i.e. double tangents of ®, cutting 7, and r,; 
we determine their number by determining the order of the scroll 
formed by all the double tangents of ® which intersect 7,. A plane 
through 7, cuts ® in a &* and this possesses 4 n(n—2) (n*—9) double 
tangents, and through an arbitrary point of r, pass 4 m(a—1)(n—2)(n—3) 
double tangents;') the surface to be found is therefore of order 
4 n(n—-2) (n?—9) + En (n—1) (n—2) (n—3) = (nH1) (n) (n—2) (n—3), 
and it has r, as an 4$-n(m—1) (n— 2) (n—8)-fold line. The number of 
double generatrices of 2 ts equal to the number of points of inter- 
section of this surface with r,, so equal to (n+1) (n) (n—2) (n—3). 

With the aid of the points of contact of the double generatrices 
with @, likewise of the (mn? —4) points found in § 4 on principal 
tangents of @, we can now entirely survey the mutual position of 
the four surfaces 2, ®, I7,, X,, likewise of their intersections. We 
fix our attention in particular on the curve of contact c’* and the 
corresponding satellite curve. According to $4 there are n (x? — 4) 
generatrices of £2 touching c *; if P is one of the points of contact, 
A, the point of intersection with 7,, then / is an inflectional point 
for the section £* with ® lying in the plane 4,r,, A,P the corre- 
sponding inflectional tangent, and it counts for two of the n(n — 1) 
tangents which can be drawn out of A, to hk", so that besides the 
inflectional tangent only m(ma—1)—2 tangents pass through A. 
Each of these intersects A in n—2 points, altogether thus in 
{n(n — 1) —2}(n — 2), whilst the complete number of points of 
intersection of the satellite curve of p,"~! with &* amounts to 
n (n—1) (n—2); the missing 2(m— 2) must thus be furnished by 
the inflectional tangent. Now it is easy to see, that by a slight 
change of position of A, the inflectional tangent would break up 
into two separate tangents; by attending in this position to the 
satellite curve and then by returning to the inflectional tangent we 
convince ourselves that the satellite curve of p,”~! touches &" in 
the » — 3 points of intersection of the inflectional tangent. 

Now but two points are missing and these can lie nowhere else 
but in P; so the satellite curve of p‚”—! touches in P the curve 4”, 
Now this satellite curve lies on the satellite surface ,, which inter- 
sects ® according to the satellite curve of c”?; so this one too must 
touch in P the line A,P, just as c’?, so that the » (n° — 4) points P 
mentioned above represent 2 7 (n? — 4) points of intersection of c'* 
with its satellite curve. 

Let us further consider one of the (n-+-1) (n) (n—2) (n—3) double 
generatrices of @ with the points of contact ?,, P,, and the point 


1) Cremona—Currze, l. c, p. 64. SALMON—HIEDLER, |. c. p. 25, 
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of intersection A, with 7,. In the plane A,r, now pass also through 
A,, besides the double tangent, only » (n — 1) — 2 tangents to k”, so 
that now again on the line A,P,P, must lie 2 (n — 2) points of 
intersection of 4" with the satellite curve of p,”—'. In the n—4 
points of intersection of the double tangent with 4” the satellite curve 
of p,”—' will again touch &£"; the missing four points must be divided 
regularly among the two points of contact P, and P,, from which 
ensues that the satellite curve of p‚”—! touches the double generatrix 
of 2 in P, and P,. The satellite curve of c” will thus also have 
this property ; however as regards c’? itself, it passes also through 
P, and P,, but without touching the line A,P,P, in these points; 
so on all the double generatrices of 2 together lie 2 (n-+-1)(m)\(n—2)(n—8) 
points of intersection of c** with its satellite curve. 

Now c™ and its satellite curve have more points in common still, 
but these he all on rv, and r,. The surface JZ, has r, asa single line 
($ 3), on the other hand >, has r, as an {n(m—1)—2}-fold line, so 
the intersection of the two breaks up into a curve and the line 7,, the 
latter counted {2 (n — 1) — 2} times. The surface ® cuts r, in the 
n points $,; so these count for n {n(n — 1) — 2} points of inter- 
section of the three surfaces ®, IF, >, and therefore for as many 
points of intersection of c’’ with its satellite curve. We saw further 
in §5 that the satellite curve ofc’, thus the intersection of ® and >, 
has in the n points S, on r, again {n(n—1)—2}-fold points; as ® 
contains these points also, they count for m{n(n—1)—2} points of 
intersection of c”? with its satellite curve. 

We now add the different amounts found, thus 2n (n° — 4), 
2 (n + 1) (7) (n—2) (n—3), 2n {nin—1) —-2} together, and we find 
2° (n—2), just the complete number of points of intersection of the 
three surfaces ®, II, 2, of order n,n, 2n(n—2). 


$ 7. Through a point A, of r, pass n(n—1) tangents to the 
curve 4” lying in the plane A,r, and these intersect 7, in n (n—1) 
points A,; inversely to such a point A,, n(n—1) points A, cor- 
respond, from which ensues that we can regard the surface 2 
as generated by the lines connecting the corresponding points of two 
series of points lying on r, and r,, between which there is a 
{n(r—1), n(n—1)}-correspondence. If we project these two series out 
of an arbitrary line /, then two ecolloeal pencils of planes are formed, 
between which there is likewise an {n (n—1), n (n—1)}-correspondence ; 
the 2n(n—1) coincidences are planes each containing the line con- 
necting two corresponding points, thus a generatrix of 2, out of 
which follows 2n (n—1) for the order of 2 (§ 2). 
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On each of the two bearers lie 2(n—1){n(m—1)—1} = 2n(n?—2n?4+-1) 
branch points’), i. e. points of whose corresponding points on the 
other bearer two coincide, which coinciding points are then called 
double points; we shall now investigate how in our case the branch 
points put in an appearance. We consider therefore in the first place 
the m points of intersection S, of r, with ®. In the plane S,r, lies 
a curve A” passing through S,; so through S, pass n (n-+1) —2 
tangents which do not touch in S,, and two coinciding ones which do 
touch in S,; so evidently S, is a branch point on r,, and the point 
of intersection of the torsal line passing through S, with r, is the 
corresponding double point. Number 7. 

Through r, pass m(n—1)* tangential planes of ®, and each of these 
cuts ® in a curve Ar with a node. If the point of intersection 
of such a plane with r, is a point A,, then out of A, start 
n (n—1) —2 proper tangents to £", whilst the line connecting A, and 
the node counts for two coinciding ones; so A, is also a branch 
point. Number 2 (n—1+’. 

Further in $ + we found n(n?—4) generatrices of @ which are 
at the same time principal tangents of ®. If the point of contact of 
such a principal line with ® is P and A, the point of intersection 
of the plane Pr, with r,, then from A, start n (n—1)—2 ordinary 
tangents to 4" and moreover the inflectional tangent A,P to be 
counted twice; so A, is again a branch point. Number 7 (n?—-4). 

Finally in $6 we found (n-+-1) (7) (n—2) (n—3) double generatrices 
of &; it is clear, that also the points of intersection of these with 
r, and r, are branch points. Number (n+) (7) (n—2) (n—3). 

Other branch points there are none. If e.g. a point A, is to be 
a branch point, then two of the tangents out of A, to x” must 
coincide, and that is only possible in one of the four ways described 
above. If now the four mentioned numbers are added up we do 
not find the required complete number of branch points 2n(n°—2n° +1), 
but only n(n*—2n?—n- 4), i.e. for very great values of n only 
half; on the other hand we find the exact number, if we bring the 
n(n?--4) points of the third group three times into account, and the 
(n + 1) (n) (n — 2) (n — 3) of the last twice. The question is how 
to explain this. 

If we bring a plane through an arbitrary point O of space and 
a generatrix 6 of 2, and likewise through an adjacent generatrix 
b*, and if we then let 5 tend to 6* to coincide with it finally, then 
at the limit the line of intersection OBB* of the two planes passes 


1) Emit Weyr “Beiträge zur Curvenlehre”, S. 3. 
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into an edge of the circumscribed cone of @ having O as vertex; 
B becomes the point of contact of that edge with 2, thus a point 
of the intersection of 2 with the first polar surface of O. Let us 
imagine a point A, of 7,, lying in the immediate vicinity of a branch 
point, then from this point among others two generatrices of 2 lying - 
very close together will start; the planes through those genera- 
trices and OV are two tangential planes of the circumscribed cone 
lying very close together, and QA, is therefore a line lying in the 
immediate vicinity of that cone. At the transition to the limit the 
branch point becomes, just like the point 4 mentioned above, a point of 
intersection of @ with the first polar surface of QO. This inter- 
section, however, in our case breaks up into a number of separate 
parts. Through a double edge of 2 e.g. pass two sheets of 2 and 
passes one sheet of the first polar surface; the double edge forms 
thus a part of the intersection of the two surfaces, counts however 
double, and it furnishes therefore in its point of intersection with 
r, two coinciding branch points. Of course likewise for 7, 

Suchlike considerations hold also for the n (n° — 4) euspidal edges 
of 2. Each plane through O cuts 2 according to a curve having 
cusps on the cuspidal edges, and it is well known that the first 
polar curve of O with respect to that curve contains the cusps and 
touches the cuspidal tangents. From this ensues that the first polar 
surface of O, with respect to 2, contains the cuspidal edges, and has 
in each point of such an edge the tangential plane in common 
with 2; each cuspidal edge counts thus three times for the 
intersection and furnishes also three coinciding branch points on 
and: Fs; 

All branch points have been accounted for in this way. 


§ 8. The apparent circuit of the surface 2 out of an arbitrary 
point O of space on a plane e.g. is the section of that plane with 
the projection (out of O as centre) of the intersection of 2 with the 
first polar surface of O. This intersection consists however, as we 
already saw in §7, of a number of separate parts. For 2 the directors 
r, and r, are n(n—1)-fold lines, for the polar surface {n (n—1) — 1}- 
fold lines; for the intersection of both they count 2(2n—1){n(n—1)—1} 
times. Each of the (n-+1)(n)(n—2)(n—3) double edges counts twice, 
each of the’ 2 (n?—4) cuspidal edges three times, and as the complete 
intersection is of order 2n (m—1) {2n (n—1) — 1}, there remains a 
proper curve of intersection of order 
2n(n-1) \2n(n-1)—1} - 2n(n -1) m(n-1) - 1} Un 4-1)(m)(n-2)(n-3) - Bn(n?-4) = 
2n* — In? + 10n? + 10n —12. This is thus at the same time the 
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order of the projecting cone out of O or of the apparent circuit on 
‘a plane, or the class of a plane section of 2 

For the class of the apparent circuit we must know the number 
of tangents through an arbitrary point 2 of the plane of projection. 
Now OP cuts the surface 2 in 2n(m—1) points; through each of 
these passes a generatrix, and the plane through these and OP is 
a tangential plane through OP, so the trace of that plane is a 
tangent to the apparent circuit; the class of the apparent circuit is 
therefore 2n (n—1). 

Let us bring a plane through O and a torsal line whose cusp lies 
on 7,. It cuts 2 according to a curve of order 2n (n—1)—1, and 
as the complete intersection, consisting of this curve and r,, 
must have m(n—1)-fold points on vr, and r,, the curve itself 
has on the directors fn (n—1)— 1}-fold points. These points lie at 
the same time on the generatrix; the only still missing point of 
intersection with this generatrix coincides with the cusp, and in 
projection the apparent circuit touches in this point the torsal line. 

A plane through O and a double edge of @ contains as residual 
section only a curve of order 2n(m—1)—2 with fn (n—1) — 2}- 
fold points on 7, and #,, and which thus cuts the double edge in 
two points more; a plane through a double edge is therefore a double 
tangential plane and the two points just mentioned are the points 
of contact. The projection of the double edge is a double tangent 
of the apparent circuit; the points of contact are the projections of 
the two points just mentioned on @. 

In a plane through O and a euspidal edge the latter counts 
likewise for two, so that bere too remains a residual section of 
order 2n(n—1) —2 with {n (n—1) — 2}-fold points on r, and r,; 
the two missing points of intersection with the cuspidal-edge coincide 
here and the projection of this edge becomes an inflectional tangent 
of the apparent circuit. 

Let us now imagine a plane through O mi: r,. Let S, be the 
point of intersection of this plane with 7,, then to this point correspond 
n(n—1) points on 7,, and the projection of r,‚ touches the apparent 
circuit in the projections of those points; the apparent circuit has 
therefore the projections of 7, and 7, as n(n—1)-fold tangents. If 
we now reduce these multiple tangents to double ones and if we 
then suppose that the double tangents and the inflectional tangents 
just now found are the only ones that the curve possesses, and if finally 
we remember that the class of the curve is 27 (n—1), then the PLÜCKER 
formula to determine the order becomes identical to the formula at 
the beginning of this paragraph, and so we find for the order the 
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exact number; so we also possess the exact numbers of the double 
tangents and the inflectional ones, so that only those of the double 
points and cusps are missing. The PLicker formula t — x= 3 (r—p) 
furnishes us with #=—=t + 3 (u—r);: if we introduce the values, we 
find x=—=6nt— 26n? + 24n? + 32n—36. Finally the formula 
yp = u (u—1) — 24 — 3x furnishes us with the double number of double 
points: 2d = pg (u—1) —- vp — 3z, hence: 


25 = (2n*—9n?+10n?+10n—-12) (2n*—9n*+ 10n’?+10n—13) — 
— 2n (n—1) — 3 (6n*—26n?+ 24n?+32n—36). 


Summing up we have thus found: the apparent circuit of 2 on 
an arbitrary plane is a curve of order 2n* — 9n* + 10n* 4+ 10n — 12, 
of class 2n (n—1), with a number of double points =d (see above), 
a number of cusps =x (see above), with (n-+-1) (n) (n—2) n—3) 
double tangents, the projections of the double generatrices of 2, with 
n(n?—4) inflectional tangents, the projections of the cuspidal edges 
of 2, and with two n(n—1)-fold tangents, the projections of the two 
directors r, and ?,. 


§ 9. If @ is really a conoid, i.e. if 7, is the line at infinity of 
a director plane, then as a rule the latter is chosen as plane of pro- 
jection, and so the projection of the surface on a plane through one 
of the two directors becomes of importance. In the numbers men- 
tioned at the end of the preceding $ no change takes place; so in 
the case of the conoid the apparent circuit on a director plane 
possesses n (n—1) parabolic branches. It is a different thing, however, 
if the conoid is a right one, i.e. if 7, is normal to the director plane; 
if then the latter is horizontal, and if the apparent circuit of 2 is 
required for the point Zz as centre, then we have to project ont 
of a point of the surface itself, and that one lying on the n (n—{) 
fold line r,. lt is now immediately clear that the apparent circuit is 
entirely modified; for a line through Ze cuts 2 besides Ze only 
in n(n—1) points, and only the generatrices passing through these 
points give rise, when projected out of Zo, to tangents of the apparent 
circuit; however, they all pass in projection through the point of 
intersection /, of 7, with the director plane, from which ensues that 
the pencil round f, is discarded and that 2 (n—1) times. 

The plane through Ze and one of the n (n—1) generatrices of 2 
(lying entirely at infinity) is indefinite, i.e. each suchlike plane is a 
tangential plane through Ze; of the apparent circuit we have to 
discard n(n—1) pencils whose vertices are the points of intersection 
of the generatrices through Ze with r,,. These pencils and those 
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round £,, the latter counted 7 (n—1) times, form the complete apparent 
circuit, indeed a degenerated curve of class 27 (n—1). 

For the vertical projection the centre Y, lies on7,,; the apparent 
circuit on the vertical plane consists therefore of n (n—1) pencils 
round points on the projection of 7,, and of a pencil whose vertex 
is the point at infinity on the z-axis and which pencil must be 
counted » (n-—1) times. 


Mathematics. — “Surfaces, twisted curves and groups of points 
as loci of vertices of certain systems of cones” by Prof. P. H. 
SCHOUTE *). First paper. 


1. We consider as given (n+2), pairs of straight lines crossing 
each other, (a;, a’), (0,6’), where 7 assumes successively the values 
1,2,...,4n(n-+3). We represent by fa, a transversal of (ai, ai), by 
t, a transversal of (4,6’). The points P emitting (n +2), trans- 
versals fly lying on a cone C” of order n form a surface (P) of 


which the order is to be determined. 
However we remark first, that the 2(n+2), given lines (a;, a’';), 


(b, b’) are lines of multiplicity » on (P). For, the cone C” with an 
arbitrary point P of 6 as vertex and the transversals tq, emitted by 


this point as edges, cuts the line 6’ in » points and is therefore to 


be counted » times among the considered system of cones C”, ie. 
once for each of these points of intersection. -.  . 

Moreover it is immediately evident, that each point of each of 
the two common transversals ¢;; and ¢;; of the pairs (a,, a';) and 
(az, a’) is vertex of a cone of the system, as we find for this point 
(n-+2),—IL edges only. So these lines, 6(n-++3), in number, are single 
lines of (P). 


2. In order to determine the order of (P) we try to find the 
number of points P satisfying the conditions of the problem lying 
on an arbitrary transversal ¢,, by means of a figure lying in an 
arbitrarily chosen plane 2 connected with our figure in space in the 
following way. 

We consider the transversals ft, emitted by the points P of ts 


and remark that they form a regulus (t, @;,a';) of which #, as, a’; 


1) Suggested by the last communication of Prof. JAN pe Vries (These Proceedings, 
XIV, p. 259). 
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are directrices. The quadrie bearing this regulus cuts-2 in a conic 
c> and on this conic the regulus itself marks a series of points, in 


projective correspondence with the series of points P on t. So we 
get in x a system of (n+-2),—1 series of points on conics, in mutual 
projective correspondence, with the particularity that the point of 
intersection 4 of f, and =z is a common corresponding point of all. 
As often as a point P of ¢, different from B furnishes (n+ 2),—1 
points 2; of these series on conics lying on a curve c* of order n 
passing through 5, as often ¢, cuts the surface (P) in a point not 
lying on one of the lines J, 4’; in other words, if the first number 
is p, the order of (P) is p+2n. Now the number p can be easily 
determined. If we assume in z a triangle of coordinates of which 
LB is the vertex zr, = 0, 7, =O, the (n4+2),—1 series of points can 
be represented by 


al) = | +g Ath ;, wl) — ia? 4 gaia + hoi, vl) = fait + gaia + hg 


where Js; and hz, will have to disappear for all the values of 7 if 
we stipulate that 2 == 0 corresponds to the common point 5. So the 
equation of the curve c? through the m-+2),—1 points P; corre- 
sponding to 2 is obtained by putting a determinant of order (n-+-2), 
equal to zero, of which 


ra nn —l » mr =| as nn Lr) aT 

©) “ vr @ x wes wv Ls ©, PT, s ens x 
is the first row, whilst the other rows can be deduced from this one 
by substituting for w,,2,,7, successively the quadratic forms in 2 of 
ad, a), af) corresponding to the different values of ¢. Substitution of 
1,0,0 for 2,,2,,a, in the first row furnishes then the equation of 
condition determining 2. If A is the minor of the determinant with 
respect to a”, the equation of condition is A0, the substitution of 


1,0,0 in the first row annulling all the elements of this row with 
exception of the first. The order of this minor in 4 would be 


1 
—n(n-+3) times 2n, or n° (n-+3), if ho; and hs; did not disappear 


for all values of 7. But on this account the order has to be lessened, 
as we ean divide the elements of columns 1 and 2 of the minor 
by 2, those of the columns 3, + and 5 by 2’, those of the columns 
6, 7, 8 and 9 by 2°, ete. and those of the last m+ 1 columns by 
2, whilst the value zero of 7, corresponding to the point of coin- 


cidence B of the series, has to be discarded. So we have to diminish 
n° (n+3) by 
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1 
214+3.24+438+4+...+(n iid hee a | 1) (rn +2) = 2 (n.}-2), 


and find for p the value n° (n-+-3) — 2 (n +2), and therefore for the 
order p + 2n of (P) 


1 2 
n° (n |} 3) EN n(n +1) (n4-2) + 2n = ae +1)(n+2) = 4(n 4-2), 


So we have got’): 

Turorem I. “The locus of the point P emitting transversals lying 
on a cone C° to (n+2), arbitrarily given pairs of lines is a surface 
(P) of order 4(n+2),, of which the given lines are lines of multi- 
plicity 2 and the pairs of transversals of the given pairs taken by 
two single lines.” 

For n=1 this result is contained in the paper quoted above; 
for n=2 it admits of a simple check. In the special case of six 
pairs of @ntersecting lines any quadratic cone of the system must 
fulfil with respect to the combination of the point of intersection 
A; and the connecting plane a; of each pair (a;,a’;) one of two 
conditions, i.e. either pass through A; or have a vertex lying in a;, 
in which latter case the cone is to be counted twice, once for each 
of the two edges lying in @;. So we find in this case the generally 
known surface of the vertices of the cones passing through six given 
points A; and besides this surface O* with 25 straight lines the six 
planes «; counted twice, i.e. an O'* as the theorem requires. 

Inversely we find by means of the corresponding case for an 
arbitrary n, i.e. of the case of (n-+2), pairs of intersecting lines: 

Trroren II. “The locus of the vertices of the cones C° passing 
through (n-+-2), arbitrarily given points is a surface of order (n-+2), 
of which the given points are points of multiplicity m.” 

In the special case of (n+2), pairs of intersecting lines the (42% 
of the vertices of cones C” consists of the (n+ 2), connecting planes 
ei counting ” times and of the surface of the second theorem. So 
the order of this surface is 

4 (n+-2), — n (n+-2), = + (n-+2), — 3 (n+2), = (n+2),. 
As the lines connecting the (n+-2), points of intersection A; by two 
lie on Ov'+*» each of these points must be an n-fold point of this surface. 


1) We remark that the number of points of the locus lying on an arbitrary 
line can be found quite as easily by means of the method used above: in that 
case the determinant itself, with its (nx + 2) rows each of order 2” in A, would 
have been of order 6(v+2), in a, and diminution with 2 (n+2)3 would have 
given the same result 4(x 2. This confirms that the given lines are n-fold 
lines of the locus. 
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3. Have we been able to deduce until now theorems holding for 
an arbitrary value of 7, in proceeding to the determination of the 
twisted curve o forming the locus of the point P, emitting transversals 


‘ 1 : 
lying on a cone C to > n(n+3)-+ 2 pairs of lines (a;, a1), (, 6°), 


(c, c’) we are obliged to treat the cases n= 2, n=3, etc. separately. 
We will indicate first what is the cause of this and restrict ourselves 
then in this communication to the case n= 2. 

The surfaces (P), and (P),., corresponding in the manner indicated 
in theorem I to the systems (aj, a'i), (hb, 6’) and (a;, a;), (ce, c°), admit 


1 ; 
as such the ee (n+3) pairs of lines a;,d'; as common lines of 


1 cae 
multiplicity and the ~n(n-+3) be n 43) —1 | transversals 


cutting these pairs by two as common single lines. So these 
surfaces intersect each other still in a curve of order 


4 1 
a (n+1)? (n+2)? — n° (n +3) — ay ae + 3) (n° + 3n— 2) 


1 
oar n (n+-1) (16n* +80n® + 83n?—53n- 54). 


If now we had the certainty that each point P of this completing 


intersection was the vertex of a cone C” with the transversals emitted 
1 
by this point to the — (n-+3)-+ 2 pairs of given lines as edges, 


the number indicated just now would represent the order of the 
curve @ under discussion. This however is only the case for n= 1 
where the obtained result passes into a @'°, as it ought to do (see 
the paper quoted). For in the case of higher values of » the com- 
pleting intersection found above consists of two or more parts, one 
or more of which do not belong to the locus. In order to show this 
we must treat the two cases n = 2 and n > 2 separately. 


For n= 2 the two surfaces Oe and OF have still in common 


besides the ten common double lines and the twenty common single 
lines the five twisted curves g'° — as we shall see immediately not 
connected with solutions of the problem — which form the loci of 
the point emitting complanar transversals to four of the five pairs 
(aj, a';). Let P, be a point emitting to the four pairs (a,,q’,), (a,,4'‚), 
(a,,@',), (as, a’;) four transversals lying in the plane a, and let 8, and 
y, represent the planes of the pairs of transversals from P, to 
(az, a,'; (6,0) and: (@,, a',), (c.c); “then (a, 8,)- and (a, 7,) represent 
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quadratic cones degenerated into pairs of planes with respect to the 
two sextriples of pairs of lines (a;, @';), (6,6’) and (a;, @’;), (¢,c’) and 
therefore P, lies on Ol and O!6 without being vertex of a quadratic 
cone with the transversals to the seven pairs (a;, a';), (5,b’), (¢, c’) 
as edges. So each of the quadruples out of the five pairs of lines 
(ai, @:) furnishes a 9!° common to O,S and OP but not corresponding 


to solutions of the problem; so the curve @'** found above consists 
of these five curves ei which are to be discarded and the locus 
proper @ 

The resuit @*** is easily checked as follows. Starting from seven 
pairs of wnétersecting lines for which A; and a;, (¢=1,2,..,7) 
represent the seven points of intersection and connecting planes, the 
locus consists of: 

1. the locus 0° of the vertices of the cones contained in the net 
of surfaces QO? through the seven points A;, 

2. the section c* of any of the seven planes a; with the surface 
O* forming the locus of the cones through the six points A with a 
subscript different from 2, counted twice, 

3. the lines of intersection of the seven planes «; by two, counted 
four times. 

So we find 6+ 7.4.2+21.1.4—146. 

The necessity of discarding a part of the completing intersection, 
on account of the existence of a locus of points P for which the 


146 


cones (, and C7? corresponding to the systems («;, a’), (b, 6’) and 
(a;,@;), (c, c’) break up into a common part C” and two different 
completing parts C% “ and Cy”, presents itself in the case n — 2 
only. For this locus puts in its appearance under the condition 
[2p(p+8)+2] + A2 —p)in—p+3) = [4n(n+3)41] 

only; for then the locus of the point P for which }p’p+3)-+ 2 
transversals lie un a cone C” furnishes a curve common to OF. and Os 
the points of which do not satisfy the conditions of the problem. 
As this equation reduces itself to p(n—p)—=1 the only possible case 
Md de 

We now pass to a consideration of the cases n > 2 and take 
n= 3 as example. Here the two surfaces (P ); and (P), corresponding 
to the systems (a;, a;), (b,5’) and (a;, a/;), (c,c’), where 7 goes from 
one to nine included, admit besides the 18 common threefold lines 
and the 72 common single lines a common twisted curve not con- 
nected with solutions of the problem, i.e. the curve forming with 
the two groups of 18 and 72 lines the locus of the point P emitting 
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to the pairs (a;,@';) nine transversals forming the base edges of a 
pencil of cones (3 instead of: determining a single cubic cone. This 
particularity presents itself also for larger values of n. So we can 
say in general that for n > 2 a twisted curve occurs forming with 
the two groups of lines corresponding to the value of 7 the locus 
of the point P for which the transversals to the (7+-2),—1 pairs (a;, a’;) 
determine a pencil of cones C". If the order of this twisted curve 
is found we also know the order of the locus 9 of the point emitting 
transversals lying on a cone C to (n+2),+1 given pairs of lines. 
Tnough the theoretical determination of the order of the first curve 
implies no difficulties the practical execution requires more room 
than we have at our disposal here; this is the cause why we restrict 
ourselves now to the case n= 2. 


4. Now that we have experienced that the curve g'° of the case 
n= 1 plays a part in the investigation of the case n = 2 we may 
conjecture that the twenty points with complanar quintuples of 
transversals (see the paper quoted) will do likewise. 

Let D be a point emitting five transversals ¢,, lying in a plane 
J to the five pairs (a;, a’), and let / be a line through D not lying 
in d. Then the method indicated in art. 2 furnishes in d with the 
aid of the six reguli (/, ai, a’), (/, 6, 6’) six series of points in mutual 
projective correspondence of which five lie on lines 7; and the sixth 
on a conic passing through DY. So the number of points common” 
to land O,° and different from D is equal to the order of the equation 


| (wiiaA+ vii)? (wid + 01,8) (M224 + Vo) 1---s (Was 4 + 03,1) | 
A2 +02 h,)’, (AA +9,’ 4 hf + Id h)se: ’ AAH)! 


in’ A,vie. 744. » So oD us a: node Prof Byte As the five curves 9, 


Ss 


corresponding with foar of the five pairs (q@;,a')) pass through D 
the tangential cone of O,? in D is determined by the tangents in 


D to these five curves; so not only the point D itself but also the 
tangential cone of O;S in D is entirely independent of the sixth 


pair (4, 6). So the surfaces O!° and On admit in the common node 


D a common tangential cone But this implies that the complete 
intersection of O6 and O!® passes through D with six branches. 
For, if D is the origin and ¢ a homogeneous form in 2, y,z of 
order #&, the equations of the two surfaces assume the form 


1) This result could have been predicted by remarking that the quadratic cone 
with vertex D is indeterminate, as it consists of > and an arbitrary plane through 
the transversal ¢. 
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from which ensues that the total intersection lies on the surface 

(é, es) ap (t, #2 tj) an bites (t,, ee —w 
admitting a threefold point in the origin. So the completing curve 
Oe must pass once through D, the curves g!° doing this together 
five times; moreover the tangent to @/4° in D lies on the common 
tangential cone of OIS and OW in D. 

Besides the twenty common nodes D each of the two surfaces 
admits: 100 nodes more, which we will represent by 4; and £.. 
The 100 points Zj, corresponding by 20 to the pair (/,4') and four 
of the pairs (aj,a';) lie on the curves g;° and therefore on O!°; 

3 
for the same reason O}® contains the 100 points £.. So the total 
intersection of the surfaces O/* and O!6 passes twice through the 


200 points /; and £,, these points being nodes of one of the surfaces 
and ordinary points of the other; as the five curves g;° pass together 


once through these points, tbe completing intersection g/'° must 


contain the 200 points’). 


5. In order to be able to determine the number of points emitting 
transversals lying on a quadratic cone to eight pairs of lines crossing 
each other we still want to know how many points the curve og} 

b,c 


has in common with each of the 14 given lines (a;, ai), (6, 5, (c, c’) 
and with each of the 42 transversals of these seven pairs by two. 
Evidently the first number is 16; for the surface O** corresponding 
to six of the seven pairs is cut by each line of the seventh pair in 
16 points. Moreover by means of the method of art. 2 we find for 
the second number, represented there in general by p, for n= 2 
the result 12. 


6. We now pass to the determination of the number of points 
P, emitting transversals lying on a quadratic cone to eight given 
paises (af, di) 1, 354,55 and (6, 6*),-(c,:c’), (d, d’). To thatend 
we consider the three systems 


1) It is quite natural that the points Z; and £, lie on Pe For if Ey lies on pi? 
the cone with respect to O26 consists of the plane z through the transversals 
bags tg, ta, to, and the plane B through the transversals la,» te, Whilst the cone with 
respect to Off consists of-z and an arbitrary plane through ta,, for which we 
can take 6 as well. 

34 

Proceedings Royal Acad. Amsterdam. Vol. XIV. 


( 502 ) 


(a;,a':), (645) (ascites) (ass), (ld) 

and the corresponding surfaces 046, a, Or in order to propose 
the question how many of the 2336 points of intersection of 018 
and Ox satisfy the conditions of the problem. 

Here we must fix our attention upon the following groups of points 
which are to be discarded: 

a. the twenty common nodes D of 0/6, O18, ON, 

hb. the hundred nodes ZE, of ps and the hundred nodes Z, of OS 

c. the sixteen points / common to oe and any of the ten lines a;, 

d. the twelve points G common to g,° and each of the twenty 


transversals of two of the five pairs (a;,d’;), 
e. the forty points H common to any of the five surfaces Ot 


UPG 
t 
and the corresponding curve g;°. 

We consider each of these five groups separately. 

a. The 20 points D count thrice among the points common to 


97° and O'6, for the curve touches in the node of the surface the 


tangential cone of the surface. 

b. Each of the 200 points /£,, #, counts once. 

c. A point £ common to a, and 9/4 counts for four points of 
intersection; for the cone with vertex F' corresponding to the six 
pairs (a,,a',),---; (a,,4',), (6,6), (c,c) cuts a, twice and # lies 
on a double line of O16. 

d. A point G common to tp and o}% counts once. 


e. A point H common to OF , and o,° lies on 9/4, as it emits 
1 2 


three complanar transversals to kee (6,6’), (c,e’) and four com- 
planar transversals to the other pairs (a,,q’,),..,(@,,@;). As the tan- 
gential plane in H to O19 cuts the common tangential plane of O78 
and O16 in H according to the tangent in H to 91°, the point H counts 
for one point of intersection. 

As all these groups of points admit the property that the cone 
for O16 differs from the cone corresponding to OW and O'8, they 
must be discarded. So the required number is 

2336 — 3.20 — 200 — 4.10.16 — 20.12 — 5.40 = 996. 


We can check easily the obtained result. In the special case of 
eight pairs of intersecting lines, where (A;,a;), 1=1,2,...,8 indi- 
cate point of intersection and connecting plane for each pair, we 
find the following solutions: 
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1st. the vertices of the four cones through the eight points A;, 

2nd, in each of the eight planes a; the vertices of the siz cones 
through the seven points A; not lying in that plane, counted twice, 

37, in each of the twenty eight lines of intersection of the eight 
planes a; by two the vertices vof the four cones through the six 
points A; not lying in either of the two planes, counted four times, 

4. each of the fifty six points of intersection of the eight planes 
a; by three, counted eight times. This gives 


|: NE oe 
87, G2 (96 
28.4.4 — 448 
56.1.8 = 448 

996 


i We unite thé resulits-found for — 2 in: 

-Tuxorem III. “The locus of the point P emitting transversals lying 
on a quadratic cone to six arbitrarily 5) given pairs of lines is a 
surface O'°. This surface passes twice through the 12 given lines and 
once through the 15 pairs of transversals of the six given pairs by 
two; moreover it contains the 15 twisted curves g'° forming the 
locus of the point for which four of the six transversals are complanar. 
These 15 curves cut each other by five in 120 points for which 
five of the six transversals are complanar; each of these points isa 
node of O'* with a tangential cone determined by the tangents of 
the five curves g'° passing through that point.” 

“The locus of the point P emitting transversals lying on a quadratic 
cone to seven arbitrarily given pairs of lines is a twisted curve 9'*° 
cutting each of the 14 given lines in 16 and each of the 42 trans- 
versals of the seven pairs by two in 12 points; it passes through 
the nodes of the surfaces O'° corresponding to six of the seven pairs 
and touches in these points the tangential cones of these surfaces.” 

“The number of points P emitting transversals lying on a quadratic 
cone to eight arbitrarily given pairs of lines is 996.” 

In following communications we hope to extend these consider- 
ations to the cases n= 3, 4, ete. and to give polydimensional 
generalisations of the problem. 


1) We do not wish to enumerate different special cases here. It may only be 
pointed out that the surface Olé becomes indeterminate if in order to obtain six 
pairs of lines we borrow three pairs of reciprocal polars of each of two linear 
complexes. 
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Physics. — ‘Contribution to the theory of the binary mixtures X VI.” 
By Prof. J. D. van DER Waats. 


In the Proceedings of Oct. 1911, p. 421 Prof Kuenen says that 


he cannot agree with the view that in the point in which a plait 
2 


d 
splits off from the transverse plait, the value of = should be 
D 


L 
equal to 0. 


The equality & = € ) he admits as valid, but he objects 
der yy, \ da p 

to the assumption that the double point at the same time would be 

a point of inflection of an isobar. Now in the double point the equality, 

which he wants to maintain, has strictly speaking ceased to exist. 


: dv ce 

In such a double point A is infinitely great, because there the 
AT hin 

binodal curve consists of two line elements, which enclose an acute 


or an obtuse angle. But leaving this aside as self-evident, it seems 
2 


= ee 
. ; | Ep 
well-founded. This equation has namely enabled me to indicate the 
place where such a splitting up is possible — and it has even been 
one of the reasons which led me to examine where points of inflec- 
tion can occur in the isobars and to occupy myself with the locus 
of these points of inflection *). 

KveNeN thinks he can justify his objection to the theorem that in 


of importance to examine whether his opposition to 


5 
Ege 


In, by the observation that this splitting 


Pp 
up is assumed to take place inside the binodal curve. And this 


observation is by no means conclusive. Inside the binodal curve the 
surface is only partly unstable — there is also a stable part, in 
which the surface seen from below, is convex-convex. And for the 
circumstance that the splitting up be such that in the double point 
dr 


the said double point 


En —0, it is now only required that it lie (to express it briefly) 
( Up > 

on the convex-convex part of the surface — or expressed more 
sharply, that a moment after the splitting up there exist a convex- 


convex part between. The very consideration that properties of the 


1) If the four branches of the binodal curve in the double point are reduced 


T° ad’ et : ‘ 
to two branches, =) = can be maintained also in the double point 
©? ) bin da Pp 


and we are naturally led to the insight that the value is there =O. 
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surface at that place must decide about the possibility of the existence 
of the assumed splitting up, whereas the position of the binodal 
curve is also determined by properties of the surface in sometimes 
very remote parts, makes us see that the circumstance whether a 
point lies inside or outside the binodal line, cannot be decisive. 
The first, and [ think I may say the well-known case of such a 
splitting up of a plait, occurs for mixtures with a minimum value of 77 
(for mixtures taken as homogeneous). In this case also the binodal 
curve of this transverse plait splits up, and both parts of these binodal 
lines can be realised. But it is by no means an absurdity to suppose 
that in consequence of properties of the surface in parts lying very 
far to the left this double point was covered, and unrealisable. 
Then the binodal curves at the temperature at which the splitting up 
takes place would be quite different ones and the already existing 


one would also have remained covered for a great part. 
d?v 
That at this well-known splitting up DE 0 in the double point, 
vy 
is, I think, also accepted by Kurnen, — and the admission that after 
the splitting up the plaitpoints lie in such a way that for one 
av 
iS) is positive and for the second negative, leads to the conclu- 
© / bin 
. Ed 
sion that in the double point aa must necessarily be equal to 0. Such 
= . 
p 
a splitting up of a transverse plait into a righthand side and a left- 


hand side exists and can be demonstrated experimentally for a number 
of mixtures. Now for an explanation of other phenomena I was 
confronted by the question whether a plait could also split up in 
such a way that after the splitting up there can be question of an 
upper and a lower part — or rather in a part with greater and in 
one with smaller volumes. That in this respect experimental investi- 
gation is still very incomplete, is readily admitted. : 

Now with regard to the place of the double point three different 
suppositions can be made; 1. outside the binodal curve of the trans- 
verse plait; 2. inside the binodal curve; 3. just on the binodal curve. 
At the temperature at which the splitting up takes place (7) the 
transverse plait still extends over the whole breadth. 

In the first case the splitting up can be observed experimentally. 
If we inquire into the properties of the binodal curve for the equi- 
librium liquid-liquid and liquid-vapour, we get 1. in the double point 
two intersecting curves, 2. the already existing liquid branch of the 
transverse plait, of course slightly modified, and running through 
the unstable part of what I will call longitudinal plait. 
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At somewhat higher temperature, so above that of the splitting 
up, the convex-convex part of the y-surface has made its appearance 
in the double point a separate curve has split off either quite 
closed or open towards the side of the limiting volumes, concerning 
which I refer to former observations. And moreover the transverse 
plait has got a branch plait with a plaitpoint at the side of the 
small volumes. To close this branch plait a hidden plaitpoint is required 
-— also in reference to this I may refer to former communications. 
At still higher temperature the branch plait has retreated more and 
more towards the transverse plait; the plaitpoint reaches the binodal 
curve of the transverse plait, and then the liquid branch of this 
binodal no longer runs through an unstable region. 

But, and for this I also refer to former investigations, then too 
the hidden plaitpoint still exists. And not before the temperature is 
still higher does the hidden plaitpoint unite with the plaitpoint of 
the branch plait that existed before. From the temperature at 
which this plaitpoint lay on the binodal curve there existed inside 
the binodal curve a pair of heterogeneous plaitpoints. But strictly 
speaking if we do not confine ourselves to that part of the surface 
lying inside the transverse plait, there exists such a pair of hetero- 
geneous plaitpoints already at 7. And if the longitudinal plait on 
the side of the small volumes is closed, there exists such a pair of 
plaitpoints already before the splitting up. Only then at the spitting 
up all at once substitution of quite another point takes place for 
one of the points belonging to the pair of plaitpoints, to which subject 
I shall return in a following communication. 

This first case for the place which may be possible for the double 
point, is not known, and is certainly not realized in the mixture 
examined by van DER Liep. And now it was my purpose to explain 
the 2™¢ ease in Contribution XV. 

Not that there is a great difference with what I described above 
— there is only a difference as far as the ind of the double 
point is concerned. 

This double point might happen to lie exactly on the binodal 
curve of the transverse plait, which I have referred to above as the 
third case. This would certainly have to be called a coincidence. 
As I remarked above the property of the surface which leads to 
splitting up, and the property on the vapour side of the transverse 
plait which governs the place of the binodal curve of the transverse 
plait to a high degree, would have to answer very special demands. 
I consider the chance that this takes place as about zero. 

Moreover the difference between this particular case and the gnd 
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is so slight that if the latter has been discussed, also the particular- 
ities of the particular case are easily seen. 

In the adjoined tigure I have represented the position of the 
spinodal and. binodal curves at a temperature somewhat above 7. 
AB and CD denote two portions of the binodal curve of the trans- 
verse plait, for so far it is to be realized. HBP,CF represents the 
binodal curve of that part of the longitudinal plait that has split off 


and moves towards smaller volumes at rising temperature. P, is the 
plaitpoint moving towards smaller volumes. By P, the plaitpoint 
moving to greater volumes is represented. At 7, P, and P, coin- 
cide. But now we know from former considerations and I refer 
among others to these Proc. VIII p. 184 that there must also still 
exist a closed binodal curve, of which P, is a plaitpoint, and that 
there must be found one more (third) plaitpoint to close this binodal 
curve. The points P, and P, together form a pair of heterogeneous 
plaitpoints. At 7, this hidden plaitpoint already exists, but P, and 
P, dQ not coincide until at a temperature that lies higher (but how 
much higher cannot be indicated here any more than in the cited 
paper). 

At a temperature above that for which the above figure holds, 
the longitudinal plait moving to smaller volumes has the plaitpoint 
P, on the binodal curve of the transverse plait, which can then be 
realised over its full width, and at still higher temperature it has 
no longer any points in common with this binodal curve. 

If figure 47 of Contribution XV (These Proc. Xl p. 904) is 
compared with the result of this discussion, we see that the tem- 
perature of the point C of figure 47 is 7,,, and that of the point 
D the temperature at which the pair of heterogeneous plaitpoints 
P, and P, coincide. Already in contribution XV I remarked about 
fig. 47 that the righthand branch between / and F’ may be omitted. 
Then, however the point / must be thought to lie at p=, and 
the point # at 7’'=0. Since then I have not been confirmed in the 
opinion that this branch should be omitted. 

In fig. 47, however, a mistake has slipped in, with regard to the 
closed curve which represents the concentration of the two liquid 
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phases of the three phase equilibrium; it will certainly not have its 
highest point in C. My attention was drawn to this circumstance by 
KonnstamM immediately after the appearance of contribution XV. 
And this same error is expressed in words on p. 900, where it says 
that the point C lies on the binodal curve of the equilibrium liquid- 
2 

= and x are equal to zero in the point C. So 
these two sentences ought to be omitted, and when KUuENEN does not 
mean anything by his remark but this, I entirely agree with him. 
But i read more in his remark, and this is the reason why I think 
I should make these observations. It namely seems to me that 
KUENEN Le. means that the double point of the spinodal curve 
(which is naturally always also a double point of the binodal _ 
curve) would always have to lie outside the binodal curve of the 
transverse plait. This will, indeed, be probably possible; then the 
point where the plaitpoint line ZCDFK interseets the line of the 
three phase equilibria, must lie between C and D of the fig. 47 of 
contribution XV. Only by way of exception it could have risen as 
high as the point D. Compare also these Proce. VIII p. 184, 
where 1 still harboured some doubt, but finally arrived at the con- 
clusion that I had to locate the intersection of the plaitpoint line 
with the binodal line before D. 

But at least as often, if not oftener, the case will occur that the 
double point lies side the binodal curve of the transverse plait; in 
this case the endpoint of the three-phase pressure lies on the branch 
CE of the plaitpoint line. The foregoing remark may also be expressed 
thus. Korrrwxe’s theorem that the coincidence of two heterogeneous 
plaitpoints must always take place inside the binodal curve, is inter- 
preted by Kunnun thus, as it seems to me: “The coincidence of two 
homogeneous plaitpoints must not take place inside the binodal curve.” 
This would mean in fig. 47: “As the point where the plaitpoint 
line enters the binodal curve, cannot lie on the right of D, it cannot 
lie on the left of C either’. This would have certainly called for a 
proof, for these two theorems are certainly not identical. 

Or if I had to comprise my defense against the objection in one 
phrase, it would run: When a theorem is true, it does not follow 
that the reverse of this theorem is true. Kortrewsxe’s theorem ‘is true 
and ean be considered as self-evident, namely if we understand by 
binodal line a line which can be realized. But it does not follow 
from this that every double plaitpoint inside the binodal curve is. a 
heterogeneous double plaitpoint. 

Besides I have nowhere asserted that the binodal curve could be 


vapour, and that 
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“entirely realised at 7. This is only the case at higher temperature. 
At YT below 7, there is connection between the unstable part 
of the transverse plait and of the longitudinal plait. So the liquid 
branch of the binodal curve of the transverse plait has a metastable 
and an unstable part. This is also the case at 7,,. Not until higher 
temperature, i.e. when the plaitpoint of the longitudinal plait lies on 
the binodal curve of the transverse plait, this binodal curve is entirely 
to be realised. But KuENEN’s objection makes me doubt whether I 


have expressed my meaning clearly enough. 
’ 2 


9 


a 


A simple proof for the theorem that ( = 0 at the double 
Bek, 


point, is furnished when the spinodal curve is represented by the 


aid of the § function by: 
de 
(33) =U. 
de? )pT 


The differential quotient is then: 


ao 4 ( d°8 dp __ 0 
dx* ))T dp*dp)»7 de = 


< 


ey f. splitti botl ia) d as ) ; | 
. An case of splitting. up both |; - an (as be is equa 


d 
“to. zero, and then = cannot be determined from this equation, but 
Lv 


‘d 
must be found from a quadratic equation. Now (5) =v, and 
P 


3 


| B d's 4 
at a double point the two relations (53) = 0, i.e. the condition 
© pT 


2 


oe d 
of a plaitpoint, and (ze) — 0 hold. At an ordinary plaitpoint 
ae pT 


dx 

dv : dp 
a is not equal to 0, but then — — 0. 
de JT dx 

My conclusion is this. At the temperatures at which the splitting 
up takes place the double point can lie inside the joint realizable 
binodal curves of the longitudinal plait and the transverse plait. That 
this is impossible has never been proved as yet, and is not to be 
proved in my opinion. . 

Above 7, the lefthand and the righthand convex-convex part of 
the surface that lies within the binodal curve, have united. 
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Mathematics. — “(General considerations on the curves of contact of 
surfaces with cones, with application to the lines of saturation 
and binodal lines in ternary systems” (Communicated by 
Prof. D. J. Korrrwera and Prof. F. A. H. SCHREINEMAKERS). 


Introduction. 


It is a known fact that in the study of the ternary solutions 
which for given temperature and pressure can be in equilibrium 
with a solid substance a great part is played by the curve of contact 
of the tangential cone of the $-surface with a given point as vertex. 

If namely we project the vertex of the cone and its curve of 
contact on the horizontal plane, then the projection of the curve of 
contact represents a ternary line of saturation, namely the series of 
the solutions, which for assumed temperature and pressure are 
saturated with the solid substance indicated by the projection of the 
vertex of the cone. 

The form of the line of saturation of a solid substance being 
thus determined by the form of the curve of contact of a cone, it 
was our aim to investigate which peculiarities this curve of contact 
could display in some points of a given surface and in particular 
of the ¢-surface. 

We choose as origin of the system of coordinates a point O of 
the surface. We assume the X- and Y-axis in the tangential plane 
of the surface in point 0. 

For the equation of the surface in the vicinity of point O we can 
then write: 


z=c,e7+ce,ey+ce,y?+ d,a*+ d,vy+d,ay’+d,y*+e,0° + e,0*y +. - (1) 
The equation of a tangential plane in a point «, y, 2 of this surface 
becomes : 


A Oz f dz 


If we wish to let this tangential plane pass through a point 
P(p.q) of the X. Y-plane, then we must have 


KCE ee 
ben Seek Maar 


dz Oz 
If in this equation we substitute the values of 2 and oe of 
& y 


(4 \ 5 
) we get: 
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(2c, p + epe + (esp + 2e,9)y + dp + dg — ¢,)a* + 
+ (2d, p + 2d,q — ¢,)ay + (dep + Sd,g — ¢y)y* + 
+ (4e,p + €,9 — 2d,)e° + (Se, p + 2e,g — 2d,) wy + 
+. (2e,p + 3e,qg — 2d,)ey? -+ (¢,p + 4e,g — 2d,yy? +....=0 . (2) 

The above form (2) is therefore the equation of the curve of 
contact of a cone touching the surface and having point P(p. q) as 
vertex. 

We shall now distinguish three cases : 

J. O is not a parabolic point. 

II. O is a parabolic point. 

Ill. O is a point of osculation. 


I. Point O ts not a parabolie point. 


As QO is an elliptic or a hyperbolic point, it~ follows that 


1 
Cc, — Fe We now assume the line OP as X-axis, so that 
g=0. We can now distinguish two cases according to OP being 
an asymptote of the indicatrix or not. 


Ty. Pheline OP vis not an asymptote of the indicatriz. 


We assume OP as X-axis and the conjugate diameter of the 
indicatrix as Y-axis; so g=O and c, =O. From (2) follows then: 
2c, px + (3d, p—c,)u* + 2d,pry + (dep —c,\y? +... =0 . (3) 
The curve of contact touches therefore the Y-axis in point O. 
As the X-axis (the line OP) and the Y-axis are conjugate diameters 
of the indicatrix, it follows that the line OP, connecting the vertex 
P of a cone with a point O of its curve of contact, and the tangent 
in point O to this curve of contact are conjugate diameters of the 
indicatrix of point O. 
In general the curve of contact in the vicinity of point O is of 
finite curvature and determined by: 
: car dete a mee OS fk es tw (É) 
If p is chosen in such a way that d‚p — c‚==0 then the equa- 
tion is . 
de port (€,p—2d.) y? =O greg. oe. of) 
so that the curve of contact has a point of inflection in point O. 
Several ternary lines of saturation with one or more points of 
inflection are known. We find e.g. on the line of saturation of the 
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nitril of ambrie acid in the system: water — alcohol — nitril of 
ambrie acid *) at 4°.5 two points of inflection. 


lp. The line OP is an asymptote of the indicatria. 


We assume OP as X-axis, the other asymptote as Y-axis so that 
qg=0, ec, =0 and c,=0. 

Then the curve of contact is determined by: 

c‚py + 8d,pa* + (2d,p-—e,) ay + d,py? +...—=0 . . (6) 

So the generatrix OP of the cone touches the curve of contact 
in 02). 

We have here thus the case that through point ? we can draw a 
tangent to the line of saturation of the solid substance represented 
by FP. This point of contact, however, being a hyperbolic point, this 
case can appear only on the unstable part of the line of saturation. 


II. Point O is a parabolic point. 


1 
As O is a parabolic point, it follows that Clo ay Sie Point 


O lies thus on the parabolic or spinodal line of the surface. 


T14. The line OP does not coincide with the direction of the 
axis of the parabola. 


In fig. 1 let aOb be the spinodal line, 
cOd the section of the tangential plane in 
O with the surface; OY is the tangent in 
the cusp O of this section and at the same 
time the direction of the axes. 

We now assume OP as X- and OY as 
Y-axis, %o that -g==0,-¢, =U and “qa 
Then we find for the equation of the curve of contact: 


Qe, pa + (3d, p—e,) a? + 2d, pay + dipy’ +... + 9 


Fig. 1. 


Or; 
Rt ted OE el a aen EN 
So the eurve of contact touches in O the line OY. The Ee, 
of the curve of contact in the vicinity of its point of intersection 
with the spinodal line is therefore independent of the position of 
the vertex P of the cone. 


1) F. A. H. Scureinemakers. Z. f. Phys. Chem. 27 114 (1898). 
2) See also: H. A. Lorentz. Z. f. Phys. Chem. 22 523. 
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We can express this property also as follows: all the lines of satu. 
ration passing through a point O of the spinodal line touch each 
other in this point O. 

We have drawn the eurve cOd in fig, 1 in such a way that the 
tangent OY intersects the spinodal line in O, That this is true in 
general is evident from the following, 

The equation of the spinodal line is: 


02 0’ (a a P > 
On oy" Oady Tr My te PP aring «el 


0’ 2 
If now we caleulate out of (1) the values of and ; 
Om” Oy" dmdy 


after having put there c,== 0 and v,==0, we find for (4): 
(2¢,-4-6d,a }+2d,y 4...) (2d,w 6d ,y +...) — (2d 4-2d,y 4-.,.)? == 0, 

As ¢, is not zero, we find by first approximation for the equation 

of the spinodal line: 
2d,u A Ody | eee ee Se ee ae | 

From this ensues therefore that the tangent in O to the spinodal 
line alb forms an angle with the line OY, unless d, = 0, 

If however d,= 0, then it follows from (9) that the tangent in 
O to the spinodal line coincides with the line OY. As then at the 
same time 
z () 
point under consideration ís a plaitpoint’), Hence: only in a 
plaitpoint the spinodal line and the curve of contact of a cone can 
touch each other, 


¢,=0, c,=0 and d= 


Ij,. Point O ip a plaitpoint, 


As ¢,=90, c,==0 and d,=0"), the equation of the curve of 

contact becomes 
Zee dy J- som » 1 »« « « « (10) 

So all the curves of contact passing through the plaitpoint touch 
each other there and their curvature is independent of the distance 
from the vertex P of the cone to the plaitpoint, 

That this curvature ís also independent of the direction of the line 
OP and therefore quite independent of the situation of / will soon 
be evident. 

From (8) follows for the equation of the spinodal line: 


1) D. J. Korrewza Arch, Néerl, (1) 24 60 (1891), 
2) D. J. Korrewes, 1e, 63 (1991). 
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(2c, + 6d,x-+2d,y + ..) (2d,a-+ 2¢e,x?-+ 6e,vy + 12e,y* +...) — 
— (2d,a+2d,y+3¢,a°-+ 4e,cy +3e,y’+..)? = 0 
or at first approximation for the equation of that line in the vicinity 
of the plaitpoint : 
4e.d,e + (24c,e,—4d7)y = 0 . . «®% -. GD 
The equation of the binodal line in the vicinity of point O is’): 
dn eV Se eee 
We now write (10), (11) and (12° in such a way that the coefficient 
of z is the same for these three; so we find: 


for the curve of contact: 2c,d,¢-+d,7y7=0. . . . . (13) 
. 5, spinodal line: 2c,d,v + 2 (6c,e,—d,”)y? =O . (14) 
»> 9 binodal line: dede Fr 46,6270... 


We shall now restrict ourselves, as only this is liable to realisation, 
to a plaitpoint of the first kind *), so that 
de OR ine AL Par a 


thus also c,e, >> 0 and 6c,e,—d,’ > 0. 

From this ensues immediately that in the vicinity of the plaitpoint 
the curve of contact, the spinodal line, and the binodal line are curved 
in the same direction. 

Out of (16) we can deduce: 

2 (Gee =) deer nd han 

If we call the radii of curvature of the spinodal line, the binodal 
line, and the curve of contact R,, Ry, and #,, it follows from (13), 
(14) and (15): 

c,d, c,d, c,d, 


== ‚Bim Br = — . = (ee 
(12c,e,—2d,*) sin A : 4c,e, sin Ó d,* sin 6 (ts) 


Rs 


where 6 represents the angle between the line OP and the tangent 
in the plaitpoint to the binodal line. 

In connection with (17) follows from this that the spinodal line 
has the smallest radius of curvature and the curve of contact the 


largest. 
From (18) we can furthermore deduce: 
2 3 1 
ao ial ee (182) 


Out of this relation it is evident that R, is also independent of 
the direction of the line OP; for R, and R, are quantities, which 
depend exclusively on the shape of the surface at point O. 


1) D. J. Korrewee. l.c. 61 (1891). 
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If we introduce instead of the radii of curvature R the curvatures 
K we find 


Sigh, An ee ee 


For the rest the curve of contact has nothing remarkable in the 
vicinity of the plaitpoint except that its course there is in a high 
degree independent of the situation of the vertex P of the cone, if 
but this vertex is not too close to the plaitpoint or not too close to 
the tangent to the spinodal line in the plaitpoint. 

In fig. 2 sOs’ represents the spinodal line, 
ae s 606’ the binodal line, and rOr’ the curve of 
contact of the cone P, or in other words the 
line of saturation of the solid substance P. As 
ensues out of the curvatures (18% and 18) of 
these three lines, these must have a position 
with respect to each other as in fig. 2. 

If we draw in this figure a line mnp parallel 
to and in the vicinity of OP, then np must be 
equal to 2mn. If namely we calculate z,, #, and 2, out of (13), (14) 
and (15) we find for a same value of y: 


2 (ey) = as — Tj. 


In so far as the binodal line has been drawn in fig. 2 the con- 
jugated pairs of fluids represented by it are metastable; they all 
break up into the solid substance P and a solution of the line of 
saturation rOr’: 

In fig. 3 the point P lies on the other side 
of the tangent in O as in fig. 2. Line 7Or’ is 
the line of saturation, bb’ the binodal line; 
the spinodal line has not been drawn. 

In the vicinity of the plaitpoint the line of 
saturation must be curved, as has been repre- 
sented in fig. 3, in the same direction as the 
binodal line. In its further course two or more Fig. 3. 
points of inflection can of course appear. If e.g. P is a ternary 
solid substance, so that the line of saturation is a curve enclosing 
point P, then at least two points of inflection must appear, as has 
been assumed in fig. 3. 

If now we change the temperature or the pressure, then the ¢- 
surface changes according to position and form; point P rises and 
falls. Now the binodal line and the line of saturation of course also 
change their form. 
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We now imagine temperature or pressure 
changed a little in such a direction that the 

4 two curves of fig. 3 move away from each 
P other. We then obtain fig. 4, in which the 
line of saturation has been represented but 

a! £’ partly. It is clear that it now likewise has 

to show two points of inflection. If both curves 
Fig, 4. move still farther from each other, then of 
course both points of inflection can vanish. 

If we change temperature or pressure in opposite direction, then 
we cause both curves of fig. 5 to overlap somewhat. We then find 
fig. 5, in which baa’b’ represents the binodal line and raa’r’ the 
line of saturation of P. 

On the part aa’ not represented of the binodal Ms f 


line lies the plaitpoint; the part aa’ of the 
line of saturation lies between the part aa’ of Aa 
the binodal line and the straight line aa’. The line LAA 
of saturation of P is only partly drawn. P 
As long as a and a’ lie but close enough to Sh 
each other, a and a’r’ must lie as in fig. 5, P iú 
they must run namely from a and a’ to that 
side of line aa’, where the stable part of the 
binodal line lies. In their further course the lines ar and a’r’ can of 
course intersect the line aa’. ie: 
We now have besides a series of solutions saturated with P (ar 
and a’) and a series of conjugate solutions (ab and a’b’) also a 
conjugate pair of fluids Z,+Z. saturated with solid P. | 
As the pieces aa’ left out of the binodal line and of the line of 
saturation lie inside the three-phase-triangle Paa’, the fluids repre- 
sented by them separate into P+ Lat Ly. a 
Examples of lines of saturation with two points of inflection, 
between which a curvature in the same direction as the binodal 
line, we find e.g. in the system): water-AgNO, ethylene cyanide. 
At + 11° the line of saturation of 2 C,H, (CN), . AgNO, . H,O 
touches the binodal line in its plaitpoint and two points of inflection 
appear as in fig. 3. 
With a rise of temperature both lines move away from each 
other; the lines of saturation determined experimentally at 12°, 20° 
and 25° show distinctly the type of fig. 4. 


Fig. 5. 


1) W. Mippetpere. Z. f. Phys. Chem. 43. 305 (1903). 
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} If we lower the temperature below 
We if 11°, then the isotherms in the vicinity 
of the three-phase-triangle show a form 

as in fig. 5. Lines of saturation are 

also known which turn in their whole 


% 
ae je course their concave side to the plait- 
MTN point of the binodal line; they have a 
Ë y, rz A form as rr’ in fig. 6. 


In the system'): water (C)—ether 
(A)—malonic acid (P) such a line of 
saturation and binodal line are determined at 15°. 

In the system’): water (C) —ethylene cyanide (A) —- benzoic 
acid (P) we find above 51° likewise isotherms as in fig. 6. When 
lowering the temperature the two curves of fig. 6 approach each 
other; at 51° the line of saturation rr’ of the benzoic acid touches 
the binodal line in its plaitpoint O. At still lower temperatures a 
three-phase-triangle appears and the isotherms in the vicinity of that 
triangle show a form as in fig. 5. 

Also in the systems‘): water-phenol-alkali lines of saturation appear 
of the type as in fig. 4. 


Fig. 6. 


lg. The line OP has the direction of the axis of the parabola. 


We assume OP as Y-axis, then p=0O, c,= 0 ande, == 0. So 
the equation of the curve of contact becomes: 
(dege de + Ad.gzy + Sd,oy" + ....=0 .. . … (19) 
So the curve of contact has in point O a node; therefore it consists, 
as is drawn in fig. 8, of two intersecting branches rad and 7‘ab. 
By a variation of parameter (on the S-surface temperature and 
pressure come into consideration for this) out of fig. 8 are formed 


fig. 7 and fig. 9. So fig. 8 is the transition form between fig. 7 
and fig. 9. 


v et, 
aCe a a 
$ Ween 40 £ NE ed 
Fig. 8. Fig. 9. 
1) E. A. Kroggie. Z. f. Phys. Chem. 24. 625. 
2) F. A. H. SCHREINEMAKERS. Z f. Phys. Chem. 26. 249 (1898). 
35 
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In fig. 7 ss’ represents the spinodal line; rah and 7’ed are two 
branches of the curve of contact having in a and e a tangent passing 
through point P. In these points a and e we have the case considered 
sub /p; a and e lie therefore both on the hyperbolically curved 
part of the surface. 

If we pursue the branches ah and ed, these can of course pass 
into each other’); in fig. 7 this continuation is represented by the 
dotted curve bed. 

In fig. 9 tbe curve of contact consists of the two branches rr’ 
and abcd, separated from each other by the spinodal line ss’ ®. 

The equation (19) can, however, also represent an isolated point; 
the curve of contact then consists of a single isolated point, lying 
on the spinodal line. For a small change in parameter this point 
then vanishes or a closed curve of contact is generated. 

Inversely the closed curve of contact abcd of fig. 9 can thus 
contract so as to disappear in a point of the spinodal line. 

To investigate whether the curve can possess other nodes or isolated 
points (in ordinary not conical points), we cause the Y-axis to 
coincide with OP. This is of course always possible and then we 
have p= 0. 

From (2) follows now as condition for a node c,g = 0 and 2c,q=0. 

So we find: 


¢, = 0 c,=0 and therefore also c, ec, —— c°, = 0. 
2 3  S 4 2 


This is just the condition for the generation of case J/g. So we 
find the nodes and isolated points only in case //z, except of course 
in the points of osculation which can be regarded as a special case 
of it, where c, = 0. 

- So we can say: 

“Nodes and isolated points of the curve of contact always lie on 
the spinodal line. ” 

There would be an exception only if point P were on the surface 
itself; then of course there would always be in that place an isolated 
point or node; this however we do not discuss. 


Iga. Point O is a plaitpoint. 


We assume (fig. 10) OP as Y-axis so that besides p= 0, c, = 0 
and c, = 0, -we find also d, = 0°). 


1) Comp. F. A. H. Scureinemaxers. Z. f. Phys. Chem. 22. 532 (1897). 
2) Comp. F. A. H. Scurememaxers. Z. f. Phys. Chem. 22 531 (1897), 
8) D. J. Korrewec. Arch. Néerl. (Ll). 24 61. (1891). 
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Out of (19) now follows that the plaitpoint 
is a node of the curve of contact and at the 
same time that the line OP itself is one of 
the tangents. To investigate this curve of 
contact further we write (2) (after having put 
there m0; ¢,==0,.¢, —=0 and d, == 0) in 
the form : 


Aa? + Bay + Ca? + Da*y + Hoy? + Fy®+...=0) . (20) 
To satisfy this by 
ii he 
we must have Bk + #—O0. From this ensues now, as B= 2 dg 
and Hf’ = 4 ge,: 
9 


EEN ee tr (AE) 


3 

thus reproducing the equation (12) of the binodal line in the vicinity 
of the plaitpoint. ; 

Therefore the curve of contact coincides in the vicinity of the 
plaitpoint with the binodal line. 

This coincidence does not hold for the higher terms, as is natural 
and as is shown still more clearly by the following. 

We put namely: 

; w = ky? + my’ 

and we substitute this value in (20). As will immediately become 
evident, we must include in (20) still the term y*. We write for it Gy*. 

So we find: 


(Bk + Fy? + (Ak? + Bm + Ek-+ Gy... =0. 

From this ensues: 
Ak* + Ek + G 
= eee | 
B 

Now follows out of (2): d=d,qg—c,, B=2d,qg, E= 3e,q —2d,. 

If we calculate the coefficient G of y* in (2) we find: 
G= (fp eh 5 fed =d €) 
so here, as p= 0: 
G=5/,q—3¢,. 


So we find, if we put for the curve of contact mm —= m,: 


Ae.’ 2e. 
(¢, —d,9) ae Tl 2d, ate deg) = LT de, KS ò fed 
3 Os 


n= 


94 
2 dy 4 ee Ge 
35% 
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For the second term myy* of the binodal line we have :*) 
2 (ee, — d,f, 
My = es Je) EEE OE 
d,* 
so that the curve of contact and the binodal line differ in the term 7’. 
We now write: 


op ky? +m, y+... 
w—ky?-+my+... 
from which ensues: 
DER (a, — aap a ee 

Out of (25) it is evident, that the binodal line 400’ and the curve 
of contact #07’ must have with respect to each other a position as 
in fig. 10. In this figure the part 70 of the curve of contact has 
been drawn outside, the part 7’O inside the binodal line. 

If we calculate with the help of (23) and (24) m,—m), we then 
see that the sign of this difference depends on q, thus on the position 
of P. It is therefore also possible that for the same surface 70 lies 
inside and 7’O outside the binodal line. 

The curve of contact: 


2e, 
LZ YH ee 
a? ip 
and the spinodal line (11): 
6c,e,—d,* , 
z= — —————_ y+... 
c,d ‘ 


differ already in the coefficient of y’. Hence for a plaitpoint of the 
first kind the curve of contact will always. fall as in fig. 10, just like 
the binodal line, on the outer side of the spinodal line. 

As we have seen above the curve of contact consists of two 
branches intersecting in the plaitpoint; one is the branch 7rOr’, 
considered above, the other the branch 7, Or,’. 


P 


P 
U 
6 
4 
4 0 8 0 
é' = 
Fig. 11. Fig. 12. 


If in fig. 10 we restrict ourselves to that part of the lines repre- 
senting stable conditions, we find fig. 11. Also the case represented 


1) D. J. Korrewes, l.c. 69, 70, 


in fig. 12 can of course appear, so that the binodal line vanishes 
because it falls inside the sector POr’. 

Remarkable in both cases is that the stable part of the line of 
saturation of P, although it represents an unbroken series of solutions, 
yet shows a discontinuity. This makes its appearance in the critical 
solution saturated with solid P. 


ITI. Point O is a point of osculation. 


As in a point of osculation we have c,=0, c,=0 and c,=0O, 

we get from (2) for the equation of the curve of contact: 
(3d, p Hd,q a? + (2d,p+2d,q) ay + (dep +3d,q) y? +... =0 
or if we make the X-axis to coincide with OP: 
Sd rr ye cl. es, « «| (28) 

So the curve of contact consists either of an isolated point or it 
shows in O a node. From (26) it is evident that the directions of the 
two tangents are independent of the distance from point P to point 
QO; they depend only on the direction of the line OP. 


The above-mentioned property that the curve of contact and the 
binodal line are curved in the same direction in the vicinity of the 
plaitpoint (//4,) caused us to surmise that this also would be the 
case with a second branch of the binodal line, should such a one 
pass through the plaitpoint *). 

This surmise can be affirmed in the following way and it can also 
be shown that the curvation of such a branch corresponds entirely 
to that of the curves of contact passing through the plaitpoint. 

p' To that end we assume again as Y-axis the 
al Y © tangent to the spinodal and the binodal line 
x of the plaitpoint O, (fig. 13); for the X-axis 
we choose the line of conjugation 0,0, and 

ee we put OOP: 


a 
ae The tangential plane in a point #,, ¥,, 2 
Fig. 13. in the vicinity of O, is: 
ò 


2 Oz 
Z— z, = (Xa) + (Y-y,)— » 

; 0a, Oy, 
the one in a point x,,¥,,2, in the vicinity of OU, is: 


7 7 02, <2 
VAES Zo Sais neg EN) a, 
2 2 


1) Comp. the paper of Mr. Kuenen (Proceedings of Oct. 1911, p. 420). 
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- 


The conditions that 2,,7,,2, and #,,y¥,,2, are conjugated points 
thus become: 


dz, 02, (27) 
Oz, Oz, ag 
dz Oz 
ees (28) 
YOY, 
dz dz, Oz Oz 
gees =e ee eS EE 
Ow ae ty, Oe, ae DT oa 


In @onsequence of the choice of the Y-axis we find: 
z == Hd? Hd, y, + der YH He 
If we put rz, =p 8, so that 8, is a small quantity we have: 
2. at Te Yee a ke 
We now write the equations (27) (28) and (29) in full; we then 
directly leave out the terms which are certainly small with respect to 
those written down, setting aside of what order z, y, 8, and y, will 
prove to be with respect to each other. We then find: 
Zee; Ady. +... = 2¢,6 FEI, eenn - 2 ee 
da," + 2d,a,y, + Aeg? +... 6,6, + Aep, +... eN 
er? + 2d,a,y,7 + 3e,y,4 +... = 2pe',§, + pe, +... . (29) 
If we solve out of (27) and (28) & and y, at first approximation 
we find: 


€, = av, + Bu,’ andy, = ear, + By,’ 
where «, 8, « and 8 have definite values. 

From this ensues that 8, and y, will be of the same order of 
magnitude as a2, and y,?, when namely those two correspond in 
order. If on the contrary z, and y,* are of different order, then &, 
and y, must be of the lowest order as one of them (namely 2, or y,°). 

From (29) however ensues that 2pc',é,-+ pe,y, and so also 
2c, 8, He, y, are of higher order than a, or y,* or both; hence out 
of (27) may be concluded at first approximation : 

Jesi Ay == en Sal 

The equation of the branch 60,6’ of the binodal line (fig. 13) is 
therefore represented at first approximation by (30). This equation (30), 
however, corresponds entirely to (10) representing a curve of contact 
which touches the binodal line a0,d' (fig. 13) in the plaitpoint. 

In an entirely similar way as in //4., we can now deduce: 

“an accidental branch of a binodal line passing through a plaitpoint 
is in this point always curved in the same direction as the binodal 
line to which the plaitpoint belongs.” 
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Between the radii of curvature R,, RR, and Rs exists of course 
also the relation 
2 a 1 


ep) ke. Rs 

in which &, represents the radius of curvature of the binodal line to 

which the piaitpoint belongs and #&, the radius of curvature of the 

accidental branch of the binodal line passing through the plaitpoint. 
We now substitute in (28)’ and (29): . 


d, 
UT oe CPs 
; io | 
and we find: 
saree sft 4e, e —d,’ 3 
CSAS a Poe et Se (31) 
Cy 
Dsl = ' a a) (4 C, és d,*) 4 32 
OG Ge 4765 te TE Etn (52) 
Pe 
From this now follows: 
((,§ +2¢, ys)' =Sal2e, 8, He, 93) (33) 
in which: 
64 4c, e,—d, n 
= 3 - Pp a 
27 €; 


The equation (33) represents at approximation the curve c O, c/ 
(fig. 13); its tangent in point O is determined by 
Deter itt, Oe ite ee le 4 er IRA 
The line determined by (34) is the diameter conjugated to the 
_ X-axis of the indicatrix in O,; so we find that the tangent in O, 
and the conjugated line in VO, O, are conjugated diameters of the 
indicatrix in O,. This property however has been known already 
for a long time’). 
We now take that tangent in O, as new Y-axis, whilst we 
keep the line O, O, as the X-axis. 
Equation (383) now changes into: 
(AX + wY)‘ = vX* 
where 4, w and v have definite values. From this ensues as a first 
approximation of the binodal line in the vicinity of point O,: 
ws, 
or 
BER tert atie ed a NN 
If we calculate the radius of curvature in point O, we then find 


1) D, J..Korrewee. l.c. p. 299. 
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that it is zero. The branch cO,c’ of the binodal line has thus in 
point O, a somewhat angular shape, without however an angular 
point being really formed. 
This shape is, indeed, the preparation to the wellknown 
/ form shown in fig. 14, generated in O, when the con- 
jugated branch 40,6’ in fig. 13 begins to intersect the 
plait aO,a’. 
Moreover it is evident from the fact that 8, and y, in 
the vicinity of the points O, and O, are of the same 
‘order of magnitude as y,* and therefore much smaller 


than y,, that the connode QO, will displace itself there 
much quicker than the connode O,. 


Fig. 14. 


Astronomy. — “The Milky way and the star-streams.” By Prof. J.C. 
KAPTEYN. 


In a lecture, delivered before the Congress of Physicists and 
Physicians in the month of April, I arrived at the conclusion that 
“in passing from the stars of the spectral type £') (Helium-stars) to 
those of the type A (Sirius-stars) and from these to those of the 
type G (solar-stars) there is a gradual change in the direction of 
the streams. 

The stream-velocity was also found to be different. Owing to want 
of materials, however, the latter result was still even more uncertain 
than the former. Partly by the publication of CampBELL’s radial 
velocities of B stars®), partly by (not yet published) observations made 
on Mount Wilson, I have been able this summer materially to 
diminish this uncertainty. 

It is true, that the increase of our data represents but a small 
fraction of what is urgently wanted. Still however, so much seems 
to have been gained already, that there is a pretty strong probability 
in favour of the conelusion that: not only the direction but also 
the velocity of the two great star-streams gradually changes in 
passing from type 6 to type A and thence to type G. 

In these circumstances | feel justified in no-longer suppressing a 
conclusion which was not yet communicated in my April lecture. 

In what follows, stream-direction and_stream-velocity will mean 
direction and velocity relative to the solar system, unless the contrary 


1) In what follows the notations of Harvarp-college observatory have been 
adopted. 
2) Lick Bulletin N°. 195. 
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is expressly mentioned. If the motion of different classes of stars 
relative to the solar system is different, the absolute motion must be 
different too. 
How can we imagine such a different motion for our star-classes ? 
Are we to imagine, that instead of the two star-clouds which were 


assumed up to the present, there are six — I confine myself to the 
three spectral classes really investigated — of which three move 


permanently in slightly different directions, and three others approxi- 
mately in another? Of the three former of which the first would 
contain only B stars, the second only A stars, the third only G stars, 
whereas for the latter set of three there is a similar distribution ? 
Six wholly independent streams between which there would be 
differences in velocity, number and amount of the peculiar velocity *) 
gradually changing with the age of the stars. 

All this seems hardly admissible. It seems infinitely simpler to 
assume, as I did in my April lecture, that originally there were 
only two star-clouds. That in course of time the stream-direction 
and the stream-velocity have slightly changed in such a way, that 
the oldest stars have deviated most, the youngest least, but all in a 
higher or lower degree from the original direction and velocity. 
In that lecture I also tried to show how we can imagine such a 
change in motion to have taken place. 

I do not wish to enter again into this explanation, but I wish to 
draw attention to the fact that, unless we adopt the hypothesis of 
the six permanent streams, alluded to just now, we have to admit 
that the matter which originally composed the two star-streams is 
evpanding. 

For a better understanding of this expansion, it is necessary to 
know the elements of the two streams separately for the stars of 
the different classes of spectrum. 

The most reliable elements, which up to the present I have been 
able to derive, are as follows: (see p. 526). 

In this table the galactic latitudes and the velocities relative to 
the sun of the two streams have been denoted by the letters 8, r, 9, v,. 

The reliability of these elements is very different and for the 
greater part rather small. Those for the G- and B-stars of stream I 
are the most trustworthy. For the second stream of the B-stars, of 
which we still know but a few members, the position of the vertex 
is particularly “uncertain, the stream velocity practically unknown. 

For the change of the second stream with time, we have therefore 


1) See the lecture quoted above. Congres of physicists and physicians April 1911, 
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Apparent vertices (convergents) and stream-velocities. 
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exclusively to rely on the data for the G- and A-stars. For the first 
stream the data of the A-stars may practically be neglected *).* The 
reason is that not only the elements of the A-stars are so much 
more uncertain, but also that the amount of the velocity both relative 
to the G- and to the B-stars is so small. 

The only somewhat reliable results therefore are as follows *): 


stars stream relat. veloc. inclination on 
Milky way 
G and B i 12.8 kil. pee. 
G and A II eh CN 12 .0 


What is particularly remarkable in these numbers is, that the 
inclinations on the Milky way are so small. 

Former investigations have shown that the motion of the two 
streams of G-stars relative to the centre of gravity of all the stars 
is perfectly parallel to the plane of the Milky way’). In my first 


1) The numbers on this line are those of Evpinaron (Monthl. Not. Nov. 1910). 
In reality E. has treated together the stars of the spectres 4 FG M K. The mean 
type is G and I have considered E’s results as being valid for this type. E's 
results for velocily were changed into kilometers by the aid of Camppett’s last 
determination of the sun’s velocity = 19.5 kil. (Lick. Bull. N°. 126). 

2) In reality only the early A-stars i.e. only the spectral classes A)A)A,Ag. 

3) They are of course particularly important for settling the question whether 
or not the change of the elements with time is really gradual. 

4) For the benefit of those, who, in spite of their great uncertainty, might 
wish to know the corresponding results for the A-stars of stream I, I give the 
following numbers. | will attach a sign to the inclination in order to show that 
the two relative velocities deviate from the Milky way towards different sides. 


stars stream relat. veloc. inclin. on Milky way 
Gand A 1 7.0 kil. + 22°7 
as ike l a a — 104 


5) Jn other words that the relative velocity of the two streams of G-stars is 
parallel to the Milky way. 
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investigation I found an inclination of two degrees. EppINGTON in 
his last investigation, based on the superior, newly published, catalogue 
of Boss, is led to a value of exactly zero degrees. It now appears, 
from the results of the present paper, that both the star-clouds expand 
in that same plane or at least in directions only slightly deviating. 

It would seem to me that we have here a vera causa for the 
origin of the Milky way. Even if originally the two star-clouds had 
been spherical and matter had been evenly distributed in them, this 
matter must have expanded in the neighbourhood of a definite plane, 
the plane of the Milky way. 

At the same time, we have at least the beginning of an explanation 
of the two following facts: 

1. That the Milky way has not been scattered long ago as a 
consequence of the divergence in the proper motions of the stars. 
For, the expansion of matter, now under discussion, must be at work 
even at the present moment. 

2. That the phenomenon of the Milky way is shown in both the 
star-streams. 

It is true that Harm and Hovan have assumed, at least for a time, 
that the Milky way coincided with one of the two streams, but after 
Eppineton’s work, such a theory seems hardly tenable. 

Our conclusion tacitly assumes that what observation has taught 
us about the nearer stars, also holds for the more distant ones. If 
we consider how small the part of the universé is, about which we 
possess more or less adequate data, we feel that necessarily the 
bearing of our conclusion is restricted. As applied to the whole 
system it must necessarily be considered as only a provisional hypo- 
thesis. In order to give it a more solid foundation, it will have to 
be based on more ample materials and it will have to be extended 
to the greatest distances accessible to our observations. 

How necessary an extension over the greater distances is, appears 
from the fact, that even now a totally different explanation of the 
phenomenon has been given. The above results for the A-stars were 
not yet known to its author. But it had been evident for some time 
that, whereas all the other stars investigated show the phenomenon 
of the two star-clouds, the helium-stars practically move in a single 
stream. Its motion does not agree with that of one of the two main 
streams but with the motion of the centre of gravity of the two. 
This fact led Harm to assume the existence of three streams *). 
EDDINGTON *), adopting this theory, conceives the matter to be as 

1) Monthl. Not. June 1911. 

2) Observatory Oct. 1911. 


follows. It is a well-known fact that the astronomical proper motions 
of the helium stars are small. We conclude that their distance must 
be considerable. The mean distance of the stars of different spectral 
type, for which the existence of the two star-streams has been 
demonstrated, is undoubtedly much smaller. He concludes: “The 
“two star streams probably involve at least half a million of the 
“stars around us; but there has never been any evidence that they 
“prevail in the extremely remote parts, where the helium stars are 
“thinly scattered.” 

He thinks that the helium-stars must be almost entirely at rest. 
The stream-motion which they show, when the velocity is considered 
relative to the sun, is entirely due to the motion of the solar system 
itself. 

The theory is very attractive. The more so because it furnishes a 
natural explanation of the fact, already mentioned, that the motion 
of the helium-stars coincides, at least approximately, with that of the 
centre of gravity of the two streams for the other stars. In our 
theory this fact is not so easily explained. 

It is for this reason, that | kept back the preceding remarks, till 
I should have fonnd an occasion of testing Epprneron’s theory. Such 
a test which seems to me pretty decisive, is possible in the following 
way. From the same materials which served Epprneron for his last 
investigation, 1.e. from the stars of Boss’ Preliminary Catalogue (the 
helium-stars being excluded) I extracted the stars the proper motion 
of which lies between 0.050 and 0”.079. The average proper motion 
is equal to that of those helium-stars — 40 percent of the total — 
which have a proper motion 20'.030. There is every reason to 
assume that the two classes of stars are approximately at the same 
distance. We thus have to find out whether or not these stars still 
show the phenomenon of the two star-streams. The execution of this 
plan led to the conclusion that the phenomenon is clearly shown; 
it ys but little less evident than for the whole of the stars. That it 
is somewhat less evident is probably sufficiently accounted for by the 
greater influence of the errors of observation. Graphical representations 
show the matter at a single glance. They are however too extensive 
for this communication. 

Meanwhile we may demonstrate the matter almost as well by 
giving the quantities 
es as 
n+ n, 
for the several parts of the sky. The letter 7, represents the number 
of stars for a determined region of the sky, for which the proper 


0 = log 
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motion makes an angle of between 0° and 90° with the parallactic 
motion ; 7, similarly represents the number between 90° and 180° 
ete. If there were but one stream, the quantities @ would be zero 
for the whole of the sky. 

The results obtained are shown in the following table. For the 
sake of comparison I add, in the last column but one, the value 
@-. computed from Eppineton’s numbers for the whole of the stars. 
In the last column have been given the values of @ as computed 
from the numbers yielded by his theory. The fact that the accidental 
deviations of column @, exceed those of the next one, will cause no 
surprise, if we remember that for the former we had to confine 
ourselves to a small part — the least reliable part — of the materials 
that served for the latter. Moreover we neglected the corrections 
due to the deviations from a plane of the several regions. The region 
of the Pole was left out, simply in order somewhat to abbreviate 
the work. 
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A second test was obtained from an investigation of the A stars, 
made for another purpose some time ago. In this investigation the 
materials for each region of the sky, were divided in two approxi- 
mately equal parts, the one containing the greater proper motions, 
the other the smaller. In no case however, proper motions exceeding 
0’06 were admitted in the latter group. Yet this group still shows 
the two streams with perfect clearness. 

It would seem to me, that the conclusion towards which these 
results lead, is decisive. 

The two star-stream-system is not confined to the nearest neigh- 
bourhood of the sun, but it extends at least to those parts of space 
which contain 40 procent of the observed helium-stars. We therefore 
need an explanation for the exceptional behaviour of the helium 
stars, different from that of EDDINGTON. 

In Harm’s theory the third stream is not confined to the more 
distant parts of space. Our theory differs from his in so far that it 
does not lead us to distinguish three sharply defined streams, but to 
conceive two stream-systems each consisting of a series of streams, 
gradually merging into each other. Hatm’s third stream is one of 
the extreme cases of our first stream-system. 

In an extensive investigation of the helium- and early A-stars, 
undertaken by Apams, Bascock and myself, we intend to collect 
and discuss the materials necessary for a fully satisfactory determina- 
tion of the elements of the two streams. 

The present paper is to be considered as part of that joint labour. 


Chemistry. — “The system Iron-Carbon”. By Prof. A. Smits. 
(Communicated by Prof. A. F. HorLLEMAN). 


After Baknvis Roozesoom'), led by his theory of mixed crystals, 
had set forth his view about the system iron-carbon, attention has 
been drawn by various scientists to the fact that though BakKHurs 
Roozepoom’s considerations have contributed considerably to get a 
better insight into this so important system, his views are in ace 
to practice in a single significant point. 

Bakuuis RoozeBoom had namely thought he was justified in con- 
cluding chiefly from experiments of ROBERTS Austen, that the mixtures 
with more than 2°/,C. must be subjected to a radical change in the 
neighbourhood of 1000° with stable equilibrium. 

Roperts AusrkN had namely found that the line indicating the 


1) Zeitschr. f. physik. Chem, 34, 437 (1900). 
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solubility of cementite in iron could not be pursued beyond + 1000° 
and Baknurs RoozrBoom thought that this was owing to the decom- 
position of cementite. With supply of heat this conversion would 
viz. take place : 
cementite — martensite + graphite, 

in consequence of which under + 1000° two more two-phase regions 
would be added to that of martensite + graphite, viz. a region for 
martensite + cementite and a region for cementite + graphite. 

So under = 1000° cementite would be able to occur as a stable 
phase’ and the formation of cementite would have to take place the 
more completely below this temperature as the system cools more 
slowly. Practice, however, teaches just the contrary, so that the 
assumption of cementite appearing as stable phase in the system 
iron-carbon, has been resolutely rejected by men of practice. Hence 
I think 1 may assume with CrarPy, BENEDICKsS and others that when 
cementite occurs in the system iron-carbon, this is always metastable. 

On this assumption, the 7’, N-diagram, as may be considered 
known, becomes as is schematically represented in the subjoined figure. 


Dp 


Ting 
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But this does not solve the problem yet, for it is a fact that 
cementite can be formed in the so/id iron-carbon mixtures by heating 
them to temperatures lying even some hundreds of degrees below 
the eutectic temperature. So we can only accept the new 7°X-figure, 
when the phenomenon mentioned just now has been explained. 

Before proceeding to thisexplanation, I will first mention Royston’s *) 
very interesting experiments, from which the said formation of 
cementite appeared with the greatest distinctness. Royston worked 
with malleable cast iron, which had been obtained by heating cast 
iron up to 850°, and then allow it to cool exceedingly slowly in 
an atmosphere free from oxygen. In (his process, which is called 
the Blackheartprocess, a conglomerate of ferrite and graphite is obtained, 
and so the cementite has entirely disappeared as phase. In this it is 
to be expected that ferrite will contain besides a little carbon a 
trace of iron carbide in solution. We may now assume with great 
probability that this conglomerate is a fixed condition, which was a 
state of equilibrium at a temperature under that of the mixed crystal 
eutectic point (so under about 700). 

Now Royston found that when this malleable cast iron was 
heated at 720° for three hours, and then comparatively quickly 
cooled, cementite had formed, which appears clearly from the following 
analysis results. 

eraphite. Cas Fe,C 
composition before the heating 3.9 °/, trace 
5 after _,, 5 2:65 0.85 

In a following experiment a new quantity of malleable cast iron 
was heated to 1030°, and appeared, as is shown below, to possess 
a greater quantity of bound carbon. 
graphite. Cas Fe* C. 
concentration before the heating Dielis trace 

bi after 7, x 2405 £35.93 


In perfect agreement with the above analysis results perlite, ce- 
mentite, and graphite was found on micrographical investigation. So 
these experiments show with perfect clearness that when a conglo- 
merate of iron and graphite is heated, a formation of cementite may 
take place at temperatures wnder the initial melting-point of the 
mixture. This fact, which at first sight is in direct contradiction 
with the assumption that cementite is always metastable, has not 
been accounted for up to now, and yet in my opinion it is not 


1) Journ. Iron and steel Institute 1, 166 (1897). 
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difficult to show that this contradiction is only apparent, and that a 
very obvious explanation may be given for it. 

- Already in my theory of allotropy‘) I pointed out that if we can 
get different substances as new phases from an homogeneous phase 
dependent on the method of working, it will in general have to be 
assumed that the kinds of molecules which give rise to the formation 
of these different substances were already present in the homogeneous 
phase. beforehand. 

As. from a. definite liquid mixture of: iron and graphite graphite ean 
deposit in.case of slow cooling, and cementite.in case of rapid cooling, we 
shall have to assume that: not only carbon, but by the side of it 
also. iron. carbide is. present in the liquid mixture, which substances 
form the: following internal enue hui with the iron in the homo- 
geneous Hania phase: 

3Fe+C2Z Fe, C. 

Let us assume that we start from the state P and cool the homo- 
geneous liquid phase, then the depositing of graphite will begin at 
L’g when the cooling takes place slowly. It follows from this that 
at this temperature the internal equilibrium of the liquid phase is 
such that the carbon has just reached its saturation concentration, 
and not the zron-carbide. 

On decrease of temperature the internal equilibrium will be shifted 
in consequence of two influences. If we consider these influences 
separately, we observe that in the first place the homogeneous equi- 
librium is shifted to the left by the decrease of the carbon concen- 
tration, in which therefore the iron carbide dissociates more and 
‘more, and in the second place the decrease of temperature will bring 
about a shifting. 

If the formation of iron-carbide in the liquid is endothermic, the 
decrease of temperature will also bring about a dissociation of the | 
jron-carbide, so that in this case it may be expected, though not 
with perfect certainty, that the homogeneous phase will not be 

saturated with respect to iron-carbide at any. temperature. *) 

If the formation of iron-carbide in the liquid was exothermic, it 
would be possible on the contrary, that the influence of the temperature 
begins to predominate, and at a given temperature the liquid became 
saturate not only with respect to graphite, but also with respect to 


1)» These Proc. XII, p. 763. 

2) The contrary, however, remains still jdsciBle, for the decrease of the solu- 
‘bility’ might prevail, «and then saturation with regard to the iron-carbide might 
occur. 

36 
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cementite, so that then at /ower temperatures cementite instead of 
graphite would deposit as stable solid phase. From the fact that 
this does not happen, however, we must not conclude to the endo- 
thermic nature of the discussed reaction, for first of all it would be 
possible that the said phenomenon failed to appear because the for- 
mation of carbide was too feebly exothermic, and secondly it might 
be that the said phenomenon could be realised only in metastable 
state in consequence of the too early appearance of the eutectic 
point. So the question whether the formation of iron-carbide in the 
liquid phase is exothermic or endothermic cannot be decided from 
the observed phenomena, nor is it indispensable for our subsequent 
reasoning to assume either the one or the other. Up to now it has 
been assumed that the liquid mixture P was slowly cooled; let us 
now, however, consider the case that the cooling takes place rapidly, 
then it is possible that no depositing of graphite takes place, and 
cementite deposits as solid substance. And now it is the question 
how to account for this. 

But for the hypothesis made by me on the existence of an internal 
equilibrium this phenomenon would be just as puzzling as it is now 
easy to explain. If, namely, the deposition of graphite fails to appear, 
then the internal equilibrium in the liquid phase will lie more to 
the right at the same temperature in consequence of the greater 
carbon concentration than in case the deposition of graphite takes 
place, and this renders it possible that the liquid phase becomes 
super-saturate also with respect to cementite and that this can 
deposit at Lp. 

The reason why the liquid which is supersaturate with respect to 
graphite and cementite, will deposit not graphite, but cementite, is 
in connection with the fact that the undercooled liquid shall be soon 
more supersaturate with respect to cementite as to graphite *). So 
we see from this that the assumption of an internal equilibrium 
in the liquid can give a very plausible explanation of the discussed 
phenomenon. 

In the theory of allotropy I have further made the very obvious 
supposition that when in case of coexistence of a liquid phase with 
a mixed erystal phase or in case of coexistence of two mixed crystal 
phases there is reason to assume that one of the coexisting phases 


1) [ touch here upon a frequently observed phenomenon, from which OsTwALD 
wanted to derive a “Gesetz der Umwandlungsstufen”. This important question 
being the subject of a subsequent communication, | shall not discuss it any 
further here. . 
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is in internal equilibrium, there will also be internal equilibrium in 
the other coexisting ‘phase. 

If we apply this consideration to the system iron-carbon, we may 
observe that as the liquid phases on the line AB coexist with the 
mixed crystal line Aa, these latter solid phases will also be in inter- 
nal equilibrium. But this holds then for the whole mixed erystal 
region, aud then martensite mixed crystals are nothing but solid 
solutions of graphite and cementite in iron, and these three substances 
will be able to form an internal equilibrium also in the solid phase. 

It follows from this that internal equilibrium can prevail also in 
the mixed crystals on the line Sa and in those on S’qa’, and this 
conclusion now furnishes a clue to the explanation of RoysTon’s 
observations. 

Let us, namely, suppose that malleable cast iron has been heated 
to 1030° for a long time, so that the stable equilibrium between 
martensite mixed crystals S, and graphite C, has set in. If we 
now do not cool slowly enough, it is possible that the deposition of 
graphite fails to appear entirely or partly, in consequence of which 
the mixed crystal phase does not follow the line as, but another 
course, e. g. Sy Se and now in consequence of the greater carbon 
concentration in the solid phase the internal equilibrium may lie so 
much more to the carbide side than in case of stable equilibrium 
with graphite at the same temperature, that the solid phase becomes 
supersaturate also with respect to cementite, and the latter deposits 
in Se. 

Now it is of course possible that also the deposition of cementite 
can be retarded, but as this does not give rise to the formation of 
new phases, this is of no importance here. 

If the cooling is not too rapid, the metastable mixed erystal eutectic 
point will be reached at about 690°, where the conversion: 

martensite — ferrite + cementite 
takes place, and the original concentration of the martensite mixed 
crystal phase S, lying on the right of that of the eutectic point S’, 
the structure elements perlite + cementite must be found, and by 
the side of them of course graphite, so exactly what was observed. 

It is clear that this is peculiar about the just discussed phenomenon 
that though the martensite crystals are in contact with graphite, no 
graphite, or not a sufficient quantity, deposits with not very slow 
cooling. 

It has, however, been stated already several times that a super- 
saturate liquid in contact with the substance with respect to which 


the liquid is super-saturate can sometimes remain so for a comparatively 
36* 
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long time. I have observed this in the investigation of the system 
ether-anthraquinone, but only in the case that the liquid phase was 
very viscous. 

When we have not to do with a viscous liquid phase, but as 
here, with a solid solution, the said phenomenon of retardation will 
be able to appear the sooner. 

It will, no doubt, not require any further elucidation now why 
Royston, when he did not heat up to 1030°, but to 720°, had to find 
less cementite after cooling. It is possible that he did not reach the 
line a’s’, then, but sf on the line ss’, so that first. a-iron deposited. 

Further I think that it is clear why up to now the temperature 
of the metastable mixed crystal eutectic point has, indeed, been 
observed, but not once that of the stable mixed crystal eutectic point. 
To enable us to pursue the stable equilibrium between martensite 
mixed crystals and graphite to the point S a so slow cooling is 
required, that a thermic determination is quite impossible. The only 
method which may possibly yield a reliable result is the dilatometrical, 
when an active catalyser shall have been found for the transformation 
under consideration. 

These considerations do not seem. devoid of interest to me because 
they are of general application, and give a plausible explanation of 
the mutual relation between the internal equilibrium in a homogeneous 
phase, and the heterogeneous equilibrium that may arise from it. 


Anorganic Chemical Laboratory of the Univer sity. 
Amsterdam, Nov. 19, 1911. 


Chemistry. — “Determinations of vapour tensions of nitrogen 
tetroxide.” By Dr. F. E. C. Scuerrer and Mr. J. P. Trevs. 
(Communicated by Prof. A. F. HOLLEMAN). 


1. In 1884 Ramsay and Youne published a paper on vapour tension 
determinations of ice and camphor’). They demonstrated that statical 
and dynamical methods yield concordant results, and that therefore, 
just as the P-7-line of liquids can be determined from boiling-point 
determinations at varying pressure, also the P-7-line of the solid- 

gas-equilibrium may be found by the observation of sublimation 
temperatures at varying pressure. 

In a later investigation, however, it appeared that solid banan 
which dissociate at their transition to vapour, in many cases according 
to the dynamie method?) furnish values for the vapour tension which 


1) Phil. Trans. 175. 37 (1884). 
2) Phil. Trans. 177. 71 (1886). 
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deviate from the statically determined ones. A full discussion and 
explanation of this behaviour is found in vaN RosskEm’s thesis for the 
doctorate *). In the evaporation of solid substance we have in this 
case: a superposition of two velocities, the velocity of evaporation of 
the molecule as such, and the velocity of dissociation in the vapour. 
If the first velocity is small with respect to the second, stable equili- 
brium will exist at any moment between the solid substance and the 
vapour surrounding it, and the same values will be found according 
to the two methods of determination. If, however, the first velocity 
is great with regard to the second, the solid substance will be sur- 
rounded by a vapour which is little dissociated, at least less than 
is the case for the stable coexistence. Then the substance can be 
heated to a higher temperature than in the former case. Hence the 
dynamically determined P-7-line, whose situation will depend on the 
rapidity of the heating, will lie at higher temperature, resp. at lower 
pressure, than the statical one. 

A ‘similar deviation between /-7-lines determined statically and 
dynamically, is however not known for liquids. We disregard here 
the generally very small differences which may occur in consequence 
of a certain excess of pressure which the boiling (or sublimating) 
substance must exert to emit its vapour to the surrounding space, 
which must cause the substance to assume a somewhat higher tempe- 
rature corresponding to the somewhat higher pressure in the immediate 
neighbourhood. The differences described above are of an entirely 
different order of magnitude. Nitrogen tetroxide, which Ramsay and 
Yovne also included in their above described investigation, gives 
concordant results in the determinations, made according to the two 
different methods; this conelusion is based on the observations col- 
lected in the following table. (p. 5388). 

The statical values given in the above table were obtained by 
making use of the compressibility of a large glass reservoir, filled 
with mercury and provided with a narrow capillary ; the displace- 
ment of the mercury meniscus in the capillary tube furnishes a 
measure for the pressure exerted by the nitrogentetroxide against 
the reservoir. The two observations marked with an asterisk, have 
not been measured directly, but have been found by determining 
the difference of pressure between O° and the temperatures 13,9 and 
19,6, in which it was assumed that the pressure determined stati- 
cally and dynamically would agree at 0°. A difference which might 
eventually exist between the values at 0° obtained by the two 


1) Van Rossem. Thesis for the doctorate and Z. ph. Ch. 62, 257 (1908). 
See also Z. ph. Ch. 72. 458 (1910). 
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TABLE I. 


|P (in millim. of mercury) || P (in millim. of mercury) 
; statical | dynamical a: statical dynamical 
ENDE MERE fe eens MEE a Sa Le 

—2 | 68.6 | — AB 204.5 
zede 60.6 | KT 225.3 
— aro | -84.6 | 0.0 257.5 
1e | ae se BR A 291.0 
= 194 |. 96:0 | 4.0 316.5 
— 18.15 | Bee eee 5.7 344.0 
= 16.6 | --06:0 A | 1.9 390.5 
ED De noe bead 426.0 
— 14.6 | AAS oll cl Nha 467.5 
= 43:0 $922.04 | vet 483.0 
— 12.7 127.0 || 13.9 | 536.8° 
= 415 149.4 | 14.2 | 536.0 
=110 150.2 15.8 11 | 578.5 
— 10.0 155.7 147.5 17.0 | 613.5 
— 96 -{- 152.0 18.5 | 660.5 
eg 161.7 19.6 | 687.1 | 
— 8.0 167.5 20.9 | | was 
67 PF to Alies dn 152.0 
— 5.3 200.0 


e 


methods would, therefore, render a correction to the two determina- 
tions in question indispensable. A glance at the above table must 
really lead us to the conclusion that if there is a difference between 
the determinations in the two series, it will certainly be a slight 
one, and that it can probably be accounted for by the above men- 
tioned excess of pressure. Moreover the dynamic determinations yield 
a very regular course of the P-7-line, and it is just this regularity 
that leads us to expect that the velocity of the homogeneous vapour 
equilibrium will be great with respect to that of the evaporation, 
because otherwise a variation in the rapidity of working, as was. 
already alluded to above, wonld ‘probably have affected the regu- 
larity of the observations. 
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Lately, however, a paper by Gure and DROUGININE *) appeared, in 
which some vapour pressure determinations of nitrogen tetroxide 
are mentioned. These values, which were obtained by a statical 
method, however, deviate perceptibly from the values found dyna- 
mically by Ramsay and Youre; Gure and Droveintne’s line lies at 
lower temperature, resp. higher pressure than that of Ramsay and 
Youne, and these deviations come particularly into the foreground 
in the temperature region where only the two statical values marked 
in the above table with an asterisk, have been given. 

If, accordingly, these two values, which have both been found 
indirectly, were not correct, and if those of Gure and Droverine 
on the contrary, were, we should have found an example in the 
nitrogen peroxide for which the velocity in the homogeneous equili- 
brium is not (as is usually the case) very great with respect to the 
velocity of evaporation: 

This last consideration led us to seek a staticai method which 
would enable us to determine the vapour tensions of the nitrogen- 
tetroxide accurately, and to remove the said contradiction. 

Such an investigation was the more attractive as the P-7-line 
of the nitrogentetroxide possesses a point of inflection according to 
Gure and Droveininr’s determinations. Vapour pressure curves of 
simple substances have, as far as is known, without exception P-7- 
lines which are all convex seen from the temperature axis. For a 
dissociating substance, however, as nitrogen-tetroxide, whose internal 
vapour equilibrium between the molecules N,O, and NO, is accu- 
rately known by numerous investigations, the existence of such a 
point of inflection does not seem impossible however. If we namely 
consider the system MWO,—N,O, as a pseudo-binary system, we 
shall expect that the vapour pressure curve of the NO,, which 
would indicate the coexistence between liquid and vapour, which 
both consist exclusively of molecules NO, lies at higher pressure, 
resp. lower temperatures than the tension curve of the N,O,, as is 
indicated in the figure 1. The vapour curve, which indicates the 
stable coexistence of the equilibrium liquid and vapour, will lie close 
to the N,O, curve at low temperatures; at higher temperatures, 
however, the dissociation taking place endothermically, it will approach 
the NO, curve, and in this way it may give rise to a point of 
inflection G'. Gure and Droveininr’s line actually shows such a point 
of inflection between O° and the boiling-point. Also for this reason 
it seemed important to us to repeat the determinations of the vapour 


1) Journ. de Ch. ph. 8. 473 (1910). 
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tension with great care, because with accurate knowledge of these 
values it is also possible to caleulate the change of the degree of: 


a 


dissociation. of the vapour alone the line of coexistence by the aid of 
the data concerning the internal vapour equilibrium, as will appear 
further on. | 

2. The reason that our knowledge of the vapour tensions: of 
nitrogen tetroxide is still small is to be found in the first place 
in the violent action which takes place between N,O, and mercury, 
even when both have been dried by phosphorpentoxide. Hence the 
use of a mercury manometer in which the mercury of the mano-’ 
meter comes into contact with the N,O,, is excluded. Guyr and 
DrovGININE have evaded this difficulty by applying an air cushion. 
between the mercury manometer and the vessel with nitrogen tetroxide; ° 


so that the pressure of the nitrogen tetroxide was transferred by the 


air to’ the manometer. This method is, however, certainly’ attended . 
with drawbacks. Even apart from the solution of air in the nitrogen 
tetroxide, an eventual mixture of air with the gaseous tetroxide 
produces already an increase of pressure. The determinations can be. 
correet’ only when the vapour in the immediate neighbourhood of 
the liquid (resp. solid substanee) is -pure tetroxide, i.e..when the’ 
air has not penetrated so far. se 

For the above reason we have rejected the use of a mereury’ 
manometer. AS we mentioned above, Ramsay and Youne carried out 
their statical determinations by making use of the compressibility of 
a thin-walled glass reservoir. When in May of this year we were 
endeavouring to find a similar method of measuring the pressure, 
which rests on the deformation of a thin glass wall, a paper appeared 
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by Jackson *), in which a glass manometer was deseribed which had: 
enabled him ‘to determine pressures below one atmosphere accurately 
to” tenths of millimeters of mercury. This glass spring, founded on: 
the ‘principle of the Bourdon metal barometer, which different from 
the’ before proposed models can be made easily and rapidly after 
some practice, yields a very efficient apparatus for measurements of 
vapour tensions of substances which attack mercury, like nitrogen 
tetroxide. We have varied the shape, sensitiveness and size of: the 
glass manometer in numerous ways, and have at last succeeded in: 
modifying the method in such a way that it is possible to carry out 
determinations of the vapour tension also at higher pressure. In this 
communication we will discuss the determinations made up to thrée- 
atmospheres; the description of the experiments at higher pressure, 
which have already been carried out to about 60 atmospheres, and: 
which if possible will be continued to the critical pressure, will be 
postponed with the determination (by another method) ‘of the critical 
temperature (158°,2) to a following communication. 


3... Glass manometer for pressures below three atmospheres. 

„The shape of the glass manometer which was used by us, has 
been represented in fig. 2; it is the same as that of fig. 2 of the cited 
paper by Jackson. A glass tube of about 5 mm. external section is 
drawn out on one side; near the drawn end the tube is blown up. 
and drawn out to the shape of an ellipsoid, which is then reduced 
to the shape of fig. 2 by one-sided heating. If now an increase of 


1) Journ. Chem, Soc. 99 1066 (1911). 
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pressure of some millimeters of mercury caused a definite deviation 
of the needle-shaped prolongation, the glass spring was fused into 
a wide vessel A, as will be clear from fig. 2 without further 
description. On the wide tube A two marks have been made in 
such a way that in case of equal internal and external pressure 
the end of the needle is exactly between these two marks; we may 
also make a mark on one side, and a scale on the other side 
to be able easily to determine eventual deviations from the zero 
position after the scale has been gauged. As for our purpose an 
accuracy of about 1 mm. of mercury sufficed, we have not made 
any attempts as yet to make the manometer more sensitive. In our 
opinion it is, however, certainly possible (among others with improved 
arrangement for reading — see JAcxson) to raise the accuracy to tenths 
of millimeters of mercury. 


4. The preparation of nitrogen tetroxide and the filling of the 
apparatus. 

The substance was prepared according to the method described 
by Gere and Drovernine by bringing NO, generated from a solution 
of natrium nitrite by means of moderately diluted sulphuric acid 
and dried by sulphurie acid and phosphorpentoxide, into contact with 
oxygen dried in the same way; then the N,O, vapours are condensed, 
after a repeated contact with phosphorpentoxide, in a tube placed 
in carbonic acid and alcohol. Generally two such tubes were used 
in the preparation; an inner tube fused into the two reservoirs then 
afforded an opportunity to treat with oxygen the obtained substance, 
which is coloured green or blue for the case that NO should be 
present in excess in the gas mixture for a moment. The green or 
blue hue eventually present is easily and quickly removed, when 
the substance has melted. 

Then the reservoirs filled with nitrogen tetroxide were melted off 
(for which purpose beforehand capillary constrictions had been made 
in the apparatus) and thus severed from the remaining part of the 
preparative apparatus, which was quite made of glass. In this care 
was taken, that the reservoir continued to be provided with a tube 
with phosphor pentoxide. 

In fig. 2 such a reservoir C is represented, which was sealed at 
D to the rest of the apparatus, after a capillary point had been cut 
open; in this operation the tetroxide is frozen by carbonic acid and 
alcohol. A represents the manometer already described in $ 3, B 
the vessel which serves for receiving the tetroxide. The whole ap- 
paratus was then connected with a GAEDE-pump at ZL, and evacuated 


( 543 ) 


while the reservoir remained cooled to —80°. After the capillary 
constriction at H had been fused to, part of the nitrogen tetroxide 
was distilled over from C to B, and after the two vessels Cand B 
had been cooled again down to —80° the connection’ at D was 
melted. off. 

Now we had still to break the capillary constriction at Z in a 
rubber tube connected with the GarpDE-pump and exhausted, to melt 
off the constriction at /’, which was made possible by the glass 
spring G, and to admit with slow heating of B continually so much 
air through # that the pointer does not move too far from the 
marks to prevent breaking of the apparatus. 


5. Pressure measurement. 


For temperatures below the temperature of the room the pressure 
was determined by surrounding B with a large vacuum vessel filled 
with alcohol, which was brought to and kept at the required tem- 
perature by the insertion of small pieces of solid carbonic acid. A 
stirrer ensured uniformity of temperature throughout the vacuum 
vessel. The temperatures were read from an ANscntz-thermometer, 
which was controlled by the aid of thawing ice and mercury. The 
pressure was determined by the aid of a mercury manometer con- 
nected with F (fig. 2) by rubber. 

For determinations at temperatures above the temperature of the 

room the whole apparatus was immersed in a large waterbath up 
to F, and the pressure, obtained by pumping air by means of a 
cycle pump into the righthand part of the apparatus, was read from 
a mercury manometer 2'/, meters long, when adjustment of the 
pointer between the two marks has been obtained. 
It may finally be mentioned that as a control experiment a not 
filled apparatus, in which F and G were connected by means of 
rubber, was brought at different pressures and temperatures, and it 
was ascertained that no appreciable change of the position of the 
pointer on the scale could be perceived, so that the zero position 
appeared to be independent of the temperature and pressure. 


6. Results. 


The obtained results have been collected in the following table; 
the pressures are given in millimeters of mercury of 0°, and if 
necessary corrected to 45° N.Lat. 

_ It is clear from the above table and the corresponding graphical 
representation (Fig. 3), that the P-7 line of the nitrogen tetroxyde 
presents a perfectly normal shape; there is no question of the 
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TABLE IL 
Eaudibtilin solid-eas || Equilibrium liquid-gas | 
or [Pamm r [Pamm r | Pamm, 
cury) cury) cury) 
ae 18 — 53 Dede 608 
— 28 Bl RT ae 85 19.2 || ,690, 
21,08 58 ong 96 21.45 T10 
— 20 70 eee 115 43 873 
ar 114 ete 128 | 27.4 1007 
41073 146 Ie en 146 | 29.55 1108 
— 6.9 180 32.55 1263 
5.3 198 35.65 1447 
— 36 227 39.0 1668 
ere: 256 41.15 1825 
|| + 0.8 276 43.2 1982 
srt ef 328 45.65 2189 
reerd 303 47.2 2329 
11.0 463 | 48.7 2478 
| 124 497 | 
15.0 565 


appearance of a point of inflection in the investigated range of 
temperature, If we compare these values found statically with values 
determined by the two different methods by Ramsay and Youne, 
which is possible for pressures below one atmosphere, the two series 
of observations appear to be almost identical. Nor do the two statical 
values determined indirectly, which have been indicated by an asterisk 
in Table I, deviate appreciably from our observations. Accordingly our 
observations present the same deviations from Guys and Drovernine’s 
observations as were mentioned in $1 concerning Ramsay and Youne’s 
series of observations. Moreover on comparison of the two tables it 
will be clear that our determinations of the equilibrium of under- 
cooled liquid-vapour agree with the observations of Ramsay and 
Youre at the same temperatures. Prof. Ramsay was so kind as to 
inform us in answer to a question concerning this that these obser- 


Fig. 3. 


vations had really been made lin undercooled liquid, not with ng 
substance *). 


1) It has been stated by Guyr and DROUGININE (loc. cit. 498), that Ramsay 
and Youne@ in agreement with them have found no break between the lines of the 
liquid-gas, resp. solid-gas equilibrium. This conclusion is erroneous on account of 
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When: Ramsay and Youne’s observations aud ours are. represented 
graphically, a slight difference appears to occur between the two 
series; the deviation, however, is in our opinion too small for any 
importance to be attached to it. The line found dynamically (R. and Y.) 
mostly lies at somewhat higher temperature resp. lower pressure than 
our statical line; the deviations may perhaps be explained by the excess 
of pressure already mentioned in $1 in the dynamical determinations. 

So we conclude from the above that the setting in of the homo- 
geneous equilibrium takes place so rapidly that on distillation the 
homogeneous equilibrium continues, and so we can perfectly agree 
with Ramsay and Youne’s conclusion about the results of the two 
methods. 

The dynamical determinations have all been made below one 
atmosphere; so that at higher pressure a comparison between the 
two methods is not possible. 

The above mentioned slight difference between the dynamical and 
statical determinations reveals itself of course also in the value of 
the boiling-point. While Ramsay and Youne found 21.7° for the 
boiling-point, our line yields 21.2°. The deviation between these two 
values is small in comparison with the greatly divergent oscillating 
values which are found in the literature and which have all been 
determined by a dynamic way. A survey is furnished by the 
following table. 


TABLE II. 
Statical 22°.5 (750 mm.) (NADEJDIN) 
21°.2 (see above) 25°—26° (HASENBACH) 
Dynamical 26° (Gay-Lussac) 
21°.6 (THORPE) 26° (GEUTHER) 
21°.7 (RAMSAY) 26° (Brunt and Berti) 
22°  (PELIGOT) 28° (DULONG) 


The equilibria between the solid substance and the gasphase set 
in much more slowly than those between liquid and gas. To be able 
to indicate the point of intersection of the solid-gas line with the 
vapour pressure line in fig. 3, we have determined the melting-point 
under the saturation pressure by slow heating starting from the 


the reason given in the text that R. and Y. have only examined equilibria between 
liquid and gas, resp. undercooled liquid-gas. In R. and Y.'s observations cited in 
the paper by G. and D. some misprints seem to occur, 
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equilibrium solid-gas. The appearance of the first slight quantity of 
liquid took place at — 10°.8. The melting proceeding very slowly, 
we have kept the mass for a long time between — 11° and — 10°, 
At last we could observe that also the last quantity of solid substance 
disappeared at — 10°.8. So no appreciable melting range appeared 
during the melting. A comparison between the melting point found 
by us under the saturation pressure and the melting points given in 
the literature is found in the subjoined table. 


FAB Be: EV, 


ea OD (PELIGOT) — 10°.95 (Bruni and Berri) 
— 9°6 (Gure and Drovernins) —11°.5 to — 12° (Mürrer) 
-—10°.14 (Ramsay) —13°.5 (FrietscHe) 


—10°.8 (see above) 


From the above survey it appears that our value for the melting- 
point agrees with that of Brunt and Berti, and that it lies lower 
than the two melting-points of Ramsay and Gure, which have also 
been found in recent times. Though as a rule decidedly the more 
importance is to be attached to the melting-points the higher they 
lie, at least for so far as the formation of mixed crystals is excluded, 
yet the value found by us does not seem less probable to us than 
the two last mentioned for the following reasons. Gure and DROUGININE’s 
determination was carried out with a pentane thermometer, for which 
a correction of about two degrees was necessary for the emerging 
part, which can account at least for part of the found difference. 
Ramsay determined the melting-point with a view to an investigation 
of the constant of the lowering of the melting-point which is, of course, 
independent of the absolute value of the melting-point; also in the 
apparatus used for this it will, probably, have been inevitable, that 
a part of the thermometer emerged from the apparatus. 

Moreover we have prepared a quantity of nitrogen peroxide in 
the way indicated by Ramsay by addition of N,O,, prepared from 
strong nitric acid and arsenictrioxide, to strong nitric acid and 
phosphorpentoxide. The decoloration of the N,O, soon appears when 
a sufficient quantity of the N,O, formed from the nitric acid and 
phosphorpentoxide is present. The obtained liquid was poured off 
from the phosphoric acid formed and the rest of the P,O,, and five 
fractions from this were received in tubes provided with capillaries 
by distillation through a phosphor pentoxide tube. With none of 
these fractions a final melting-point was found that lay higher than 
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—- 10.9°, even when the observable melting range only amounted to 
some tenths of degrees. In these determinations, which were made 
in a bath of carbonic acid and alcohol, which could be kept constant 
for a long time by insertion of bits of carbonic acid, the tubes were 
heated very slowly, while they were eontinually shaken ; the tempe- 
rature. was read on an Anschützthermometer, the Berch three 
of which was quite immersed in the bath. 

If the heating took place at the rate of about 0.1° per min 
melting point which was appreciably too high was found in spite of 
the shaking of the tubes. Whether the melting-point of the N,O, can 
depend on the circumstances to which it was subjeeted previously, 
and the deviations can possibly be explained by the formation of 
mixed crystals of N,O, and NO,, will ‘have to be decided by a 
further investigation by Prof. Smits and one of us. 


§ 7. The nitrogen tetroxide may justly be called the classical 
example of dissociation., Numerous scientists have been engaged with 
the experimental determination and specially with the theoretical 
considerations and calculations. As basis of these calculations serve 
the determinations of the vapour density of dissociating .V,O, under 
varying temperature and pressure. From these determinations among 
which those of the two brothers Natanson’) are the most accurate, 
different theorists have derived several expressions for the constant 
of dissociation as function of the temperature. The great variety in 
the proposed formulae is owing for the greater part to the different 
values ascribed to the specific heats of the NO, and.N,O,. As these 
are not sufficiently known in their dependence on the temperature, 
it is only possible to determine this relation roughly. 7 

Among the calculations carried out with the greatest accuracy, 
those by ScHREBER*) deserve a foremost place. 

With the aid of his recalculated expression = 

45 efi ak 2866.2 


= 9.13242 — ——, 
le? T T 


which represents the observed densities with sufficient accuracy the 
degree of dissociation can, accordingly, be calculated for given 
temperature and pressure. 

We have carried out these calculations for the values of the 
pressure and the temperature along the P-T line to get an ‘impression 
of the change of the degree of splitting up of the N 0, along the 


5 Wied. Ann. 24 454 (1885); 27 606 (1886). rd 
2, Z. ph. Ch- 24 651 (1897). a | i seal 
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vapour pressure curve. Beforehand little is to be said about this 
course ; an increase of temperature at constant pressure will promote 
the splitting up, because the dissociation takes place endothermically, 
increase of pressure on the other hand will oppose it. Now increased 
temperature always accompanies increased pressure along the P-T 
line, and it remains the question which influence is the greater one. 
This consideration had already led us, in connection with the 
reasoning of § 1, to the possibility of a point of inflection in the 
P-T line. The absence of a point of inflection in the P-T line 
(according to § 6) in the temperature region examined by us here 
corresponds to a gradual change of the degree of dissociation as 
function of T along the P-T line; it appears from the subjoined 
table that the degree of dissociation increases with the temperature, 
that in other words the ascending temperature exerts a greater 
influence on the splitting than the increasing pressure on the formation 
of N,O,-molecules. 


TABLE V. 
iE 100 z jk, 100 z 
— 20 8 20 #5 
—10 9 30 18 
0 11 40 20 
10 13 50 je: 


It will perhaps be superfluous to emphasise particularly that these 
values of the degree of dissociation expressed in percentages in the 
above table, are only intended as a rough calculation, because 
ScHREBER’S formula is only an approximate formula, and these values 
have, moreover, been found by extrapolation to the region where 
the gas phase in equilibrium reaches its point of condensation ; for 
a survey of the course of the degree of dissociation and the last 
mentioned conclusion, however, the above table is perfectly sufficient 
in our opinion. 


Anorg. Chem. Laboratory of the 


University of Amsterdam. 
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Mathematics. — “The theory of bilinear complexes of conics.” By 


Prof. D. Montrsano. (Communicated by Prof. JAN pr Vrigs). 


1. The definitions given by me for the congruences and for the 
complexes of the conics of space can be transferred to the analogous 
systems of curves of any order. 

We then find: 

A doubly infinite algebraical system of curves of space of the 
same order n forms a congruence. The order of the congruence is 
the number of curves of the system passing through an arbitrary 
point; the class, for n> 1, is the number of curves of the system 
meeting in two points any straight line of space. A congruence of 
order 1 is linear; it is 4ilinear if order and class are equal to 1. 

A triply infinite algebraical system of curves of space of the same 
order » forms a complex. 

The order of a complex of plane curves of order n > 1 is the 
number of curves of the system belonging to any plane of space; 
the class is that of the cone enveloped by the planes of the curves 
of the system passing through an arbitrary point of space. 

The complex is linear if it is of order 1; it is bilinear if order 
and class are equal to 1. 


2. In 1892 I developed thoroughly *) the theory of the bilinear 
congruences of conics, showing in the first place that a congruence 
of this kind is formed by the intersections of the planes of a sheaf 
with the homologous quadrics of a homographic net’). I immediately 
completed the study of the bilinear complexes of conies; it had to 
form one of the chapters of my book: “La Geometrie des coniques 
de espace”, to appear shortly. 

Mr. Gopravx, who was already informed of my works and of the 
coming publication of my studies relating to the bilinear complexes 
of conics, occupied himself in 1907 with the same complexes of 
which I had provided him with the definition. 


1) Su di un sistema lineare di coniche nello spazio. Atti della R. Accademia delle 
Scienze di Torino, vol, XXVII, 1892, 


2) Mr. Gopgeaux says that this theorem is by M. Veneronr (Recherches sur les 
systemes de coniques de l'espace, Mémoires de la Société royale des Sciences de 
Liège. 3me s. t. IX, 1911, p. 17). The demonstration of M. Veneroni (Sopra alcuni 
sistemi di cubiche gobbe, Rendiconti del Circolo matem. di Palermo, t. XVI, 1902, 
p. 215) is ten years posterior to mine! 
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The results of the researches which he has published ') can be 
gathered in the following theorems A), B), C). 

A) There are four types of bilinear complexes of conics according 
to the conics of the complex lying 

1. on the quadrics of a linear system @° XZ; 

2. on the quadrics of a net P; 

3. on the quadrics of a pencil D; 

4. on a single quadric. 

In the first case the correspondence (1,1) between the quadrics of 
= and the planes of the conics situated on these quadrics is projective *). - 

But this theorem: 

is incomplete for the 2°" and the 3 type, as the correspondences 
(1, oo), (1, 00°) between the quadries of the net P or of the pencil ® 
and the planes of space are indeterminate; it is not true for the 
complex of the dh type which, formed by the plane sections of a 
quadrie, is of order 1 and of class 0; it has finally no foundation 
as the four types are reduced in all cases to a single one. In fact 1 
have demonstrated that: 

Every bilinear complex of conics (of space) is formed by the 
sections of the planes of space with corresponding quadrics of a 
triply wfinite linear system, projective to the space as locus of the 
planes. 


3. After this the two following theorems B and Cof Mr. Gopravx 
are no more of importance. 

B). Every bilinear complex of conics is generated by the inter- 
section of the homologous elements of two varieties in birational 
correspondence; one of these varieties consists of the planes of space, 
the other of a homoloid triple infinity of quadrics belonging to a 
linear system oo°. - 

C) Every bilinear complex of conics ts birationally equivalent to 
the complex generated by the intersection of the planes of space and 
the homologous quadrics of a linear system o* in birational corre- 
spondence *). 

But we can still observe that these two theorems do not express 
characteristic properties of the bilinear complex, for they hold for 


1) Notes Ist and 274; Bull. de l'Acad. roy. de Belgique, Classe des Sciences 
1908, p. 597—601; 812—813; Note 3rd: Ibid. 1909, p. 499--500; Note 4th; 
Nouv. Ann. de Mathém. 4e série t. IX. p. 312—317. 

2) Note 2ndp. 599 et 600. 

3) Note 2ndp. 813. 
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any linear complex of conics. More precisely we can state instead 
of theorem C’) this general proposition : 

Tt is always possible to arrange a birational correspondence between 
the conics of any two bilinear complexes. This correspondence can 
be constructed by fixing a birational correspondence between the planes 
of space and by regarding as homologous two conics of the complexes 
which are lying in two homologous planes of this correspondence. 

With respect to theorem C’) we must still observe that: 

A birational correspondence between the planes of space and the 
quadrics of a linear system op? is necessarily projective, if the curves 
of intersection of the homologous elements form a bilinear complex. 

Indeed, it is evident that the complea generated by the intersections 
of the homologous elements in a birational non-projective correspon- 
dence {m,n| between the planes of space and the quadrics of an 
arbitrary’) linear system op? is of order 1 and of class m>1?). 

Hence the correspondence of theorem C’ is projective besides 
birational. 


4. The proposition on which Mr. Gopraux depends for the 
demonstration of the theorems B), C) consists at bottom of the 
fact, that two conics of a bilinear complex cannot have two points in 
common *). 

This proposition has no foundation. Indeed | have demonstrated that: 

On any conic of a bilinear complex exist 10 pairs of points 
A,A',,... A,,A',,, èn such a way that all conics of the complex 
passing through a point A; pass also through A;((=1,… 10). 

On the cubic surface g,(A;A';)’, locus of these conics, the 
one passing through an arbitrary point of the line d= A; A‘; exists 
and it zs determined, contrary to the statement of Mr. Gopravux. 
This conic is situated in the tangential plane to the surface g,® 


1) The characteristic numbers m,n of the correspondence are respectively the 
class of the surface enveloped by the planes corresponding to the quadrics of an 
arbitrary net of the system and the class of the developable enveloped by the 
planes corresponding to the quadrics of a pencil of the system. 

2) We also find: A birational correspondence being given between the quadrics 
of a net and the tangential planes of a homoloid surface of class v, if to 
the quadrics of any pencil of the net the tangential planes of a developable of 
class m are homologous the congruence of the conics generated by the homologous 
elements of the correspondence is of order m and of class v. 

If . m= 2 we find the congruence considered by Mr. JAN DE VRIES: A con- 
gruence of order two and class two formed by conics. (Proceed. of the R. Acad. 
o. S., Amsterdam Nov. 23, 1904). 

3) Note 24 p. 813, NO. 4. 
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according to the line d, and it breaks up into this line and into 
the other line of intersection of the surface with the plane. 


5. Amongst the numerous particular cases of the bilinear com- 
plex of conics, the one considered by Mr. HumBerr is of special 
importance. This complex is determined by a complete skew pentagon 
in the sense that the conic of the complex situated in an arbitrary 
plane of space is the one with respect to which the intersection of 
the edge of the pentagon has as polar the intersection with the 
opposite face *). 

This conic breaks up only if the plane passes through one of the 
vertices of the pentagon. , 

Mr. Gopraux states that the complex of Mr. HumBerr is iden- 
tical to the complex generated by a projective correspondence 
between the planes of space and the quadries having an autopolar 
tetrahedron’). Neither is this true. Indeed, in the complex of Mr. 
Gopraux the planes of the conics breaking up into two lines envelop 
a single surface of class five, whilst in that of Mr. Humperr they 
form five pencils. 


6. In a bilinear complex I the planes of the conics passing 
through an arbitrary point P of space form a pencil of which the 
axis p describes, if P varies, a rational complex in a perspective 
one-one correspondence with the system of the points P of space. *) 
_ The rays p passing through any point O correspond to the points 
P of the director-curve of the bilinear congruence of conics of the 
complex IF contained in the planes of the sheaf (VO); so they forma 
conic of order six projecting the director-curve of point O. 

From this ensues that the complex of lines p is not a cubic com- 
plex, as Mr. Gopraux states*); on the contrary it is of order 
six. And it is with the complex I in such a relation that every 
property of the former transforms itself into a property of the other. 
I have mentioned these properties in a paper read at the inter- 
national congress of mathematicians at Rome (April 1908) *). 


') Sur un complexe remarquable de coiiques... (Journal de l'Ecole Polytech- 
nique, Cahier LXIV. 1894). 

2) Note Ist p. 600; Note 4th p. 317. 

*) We say that a complex of lines is rational if it is possible to establish a 
birational correspondence between its rays and the points (or the planes) of space. 
This correspondence is perspective if every ray of the complex passes through 
the corresponding point (or if it is situated in the plane). 

4) Note 4th p. 315. 

5) Atti del IV Congresso internazionale dei Matematici, Roma 1909, p. 231—233. 
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7. 1 wish still to observe that the methods followed in the study 
of the congruences and the bilinear complexes of conics can also 
serve in general for the congruences and the bilinear compleaes of 
plane curves of any order. 

In particular: An entirely arbitrary bilinear complex of plane 
curves Tis in relation to a complex of lines K and with a birational 
and perspective representation H of the complex K on the system of 
points of space i.e. that to the rays of K contained in an arbitrary 
plane correspond in the representation H the points of the curve of 
T situated in this plane. 

Finally : a rational complex of lines cannot always be brought into 
a berational and perspective correspondence with the system of points 
or with the planes of space; for it may happen that neither the one 
nor the other of these correspondences is possible, or that only the 
Jirst can be possible, or that only the second is possible or that both 
of them are possible. 

Hence we find four different types of rational complexes of lines. 

So e.g. in the most general case the quadratic complex of lines 
is of the first type; but if it contains the lines of a sheaf (or of a 
plane) without showing any other particularities, it belongs to the 
second (or the third) type; finally if it has linear congruences of 
lines with rectilinear directrices, it belongs to the 4 type’). 

The linear?) complex and in general any complex containing a 
rational pencil of linear congruences with rectilinear directrices is 
also of the 4" type. 

Capri, October 1911. 


1) Compare Montesano: Su le trasformazioni univoche dello spazio che deter- 
minano complessi quadratici di rette. (Rendiconti del R. Instituto lombardo. 
Serie IL. Vol. XXV. 1891; S 1). 

2) Compare Montesano: Su la curva gobba di 5° ordine e di genere 1 
(Rendiconti della R. Accademia della Scienze di Napoli, Giugno 1888; § 12). 


Geology. — “On geological records on the south-west coast of New- 
Guinea”. By Prof. K. Martin. 


(This communication will not be published in these Proceedings). 


Chemistry. — “Contribution to the knowledge of the natural sulfo- 
antimonites’ 1. By Prof. F. M. Japeer. (Communicated by Prof. 
P. van ROMBURGH). 


(This communication will not be published in these Proceedings). 


Chemistry. — “Contribution to the knowledge of sulfo-anttmonites” I. 
By Prof. F. M. Janerr and Mr. H.S. van Kioostrr. (Commn- 
nicated by Prof. P. van Rompuren). 


(This communication will not be published in these Proceedings). 


(December 28, 1911). 
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